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I'masa 1

Paner

§1. Yncnaosuie psaaun. IIpusHaku cxogumocTtH
3HAKOIOCTOSIHHEIX PSITOB

1.1. OGwne NMOHATHA H ONpefeleHHd.

Onpepenenne 1. ITycms a, — npoussonvusie IAeMeRmbl Juneiinozo npocmpancmea L, 6
xomopom onpedenena crodumocms, n € N. Prdos saemenmos @, HAIBIGAIOM 6bIPANECHUE

a1+a2+.4.+an+‘.,=2an, (1)
n=1

a SAeMENMbI Ay, — €20 uAeHaMy. B uacmuocmuy, ecau a, € R vau an € C, mo pad (1) nasvisarom
QUCAOBDIK.

Oupenenenne 2, Cymma n nepstir uienos psda (1) nasvieaemcs uacrmuunot cymmuot u
uacmo oboanauaemcs uepes S, m.e.

Sn=a1+a2+ ... +an.
Onpenenenne 3. Ecau cywecmsyem xoneunsiti npedea

lim S, =S5, Se€L,

Ty~ OO

mo psd (1) cxodumcs 6 L, a aaemenm S nasviearom cymmot pada. Ecam lim S, = oo uau we

n - O
cywecmeyemn, mo pad (1) nazvisarwm pacrodswumcs.
Onpepenenue 4. Psd
el
Z ak, ar €L, (2)
k=n+1

nasvisaemcs n-x ocmamxom pada (1) uiu 0cMamMEoK nOCAE N-20 uAENa,

Pax (1) cxomuTcs MaM pacXoRMTCS BMECTE CO CBOMM OCTATKOM, IIO3TOMY YacCTO NMPH MCCHENo-
BaHMM BOTIPOCA O CXOINUMOCTH psAfia BMECTO HETO pacCMaTpuBaloT n—H OCTaTOK.

Onpenenenne 5. [Iycms an € R. Ecau an > 0, mo pd (1) Haabieaom noaox umesvnbis;
ecat an > 0, n € N, mo pa0d (1) nastisawm cmpozo noroxumesbnsis.

1.2. Heo6xogmMoe yciIoBue CXOREMOCTE paAa.
Has Toro ytobu pag (1), n.1.1, cxomunca B £, HeoGXogumo, YTOGH

lim-a, =6, 8¢€L,

Nn=+00
rie § — HyneBo} NEMEHT NHHEHHOTo NpocTpaHcTBa L.
1.3. Kpurepmit Koursu.

lycrs £ ects R man €. [as roro wrobm pan {1), m, 1.1, cxomuica B L, HeoBxomuMmo M
AOCTAaTOMHO, YTOGH Ve > 0 Ing rakoe, 4ro Vn > ng A Vp € N Bumonnsiock 6u HepaBeHCTBO

[{Sntp — Snl = [on41 +8nta + ... Fangp| < e
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1.4. OGoGuteHANI rapMOnEYecKEd pafl.

Onpenenerne, Jucaosoii pad
0

1
nP
nx=l

Hasvieaemcs 0606 UleNHbIM 2apMoHuNeEcKUM pRdoM, a npu p = 1| — zapMonuveckun. Ox czo-
dumcs npu p > 1 u paczodumcs npu p < 1.

1.5. IlpusEaxm cpaBEERRY YHCIOBHX PHIOB.
Teopesa 1. Ecau psde (1), n. 1.1, u

Z”" (1)

NOROKUMEALHL & 8y, K bn YR > ng, mo u3 czodumocmu pada (1) Hacmosuezo nywkma evimexaem
czodumocmy psda (1), n. 1.1, a us pacrodumocmu pada (1), n. 1.1, stimexaem paczodumocms pada
(1).
Teopesma 2. Ecau paow: Z"’" u an CTRPO020 NOAONUMEADRLI ¥ YN > Ng SBINOAHRWMCK
Hepasencmea
Gn4l o byt
Gn by '
mo cnpasedausy 6bi60dti npednidyuieti meopessi.
Teopema 3. Ecau paowv Ea,., u an CMPozo NOAONUMENLHLI U

/

. Gn
im -——=¢, 0<c<+oo,
=00 bn
MO OHYU CTOOKMCR UAY PACTOIRMCR 0OROBPEKENRO.

Teope.ua 4- ECJIU npu n — 00

mo npu p > 1 psd (1), n. 1.1, cxodumcs, a npup< 1 paczoaurﬁcx.
1.6. Ipusnaxu n’Anambepa 7 Koura.
Ecau psag (1), m.1.1, cxporo moJdoxuTeden ¥
lim 22 =,
n—oo Gn

mo mpx L < 1 stor psanm cxomutcs, a mpu I > 1 pacxomurcs. Ilpu L = 400 pax (1), m.1.1,
Takke PacKOIHTCA, a ecid L = 1, To BOMpOC 0 CXOOMMOCTH p#fla OCTaeTCA OTKDHITHM (npuinax
d’Anambepa s npedenvroti popme).

Ecau pan (1), n.1.1, nosexureneH ¥

im ¥e, =L,

n—ocd

TO OTHOCHTeRBHO CXomuMocTy psina (1}, m.1.1, menaeM Te %ke BEIBOTHI, 4TO M B MpH3Hake 1’ AnamGepa
(npusnax Kowyu e npocmetiweti npedeavsoti gopae).

1.7. ITpusaax PaaGe.

Ecau pag (1), 11.1.1, cTporo noxoxuTeNeH H

lim n( n 1) =p,
n—oo Gn41
To MpH p > 1 OH cxomuTed, a mpH p < 1 pacxomurca. Ilpu p = +oo pan (1), m, 1.1, cxopHICH, a

ecay p = 1, TO i BHECHEHHS BONPOCA O €T0 cxonmocm MM PACXORHMOCTH CliefyeT MPHMENHATD
HAPYTHE MPHIHARH. . :
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1.8. Ipwsnax }‘Aycca. )
Ecau pan (1), .g;i 1 CTPOrc NONOKUTENEH H
w0 e On

=i

) A, p = const
Lo Gnt1 - H“ ' B '

e € > 0, |8n] < ¢, 10 mpn A > 1 'pin (1}, n.1.1, cxopurcs, a npu A < 1 pacxopurcs. Ecau xe
A =1, To pAx cXomgMTca NpH g > 1 u pacxogurca npu p < 1.
1.9. UnrerpansHent npusnax. Komn—Maxnopena.

oo
Ecau pyuxuns f HeoTpuuarensHa npu £ > 0 ¥ He Bo3pacTaet, TO pAf E f{(n) cxogutcsa wan

n=1
PacXoqUTCA OJJHOBPEMEHHO C HeCcO6CTBEHHRIM HHTErpajioM

+ oo
/ f(z)dz
1

Hoxasau HEMOCPEACTBEHHO CXOMHMOCTS CAENYIOIIUX PATOB U }{a.PU[TM HX CYMMBL.
1 1
1. —+——+ ...+

1-4 4.7 (3n—2)(3n+1)+""
« TToxa>keM, YTO CXOMUTCA NMOCIEROBATENLHOCTS YaCTHYHBIX CYMM (S,.) 3TOr0 pAfa:
1 1 1
Spm e b b —————————
=it +(3n—2)(3n+1)

[as sToro ¢ moMomibio OYEBHIHHX Ipeofpa3oBaHHM NTpuBeneM S, K BHOY

1 1 11 1 1 1 1
S""E((I_Z>+(Z—?)+“'+(3n—2“3n+1))"5(1"3n+1)'

Jlerxo BMIeTH, YTO MOCHEROBATENLHOCTD (Syn) CXONMTCA, T.€. CXOXUTCH, N0 ONMpeleeHHio, aH-
HELA yncnooi pag. CyMMa ero

1 1
= lim S, = lim 2 (1 )=3»
n—oo " m—oo3 \'  3m+1 3
.a)qsma+q sin 2a + . +q"sinna+...;
6) gcos a + g° cos 2a + . +q cosna+ ...;|q] <1.
4 Ilycts (un) M (vn) — NOCHENOBATEILHOCTH YACTHYHHX CYMM PSIOB 6) U a) COOTBETCTBEHHO,
u u v — ux cyMMu. Torma, ucnons3soeae gopmyiy ditnepa e’ = cos p+1sin ¢, MOXKeM HaNKCaTh

) ia _ n+l i(ntl)a
un + iv,, = qe + qzezla 4.+ qnetna = qge lq— qeg:a

Hpunumas Bo BHMMaHHe ycaosre |g] < 1, umeeM |ge*®| < 1; orciofa caenyer, 4to

Lim n+lei(n+!)a =0.
A Torma u3 npenmnymef{ $HOpMYIIBI HAXOOMM

u+iv= Hm (un+ivg) = —o— = ( cosa—9 sin & >

n—oo 1 - get@ 1—2gcosa +¢2 +i 1-2qcosa+4¢°
oatomy
cosa —gq v = gsina >
1—2qcosa+q27 T 1-2cosa+g¢?
3. Y (VRT2-2v/mF 1+ VR).

n=1
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« HenocpencrBenno Haxogum

Sp=(V3-2v/2+1)+ (\/'—2\/'+\/§) (V5 -2vV4+3) +
+(Vr=2vn—14+vVn—2)+(Va+1-2v/a+v/n—-1) +(x/n+2—2\/n+1+\/_

=1-V2+Vrt2-vati=1-

f—wﬂ—'

CuenosaTensHo,
S=lim S,=1-v2 »

13+ 00
o0
4. HccnenoBaTh CX0TMMOCTD pdna Zsin nz.
n=1
« Ilyers z # k7 (kK — uenoe) u pan cxomurca. Torma HomkHo BEIMONHATECA HeoBXomumoe
YCIOBME CXONMMOCTH pAMa:

lim sinnz =0, =z # kn. (1)
17— 00
Orcrona ciaemyer, 410 hm sin(n+ 1)z = 0, nian lim (sinnzcosz +cosnesinz) = 0. [punumas

n—oc
Bo BHMMaHMe (1}, u3 nocnem{ero COOTHOWIEHUS] HaXOJUM, UTO

lim cosnz =0, =z #km. (2)

n=—od

M3 (1) 1 (2) nony4aem paBeHCTBO

lim (cos nt + sin® nz) =0
n—oo

3

KOTOpOE MPOTHBOPEYHT M3BECTHOM dopmyne sin® o + cos? o = 1. HcTouHnk mpoTuBopedus — dop-
myna (1). CnegoBaTtenbHo, ecn z # k7, To MaHHEIA pAx pacxomurca. CXOXHMOCTE e psia IpH
z = kw (k — uenoe) oueBMIHa, U CYMMa Takoro psja paBHa HyTO. b

oc

o Pag1—1
5. Joxasats, uTo ecaM pag E an CXOMMTCA, TO piX E An, tie An = E ai, ;1 = 1,
n=1 n=1 t=pn
p1 < p2 < ..., HONYyYEHHBIH B Pe3yIbTaTe TPYNIMPOBKU HIEHOB NaHHOIO psifa 6e3 HapylleHUd

TIOpAJKa CICIOBAHHUA UX, TAKXKE CXOMUTCA U UMEET TY XKe CYMMY.

<4 Ha CXQOQHMOCTH piafa E dn BHITCKAET CYIIECTBOBAHHE Npefera mobon NMOOITOCAEROBATEIb-
n=1
HOCTH NOCIENOBATEIBHOCTH €0 YaCTHYHEIX CyMM, PAaBHOIO CyMMe pajda S. BoznMmem 3Ty TOANO-
CI€JOBATEILHOCTE B BUJE

a; =SP17 ar+ax+ ... +ap,-1 =.‘p2,
ar+az+ ... tap,1+ap+ o Fap_ 1 =Sp,, ..., a1+ a2+ ... Flp -1 = Spay,-

Torga hm Sp, = S mo ycaosuio. Ho Tak xak mocnenoBaTenbHOCTh YaCTHYHEIX CYMM BTODOTO

kit nd )
pama’ A1 + Az + ... + An paeHa Sp,,,, To lim (A1 + Az + ... + An) Takke paBek S, uTo u
n=—00
TpeboBanoch AOKA3aTh.

O6parHoe yTBep*kIeHHE HEBEPHO, TaK KaK M3 CXOTHMOCTH MOAMOCAEAOBaTEIBHOCTH eIle He Bh-
TeKaeT CXOJMMOCTb CaMOM MocnefoBaTelbHocTH. Bosbmem mpumep. Ilycrs ay, = (-1)""’1. Pax
o0

o
> (=1)"*!, oueBMmHO, pacXONUTCH, XOTHA, HAIPUMED, PAX 2 (1 — 1), mony“aeMsiit us npexrny-

n=1 n=1
ero B pe3yJbTaTe IPYNIHPOBKH €ro 1AcHop Mo Ba, CXOONUTCI. B
el 0
6- Hoxasa’rb, YTO €CIH YJEHH pAlda E apn IONOXHUTENBHE ¥ DA E An; HOIIY‘{eHHHM B
n=l n=]

pe3ylbTaTe rpyNNMPOBEYM YJICHOB 3TOro pAfa, CXOOMTCA, TO na.m;ui\’: PAX Takxke cxonwrca.
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< Ilycth (px) — Npox3BONBHAL NOANOCAEAOBATENLHOCTD HATYPAdbHEIX Hucen; (Sn) ¥ (Sp, ) —
YaCTHYHHE CYMMEL TIEPBOTO ¥ BTOPOLC PANOB COOTBETCTBEHHO. Torfa, B CHIY MONOMKUTETHHOCTH
4JIEHOB 4, GyneM MMeTs HepaBeHCTBa

51 €85, <S5, mnaBcexn, 1< ngp,
Sp, € Sn £ Sp, A% Bcex n, ;y < 1 < po,
Spe € Sn € Spyy, BAA BCEX M, Pk < 1 K Phil.

[lepexoas k mpefmeay B TocieqHeM HepaBeHCTIBe, KOorfla k — 0o, ¥ YYWTHBAs, YTO BTOPOW DA
cxopMTcs, MoxyvaeM

lim Sp, = lim Sp = lim Sp,,, =5 . »

k~sco T~ 00 k—o0

HccnepoBath cXoRUMOCTh pSLHOB:

1 1.1
Tol4—4+-+=+ ...
tytztoto

2n—1+""

« OueBHIHO, MOCIENOBATENBHOCTh YACTHMHEIX CYMM [aHHOIO pAfa Bo3pacTaeT. llokaxeM,
4TO OHa HeorpaHW4eHa. C JTOH LENBI0 PACCMOTPUM €€ MONNOCAE0BaTENBHOCTE {Son ), m € N:

521=52=1+§, 522=54=1+§+%+;,.-.,52n=1+%+...+§;;11—_—1.
B cuay ouenox
S ST N 5 U U U A N R
3 778 4 911 13 157 16 4
L S >2”‘1_1
B R R N
HMeEeM HEPABECHCTBO
S”=0+9+<éﬁ)+@+ﬁ+ﬁ+w>+“+
1 1 n—1
+<2"+1 +"'+'§?ETTT> 4

O1ciona cilefyer, 4To MONNOCIEAOBATENBHOCTE (S2n) HEOIPaHWYeHa, a 3HAYUT, HEOTPAHUUYEHA U
nocaegoBaredbHocTh (Sy). Takum o6pasoM, JaHHBIA DAX PacXoguTCa. P

1 1 1
8. —+ — 4+ —+ =t ...
V2 23 34 nyn £ 1

< PaccmoTpum psp
(e ) (B e e L) (o )
V2 \2V3 34 4/5  5v6 6T TVB 8v9 T 1sv16)

1 1
|t + ..., 1
<2n /2n + 1 (2n+1 — 1),/2n+1> ( )
NMONYYeHHHH B pe3yJbTaTe [PYNIMPOBKH 4JIEHOB NIaHHOTO pAlla. 3aMeyaeM, 4To
1 1 1 1 2 1

M sf m*ﬁif?ﬁj’ﬁ’

1 1 1
—_— + .. =< ——= ,
a5 hf S T (V2R (V2P
1 1 1 1 1
——— < ot < :
.2" 2" + 1 (271+1 bl l)v 2n+1 (21;);' (2n+1 — 1)% (\/-2-)"
HosToMy faa nociegoBaTe bHOCTH YacTHHHBIX cyMM pafa (1) uMeeM ouenky
Sn = L 1 !

1 1 1 1
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Otciona, yYUTHBAA OYEBUAHYIO MOHOTOHHOCTh Syn, 3aKmiovaeM, urto psap (1) cxomurca. A Torma,
Ha OCHOBAaHWM NpUMepa 6, CXOMUTCA NaHHBIK pAd. P

9 L, L 41
\/l-3+\/3-5‘+ * (2n—l)(2n+l)+

« B cuay ouenxu

1 1 1 1 1 1
=———-— -———+...+—-——-————-—— —+—+ = >
V13 V3. (2n=1)(2n+1) 2 n
>%(ln2+ln— ...+lnn:l)=%ln(n+1),
NaHHEIA DAL PacCXOOUTCH. P
(o) o0

10. JToxa3aTe, 4TO ecau pag Zan, an 2 0 cxogurcd, TO paAn Za?l TakKe CXOMUTCH.
n=1 nxl
| O‘{eBMIIHO, MOCIeA0BATECIBHOCTh YaCTUIHHNX CYMM (Cn) BTOPOTO pxna MOHOTOHHO He YOEI-
BaeT. Kpome Toro, B cuiy @n 2 0 M CXOHMMMOCTH MepBOTO Psifa, CPaBedIUBO HEPABEHCTBO

Cn=a21’+a§+ +a3,<(a1+a2+ +a,,) = % < const.

Hoaromy, Ha OCHOBaHHUM TEOpPEMH O MOHOTOHHOM M orpa}{u‘{el-n-[oﬁ MOCJAER0BATCIBHOCTH, Cylye-

creyer hm C,, T.e. no onpegenenuo 3, m.1.1, Bropoit psf CXOmMUTCA.
n—oo

JaMeTHM, 4TO oﬁpar}{oe yTBEDXIeHHe HeBEpHO. [|eHCTBUTENBHO, MYCTh Gn = Torga

1
2n—-1"

pan z (2_71—1)—2 CXOAHTCA TO TeopeMe 4, m.1.5, XoTs pAX z 2n T pacxomurcs (cM. mpumep 7). B

n=1
0 o0

2 2
11. [oxasaTs, uro ecnu panh E an y E b,, CXOmATCH, TO CXOTATCH TakKe PSITBI

n=1 n=1
Z Ianbn’, Z(an + bn f Z
n=1 n=1 n=1

1
« Hcnonpsys sneMeHTapHOE HEPABEHCTBO [anbn| € 5(af, + b2), a TakKe ycroBWe TpUMepa,

noayvaeM
n

Shasd <2 (Ta+3r] <L (Sa+ ) =
k=1 k=1 =1 i

k=1

o0
Otciona caenyer, 4TO psx E lanbn| cxomurcsa. A Torma m BTOpOM pAm B CHIY OLEHKM

n=1
i(a,. +bs) i ZZanbn +Eb2 (c+i|anbnl)
n=1 n=1 n=1 n=1 n=1

TaKXe CXOOUTCA. CXOI[KMOCTL TPEeThETO pAxa BEITEKAET H3 CXOAMMOCTH II€DBOTrO, €CIH NOJOKUTH
)

1 1
B HeM by, = - M BOCNIOIB3OBATECA TeM, 4TO PAN ), 77 CXOmMTCH. B

n=1
oo

12. Mokasats, uto ecnn lim na, = a # 0, T0 PAR E Gn D3CXORUTCH,
n—co

n=1
« Tlo onpenenenuto npenena, Ve > 0,0 < € < la, 3no TaKoe, YT0 ¥Yn > ng u Vp € N
CMpaBed/MRE HEPABEHCTBA 4 — € < (m + n)am+n <a+e, m=1,p, unK Hepasencrsa
a—& ate
min S0 < o
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CyManya 9TH HE€paBEHCTBA IO M OT 1 mo p, nolxyvaeM
P 1 P P 1
(a—e)z T < Ea"‘“" < (a+e)2:1m+n.
mz=] m=1 m=

P
Orciona BUITHO, YTO B CHJY PACXOIMMOCTH rapMOHHYECKOIO pAa ( im E = 400 }, ocTa-
p~too m=1

TOK paCcCMAaTPHBAEMOrQ PANa PacXOOUTCA. CHCIIOB&TCJII:HO, PacXoIMTCA ¥ CaM pAxd. >

m+n

1 i
IIpameuanne. Uz ycaosms mpumepa 12 ciemyer, 9to an = -E+ 0 (;) = 0* (;) opE n — oo.
IToaromy Ha 0cHOBaEMM TeopeMn! 4, 0.1.5, naHHLIA psan pacxonmrcs. OXHAKO MBI IpeNNOY/H HETOCPEN-
CTBEHHOE [OKA3ATEMLCTBO.

oo

13. [oxasars, uro ecau pag E Gn, @, > 0, C MOHOTOHHO YORIBAIOIIUMM YIE€HAMH CXOTUTCH,

n=1
10 hm na, =0.
n—+00
« [lo xputepuro Komn, ua cxopuMocTu psAma ciegyer, uro Ve > 0 dnp Takoe, Uto Vn > ng
CNPaBEIIHBO HEPABEHCTBO Gngl + Gn42 + ... + Gngp < % Tak kax (an) — MOHOTOHHaf M
NOKOXHMTENbHAR MOCTefOBATENLHOCTh, TO U3 OCTETHEro HEPaBEHCTBA BRITEKAET, YTO Plntp < =

Homaras, nmajee, MocCHeNoBaTeABRHO p = n M p = n + 1, oTcioga HaxomMM, 4YTO 2ndz, < & 214
(2n 4+ 1)agzn41 < € WpH 1 > no. CxexoBaTenbno, nan, < € NpU Aw6oM (qetHoM # HeueTHOM)
n>2ng. p

Honpaysch kpurepruem Kowu, moka3aTs CXORMMOCTD CIEAYIOMIMX PALOB:

14 cosT — cos2z  cos2z — cos 3z cosnz — cos(n + 1)1

. + oo+ + ...
1 2

4 Duxcupyem npoussoashoe ¢ > 0 . Hammem uncio no Takoe, YTo NpH BceX . > Mg H
ripousBoabHoM p > 0 6ymeT cripaBefausa oueHka |Snyp — S| < €, tae (Sy) MOCIENCBATEABHOCTD
YaCTHYHHEIX CYMM JaHHOTO psifa. Mmeem

cos(n + 1)z — cos(n + 2)z

|Sn4p = Sn| = ntl
cos(n + 2)x — cos(n + 3)z cos{n + p)z —cos(n+p+ 1)z
+ +...+ =
n+2 n+p
_|cos(n+ 1)z cos(n+2)z  cos(n+3)z ___cos(n+p)r _
n+1 (n+)(n+2) (n+2)(n+3) =~ (n+p-1)(n+p)

1 1 1 1

_cos(n+p+ 1)z n +
Sat+l 4 )m+2) T T (n+p-D(n+p) ntp

n+p

2
< —.
n

2
Orcrona cnemyet, 4TO |Snip — Sn| < €, ecuu 3a uncno no B3are -. [losTomy, cormacvo xpuTepuio
Kouu, psap cxopurcsa. p

2 n
15' Cos T +COSI + .. +COSI

12 22 n?
- 4 Haitpem uncao no takoe, 410 Yn > no M mpouspoabioM p > 0 6yfer BBIMONIHATHCI Hepa-
BEHCTBO [Sn4p — Sn| < €. NMeem

+ ...

n+l n+2 n+p
|Sntp — Sn| = cosz i cosz - C_(lsi__z_ <
RSV CET) m+7)
1 1 1 1 1
<
Gr T e TG D T GADmED

1 1 1
+(n+p—1)(n+p) T“n n+p
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1

CregoBaTenbHo, TOXOXKUE 7g = 7, TO KpUTepuio Komu, monyuum, 4To JaHHEH Psg CXOQHTCH. W

Ilonsaysace xputepuem Komrx, 1ora3aTh pacXoauMocTh CAeIyiOUHX PAROR:
1 1 1
16, 14 -+ -+ ... +;+

2 3
< [lyctp ¢ = i. Monosxxum p = n. Torma
1 1 1 1 1
Sn—=8n|l=——4+—+...+—>n—=->e¢.
|52 | n+1+n+2+ +2n >n2n 2>€
CurenoBate:pHo, N0 kpuTepuio Koltu, TaHHKH DA DACXOAMTCA. P
17+ 2022y
) 2 34 5 6
<« Mockonsky
1 1 1 1 1 1

SGn - Ssn

Tmti Tt gt Tzt sl

e (Sen), (San) — NMOLMOCIET0BATEMLHOCTH MTOCAEIOBATEILHOCTH YACTHYHEIX CyMM JaAHHOTO PAAA,

TO
1 1 n 1

1
D>t — et ——— D — > =,
3n+1 3n+4+ +6n—2 6n—2>6
[Hoaromy, cormacho kputepuio Komwu, psg pacxogurcs. »

1
18, oy
v1-2 23 n(n + 1}
< [ycts ¢ = % Ouennm pasHocTs:

1 1 1
JotDentD  Jardmry  mamrn

) 1 1
n+2+n+3+'“ 2n+1

SGn - Ssn +

|S2n - Sn‘ =

>

W=

Taxum obpasom, no kpurepuio Komu, psa pacxogurcsa. p
Moapayacs pasnv4HEIMY NPU3HAKAMH, MCCIENOBATh CXOMMMOCTh PAJOB!

ey, @y (n})?
19, B el el +‘2T2”+
« Ilockoasky

n2
lim S g ((n+1Hh22" (n+1)2___0’

n—oo Qn n—so0 (n!)22("+1)2 _n—~oo 22"'“

TO, MO MpusHaky A’Anambepa, pax pacxoauTcs. b

4 4.7 4-7-10
20 -4 — 4+ —— ..
0 2+2-6+2-6-10+
« 3ameuaeM, YTO o6UIMH YNEH pANA 0, HMEET BHJ

4.7-10... (3n+1)

"T3610... (d4n-2)
Orcroga HaxoguUM

. an41 T 3n+4_.§

e =M T

Taxum obpasomM, coraacHo npuaHaky 1’AsnamGepa, pal cXOIMTCA. P
.

00
21. Ean, e
n=1 .
2

~, ecad n=m?

an=4{ " (m — HaTypaaBHOE MHcIo).
1
5, ecau nEm? .




§1. Yucnonme pap. IpusHAKH CXONMMOCTH 3HAKOMOCTOIHHEEX PANOB 11

« Moxkaxem, uto pan

1 1 1 1 1
(tgt)t(@rattg)rt
Ty (LR : + (1)

n2 ' (n241)2 7 T (mt1)2=12) 7 T

NOMyYeHHHH B pesyibTaTe TPYMIIHPOBKM WIEHOB OAHHOTO PAia, CXOOHUTCA. [aAi 2TOro oueHMM
CHaYaJa KaxKJEIH ujleH pana (1). I/ImeeM

11 1 1 4 1
l+—+ 5 <1+2. <21, Z+5_2+“'+8_2<Z+‘5?<2.Z’
P T S U
n2  (n241)2 77 T (n4+1)2-1)2 " n? 0 (R241)2 7 a2’

1

[ockonsky pax Z -7, COTJIacHo m.1.4, cxoguTca, TO, B cHay TeopeMul 1, m.1.5, cxogHTCcs U psAx
n=1

(1). A Torma, Ha oCHOBaHMHM YTBepKIeHMd, JOKa3aHHOTO B IIpHMepe 6, 3aKIoYaeM, YTO JaHHBLL

PAR TakKe cxomncﬂ »

sin? ko
22. ZlnIH1+z 2 4 cos? ko’

« Jlerxo BugeTs, 4TO
.2
sin” ko < 1 . (1)
- 1+z% +coslka ~ (1+22)"

[Ipeamonaras, uro = # 0 (mpu = = 0 psin, OYEBHIHO, CXOMUTCK) M MTPUMEHSA K DALY
o0

LT+ 2

npusHax K’ Anambepa, 3aMevaeM, YTO PSR (2) CXomUTCA.
Ucnoarays Teneps nepaBeHCTEO (1) H Teopemy 1, 11.1.5, MoKeM yTBEPKAATH, YTO NAHHBIA PAT
CXOOUTCH. »

2.3 (55

n=2

1y\n—1 . n-—1 . 2 1
= -2 = T = L
« Herpynno wahti, uto lgn ("+1) = nlil.réo (1 +1) = nh_I.I;oe ntl o= 5 <L
[ostomy, cormacHo npusHaxy Komm, pax cxogurca. »

24. V2+V/2-vV2+4/2-V24+V2+ ...
« 3amevad, 4TO OGMWMH YIEH pAfa UMeeT BUJ
an=\/2—-\/2+\/2+...+\/§, n €N,

Ls
W Tonaras 3ech \/f = 2cos 7 TIouydaeM an = /2 — 2cos = = 28N sy 2"+1 < zn Tax xax pan

o0
Z % CXOMTCH, TO TIo TeopeMe 1, 1 1.5, CXOQMTCH ¥ JaHHHIA pax. »

. a
25. Mokasars, uto ecnu him —t!

n—co Qn
« Ilycrh 4Kcao € > 0 HacTONBKO MaJo, YTO BHIIOTHSETCA HEPAaBEHCTBO € < q1 — ¢. Ilo onpene-

JAE€HHIO IPENENa, 04 JaHHOTO & MOKHO HalTH TaKoH HoMep [V, Ha'MHaA C KOTOPOTO BRINOIHAIOTCA
HepaBEeHCTBa

=g, an >0, 10 an = o{gT), THe g1 > g.

'J"€< <q+s q—s< <q+s,...,q~—5.< <gqg+e.
anN aAN+1 )

n—1



12 Ta. 1 Paam o
[TepeMmoskas NOMAEHHO STH WePaBEHCTBa, TOIYHaeMm

an(g—e)" " <an<(g+¢)" Van,

OTKY[a

n
a +¢€ - + &
0< = <an ire g+, 1 <1l
q q1 1

Teneps BUAHO, YTO YBEINYEHUEM UUCIA N MOXKHO NOCTHTHYTh HEPaBEHCTBA

n
a - +e
— <an(g+e) MiLTe <e,
L5 n
HOKa3HBAILETO, YTO &n = 0{q]). P

An41

o
=q¢<1,an >0, 10 pax Zan CXONHUTCH.

n=1

26. [okasaTs, uTo eciu Lm
n—oo Qn

4 Brfepem e > 0 TakuM, YTOGH BHINOMHANOCH HEPABEHCTBO £ < 1—¢. B cuay cymecrsosanus
KOHEYHOro BEPXHEro NMpefena, A1 BHEPaHHOrO € HalfgeTcad Takol HoMep N, HauMHas C KOTOPOro
CIIpaBENANBLH HEPABEHCTBA

0< g1i1~<q+e, 1=N,n-1.
ay
[TepeMHoOXkad 5TH HEPABEHCTBaA, HAXOTUM

aN
(g+e)V
ITockoabky pax E(q-f-e)" CXOIUTCA, TO, B CKIy TEOPEMH 1, 3aKIi0uaeM, YTO PAX Ean TakxKe
CXOZUTCA.
O6paTHoe yTBepXAeHHE HEBEPHO. PaccMaTpUBas, HanmpHUMep, PR

1 1 1 1 1 1

0 <an< (g+e)™.

pT3tEtETEtE o
3aMevaeM, YTo
a.,,+1 l 3 n
et () =
n—oo an n—[»nooQ 2 o
B TO BpeM4A KakK paAQ
'
Za"=2<§7+3n)’
n=1 n=1

o0
OYEBMAHO, CXOOWTCA. [ akuM o6pas3oM, M3 TOTO, YTO PARN }: an CXORMTCH, He clienyeT, BooGuie

n=1
rosops, yto lim 2t —g4< 1. p
n—oo 9n
o0
27. [orasaTs, 4o ectu Nm I/an =g, an 2 0, To: a) npu ¢ < 1 pan Zan cxopurcs; 6)
o> OO
n=1

npu ¢ > 1 sTOT paAg pacxomurcs (oBobuienHuii npuaHak Komm).

« IIycrs ¢ < 1. [{n1 PpuxcuposanHoro &, yfosiaersopaoumero yciaoBuo 0 < e < 1 —~¢, B cuay
YCHOBUSA MPHMepa, HageTca HoMep N, HadHHAdA C KOTOPOTO BRINONHAIOTCA HEPABEHCTBA

0<ant <(q+e)N+1,..., 0 an <(q+€)", g+e<l.

Ho Tak xax pag Z(q+ €)™ cxopurcs, To, 10 TeopeMe 1, M3 NMOCIENHEro HEPaBeHCTBa BHITEKAET,
YTO pAR }:a,, CXOIMTCSA. .

Iycts ¢ > 1. Torpma mnsa e, subpauHoro us ycnosus 0 < € < g — 1, naiigerca Homep M
TaKOM, 4TO npu BceX k > M uneHH NOCIENOBATEABHOCTH (any) {"¥an, — ¢ npHU ny — 00) ByayT
YEOBJETBOPATHL HEPAaBEHCTBAM

Gnpqa > (0= €)M, Gnpy, > (- E)"M¥2, . 0n > (g—€)™, g-e>1



§ 1. Yncaonre papsd. [IpHsHAKH CXOREMOCTH 3HAKONOCTOSHHKX PIJIOB 13

Otciona ciexyer, yro o6IMH WieK pANa K HyTO HE CTPEMHTCH, T.€. PAX Zan pacxomuTcs. W
I/Iccnenona'rb cxonuMocn pANOB:

1 nyn
8. Z "
4 HMex B BHAy 0606meHHR npusHak Komn, Haxogum

e 2k 3
TR =TT LV O
n-— o — 0 .

CIIEJIOBB.TEIIL}{O PAX CXOHMTCA. P
14 cosn\2n—lnn
29. Z (==n)
2+ cosn

| Hocxonbxy

Inn

1+ 222 N 4

— [ofo 1] .

lim (———-——9—2> " £ lim (—) T=-<,
n-+oco 2+COSTl n-oo \ 3 9

10, 0 0606ueHHOMY Npu3Haky Koww, manHsi psapx cxogurcs. »

1\?  [1-3\? 1-3-5\7
30. (3) +(73) ++(55%)
) t\o) Tt e
< Paccmorpum oTHomeHme
an (135 (2m=-D\'[ 2.4.6.. . 2(2n+2) \° _
Tny1 2-4-6...2n 1-3-5. (2n—1)(2n+1) h
1 \? P plp - 1) (1)
={l+——] =1 — — 00,
(+2n+1) TS BT TS ponTme

n?
Cornachno npusHaky ['aycca, oTcioma HaxoguM: MpU p > 2 P CXOOMTCS, a npu p < 2 —
pacxoguTca. b

(oo}
nle™
1. E .
3 nntp
n=1

«¢ [IpeobpasoBrBas oTHOWEHHE "

9n

- K BULY

an nle™(n 4 1)"tPH! 1 ( l)"+P ; { ( l)}
ey ety bl € S == In{14+= -
Gng1 RPHP(n 4 1)lentl e + n exps(n+p)ln{l+ -

1 1 p—05 1
=exp {14 (n+p) (- 5 40 ( =)= { e (0) )=
-0,5 1
=l+p—-—’—+o(——), n — 00,
n n
M ucrone3ys npusHak PaaGe, 3akmiodaeM, 4To npH p > % PAA CXOOHUTCA. P

39. ip(lﬂ‘l)---(l’*‘"—l).L

n! nd’

n=1
4 Vcxkmouum us PaccMOTpeHHUSA Tpmmanm-[mﬁ cny'{ai?[, Korga p —— 1Le€Jlo€ OTPMIATEIBHOE HIIK
Hyllb, H YIDOCTHM OTHOUIEHHE

n 1 1\¢9 -1 q+1
G 2T (1+—> =(1+3) (1+l>
Gn4l p+n n n oon

q9

=(1—£+o(l)> (l+ +1 +o(l))=1+g—:’—p—i_—l+o(l), n — 0.
n n n n n n

TTockoupky lim n(
=+ 00
g>p.»

) =¢—p+1, To, cornacio npuzHaky Paabe, pan cxomurcs, eciu
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= (1:3.5... 2n-1)\" 1
33'2( 2.4.6...(2n) ) nd’
L | CocTaBasisi OTHONIEHHUE
- 1) (+3) = (e g +o (2) (540 (3)
=1+ ——) (1+—-} = - 1+ = -1} =
Un41 <+2n+l> <+n> <1+2n+1+o n +n+o n
LA PL)L <l) o
2n+l+ Lo <>—1+<2+q>n+0 ) TT

- 1) = §+ ¢ ¥, Ha OCHOBaHMH Npu3Haka Paabe, 3akmoyaeM, 4To NaHHHIN

nony4aeM lim n | —
i 00 Gn41

P CXOOMTCA TpH gy g>1.»

pp+1) ... (p+n-1\"
34. 2( e+ D) (q+n—1)> ,p>0, ¢>0.

4n

« [IpuBoas oTHOmeHHE e ¥ BHIY

on gtn = 1.*.9__‘_1J -_—1+£!_(2.:_Q+0<l>
Gnt1 p+n p+n p+n n

TpH = — OO M MONB3yACh MpH3HaKkoM Paabe, ycTaHaBiuBaeM, 4To psf CXORHTCHA pu a(g—p) > 1. B
oo

35. HOK&S&T};, YTO €CJIH JJsA CTPOro NOJOKHTEIABHOIO pialla E dn BBINIOJIHAECTCH YCJIOBHE
n;;l

@n 1
=1 + + 0 < ) TIpH 7 — 00, TO Gn = 0 (—p—;;) , rge € > 0 MPOM3BOJALHO Mao, IPHUEM,
n

an+1
eciu p > 0,10 an | 0 mpu n — oo, T.€. 4y MPH 1 2> Ng MOHOTOHHO YGBIEas, CTPEMHUICH K HYTIO,
KOrfa n — 0o.

<« HauHeM co cayuas, xorga p > 0. Pukcupys npoussonsHoe €0, 0 < €0 < p, U3 yciaoBus

Gn

CyuiecTBOBaHHS Tpene P = p HaXoOuM
—c a; +e¢ L m—
14270 o & BT W,
Qi1 1

rage N — mocTraTouHo Goanuoi pHKCHPOBAaHHBIN HoMep. U3 HamucaHHEIX HepaBeHCTB CAeRyeT, YTO

— €0 P—¢€o p—¢o an p+60>< p+€o) ( p+€o>
<+ N ><1+N+l> <1+n—l><a"<<l+ N 1+N+1 l+n——1

Orcona, YYHTHIBas, 4T0 @, > 0, a TakXKe MOIb3ysACh HepaBEHCTBOM DepHyamu, noayyaem

an aN
0 <an< — — — < —.  (A)
(+52) 1+ 552) - (0 +22) 14— (5+mm+ - + o)
llockoasky p—e€0 > 0, a e ...+ == — oo npu n — o0, To u3 HepaBencTBa (A
N N+1 n—1

BEITEKAET, WI0 an — 0 . [IpunuMas BO BHWMaHMe eme, €TI0 MpK p > 0 NOCHeROBATEBHOCTE (an)
1
MOHOTONHA (3TO BHHO M3 TOXO, 4TO IPM R > Mo , I/ie Mo — AOCTATOMHO 6oabiIoe wnco, &> o (;),

a4
cllefoBaTeNbHO, —2— > 1), y6exIaeMCd B CNPaBEITHBOCTH BTOPOH YaCTH yrnepmnenuﬂ
Ikt ] noxaaaTenLcma TIepBOI HacTH yTBepxieHus (p — moboe, a ¢ > () TOKaxeM, yTo
lim (nP"%a,) = 0.

= OO
Broas o6o3nauenue €, = nP"%a,

&—p e—p
2= () e = (en) (e (R)) -
En+tl n Gn+1 n n
- (5o (H) (o Ero () e (d). o
n n n n
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3aMe‘{aa, YTO 3TO OTHOIIEHHE MMEET TOT XK€ BHUM, YTO M —eiT, Ha OCHOBAaHMM JOKa3aHHOTO BHIIIE,

an
NPMXONMM K BEIBOTY, 4TO £, — 0 TMpH 7 — 0. b
o

I/Iccnenona‘rs CXOOIUMOCTE pdana E ayn , €ECIM:

n=1
36. an =(vVn + —\/apln:—i, n>1.

« [Ipeo6pasoBrBas BhIpaxkenue AAs 0OLIET0 4€HA G, M MCNONB3YS TIPH TOM PasaokeHHd
(14+z)™, In(1 + z) no dhopmyaam Maknopena ¢ ocTaTouHEM leHoM B dopuMe leano, uMeem

-y o) T e () +o(%)) -

st (o)) (o 2) = (2w

Bungum, uto, no Teopeme 4, pan cxonurcd npi p > 0. b
37. an =logyn (

4 [loap3ysacy npueMoM NpeNHOyIEro NIpHMepa, UMEEM
B (S ()0 (). v

CnenoBaTeNbHO, MO TeopeMe 4, pAl CXORMTCA, ecIH b # 1. p

38. an= (- (1+1)")

« [Toansysce pasmoxennamu byuruuu z — In(1 + z) no popmyne Makxnopena, Haxonum

con o fan (4 2)J) = v (- (1))} -
<= Do) 0 (3). omm

Takum o6pasom, ecau p > 1, To, corfqacHo TeopeMe 4, pAa CXOOHTCA. P
oo

,a>0,b>0.

. n
39. [orasars mpusnak JKams: momoxuTeBHEL pas E an cxouures, ecau (1— an)i— 2

Inn
n=1
n

p > 1 1pu n > no, U PacXORHTCA, €CIH (l — \"/an)l— <1 npu n > no.

nn

B 1 n

4 Henocpeacraenno u3 neproro ycaosrs Haxogum 0 € an < (l - %) (sameTuM, uTo TIpU
l

n > np BHIIOJHSETCAd HEPABEHCTBO 1 — 2% >0 ), OTKYyda

0<an gexp{nln (l_plpn)}.
n

Hcnonbsys pasnoxenus dyuxumit z — In(1+z), e* no popmyne MakiopeHa ¢ OCTATOMHKIM 4I€HOM
B dopme [leano, us nocnexHero HepaABEHCTBa MMeeM HepaBEHCTBO

<_1__ 2ln’n In*n _1 2 In’n In%2n
a"\nPexP -r 2n to “n T wr p2nP+1+o np¥l | oo

M3 KOTOPOTO cllefiyeT (Ha OCHOBaAHMHM TEOPEMHI 4), YTo paA CXOOHTCA npH p > 1.
Tloctymas aHamoruyuHo, U3 BTOPOro HepaBeHCTBa YCJIOBHS NMpHMepa MOXHO HaWTH, YTO

2 2
a,.)-l—-lnn+o In” n =O'(l), n — oo.
n  2n? n? n 7

TlocnenHee HepaseHCTBO O3HAYAET, YTO PAN PACKORMTCH. P

0

N
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o0

40. HOK&S&TL, UTO DAX E an, Gn > 0, CXOOHUTCA, €ClIld CYIIECTBYET a > 0 TakKoe, 4TO
n=1
lna A1 Inas

-1
I 214 o npu n 2 ng, H pacXOOHTCH, eCiId -TnJ;— 1 npu n 2 no {(norapudwumyeckuit
nn :

NIPH3HAK).

< U3 yciosuit npuMepa nerko mnoayyaem HepasencTsa 0 < an, < —1—14_7; npm 2 ng (NepBEIH
CIIy4aif), a Tak’Ke HEPABEHCTBO a4y 2> % IpH n 2 no (BTOpOH ciyuvahn). Cnenonarenm{o O TIpH-
3HAKaM CpPaBHEHHUs, MOJKHO yTBeDk[aTh, YTO B IIEPBOM Cilydae PAI CXONMTCH, ecau a > 0, a Bo
BTOPOM pPacXOMTCA. P

HccnenoBaTs Ha CXOTMMOCTE PSIIH ¢ OGUMM YIEHOM Gn, €CIH!

1
41. g = ————— 2.
= iy
-1 Inn
<« ITockoapky l“]:f; = l"(l“(:: :)) = In(In(lnn}) > 1,1 npu n > exp(exp(expl,1}), To
COI'TacHO MOTapHdMHUECKOMY TIPH3HAKY, DS CXOOUTCA (CM. Tpumep 40). »
1
42. ﬂn—(—l—ITTT)m,H>1.

4 B cuny ouenku

Ing;!  (In(lnn))? <1,

Inn Inn

. . In(l 2
CrpaBeNIMBOM NPH JOCTaToOYHO GoablioM n (hm Unlnn))” 0), Ha OCHOBaHUH JorapudmMuye-

neoo Inn

CKOTO IIPH3HaKa YTBEPXKIaeM, YTO JaHHBIK PAJ PACXOTHUTCI. P

[Tonwsysch uHTerpanbHuM npustakoM Komn—MaxnopeHa, HccreqoBaTh CXOMMMOCTE PALOB C
0oBIIMM YaEeHOM a,.lz

43. an = *nlnpn’ n>1.

< Oyuxunus f:z —o5; Mz > 1 ABIAETCS TIOMOXKHUTENBHOM H, CYNs TIO 3HAKY TPOM3BOJ-
HOH, y6riBatomteit (Tipy 1060M p H TOCTATOYHO GONBLIOM z). IlosToMy muas uccaenoBaHHA TaHHOLO
psifila Ha CXOOUMOCTE MOXXHO NPUMEHATL HHTerpatbHEi nipusHak Komu. Umeem

+ o0 + o0
dz [ d(nz) _ 1 <o
zlnPz InPe ~ (p-1)2r-1
2 2

npu p > 1. CregoBaTeapHo, pAN TaKXe CXOOUTCA TIpH p > 1. B
1

o =

<« Kak ¥ B IpesIaymieM IpuMepe, HETPYIHO YCTAHOBHTD, YTO 36Ch MPHMEHHM HHTET PaIbHELN
npuaHak. PaccMorpum uHTerpan ST

+oo +o0
I= dz _ dt
T ) zWwPz(in(lnz))r ~ ) Pt
3 In3

Ecau p =1, To orcioga HaxoguM, YTo

+ 00
dz 2z~ e

29 1—-¢
In(ln 3)

< oo
In(in 3)

npu ¢ > 1. CaegoBaTtenbHo, pAX CXOAMTCA NPH p = 1ug>1.
. w7 )
Ecau p > 1, To B cuay Toro, 4To ].ur “‘,' =0 npu € > 0 1 mobom ~y , MOJKeM HaITUCATh
t=—s4 00

<

;;TJ;; < = TPH RocTaTouHo GoxbwoM ¢t > 0, rme p > & > 1.
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§1. Yucnosue pan. [IpuIHagd cXoMAMOCTH 3HAKONOCTOSHHEIX PANOB
Ananorvwyso, ecan p < 1, To npu RocraTouyHo Goapumiom t > 0 cnpaBeXiIHBO HEPaBEHCTBO

tPlndt &
e, COrTaCHO MHTErpajihHOMY IPU3HaKYy, OTHOCUTCA M K JAHHOMY p4nRy. b

1
w,.MepLa<l.
A Torga, Ha OCHOBaHHHM NPU3HAKA CPAaBHEHUA, MOXXeM YTBEPXKOaTh, YTO pacCMaTpHBaeMHI
[s]
v(n
45. HccnenoBaTh cXOMMMOCTh pAna ——= , rge v(n) — xoxnvecTBo UUPP YKCIA 7.
2 3
n
v(n inn 1
A < By ~5 H pagul

Y
HHTETpal CXOMMTCH, eclik p > 1, w pacxofutcs, ecau p < 1 (B oboux cnyuasx ¢ — moboe). Do

nxl
n2 N n

« Jlerxo moxasats, uto v(n) = {lgn]+1 € Ilnn + 1. Tax xax
o0
1 .
Y = cxonsrcs, To, coriacHo Teopeme 1, .1.5, CXORUTCA M HaHHAH pAL. P
n=2
= z. Hccaegosats

inn
T
46. Ilycrs An, n € N, — nocienosaTeibHEle KODHM ypaBHeHMs tg

138

3
il
©

n=1

o0
-2
CXOOMMOCTh pSfa E An.
"4 ['padUYeCcKN MOXKHO YCTAHOBUTH, YTO AN A, > 0 CUpaBEeNMBREI HePaBEHCTBA T < Ap <

1
(n7r + %)2

N
x|=
N
3
~
B
wn

nr+ % Torpa

M, B cuay 1m.1.4, DaHHEH P CXOTUTCH.

AHajlorM4Ho TocTynaem B clyyae A, < 0. B
1

n(n!)’
L pacxoputcs. [oas-

nlnn

=5}

47- HCCJICJIOBHTL CXOOKHMOCTSh pAaa Zl
n=2

n=2

o0
« Corxacio usterpansromy npusuaxy Komm—Maknopena, pag Y
ayscs HepaBeHcTBoM ln(n!) < nlnn H reopemoit 1, m.1.5, saxmodvaeM, 4TO HaHHBLH Pl TakKe

PacXoguTCd. W
oC

n=1

oo
48. [oxazath, uTo psn E Gn CO CTPOTO MOJNOXKHTEIbHEIMM MOHOTOHHO YORIBAIOLIMMH ‘iie-

HAMM CXOZUTCA MU PACXOOUTCA OFHOBPEMEHHO C PAIOM E 2%ayn
n=0

« Ilockombky 0 < a1 +az+a3+as+ ... +agnt1 € a1+ 2a2 +4as + ... +2%az~, 10, B
n
Z ak, 2 TAK’Ke TeoPeMBl 0 MOHOTOHHOMK OTPaHMYEHHOK Nocaexo-

cully MOHotoHHocTH (Sn), Sp
k=1
BATENbLHOCTH, 13 CXOZUMOCTH BTOPOTO PAMa BRITEKAET CXOMMMOCTE NepBoro.

Kpome toro, B cuiy oueHku
1
-2-(4a2 +4das + ... +2"+1a2,.+1) Lar+a2+az+ ... +aynt1,

M3 CXOMMOCTH TI€PBOTO PALA BHITEKaeT CXOGMMOCTh BTOpOTO. P

49. Iycms f (z) >0 npu z 2 1, f — MOHOTOHHO HeBO3pacTampllas ¢yHkuuA. [{okazaTs, uro
oC

k=n+1

o0
eciam pan Z f(n) cxogutcd, To gk ocTaTka ero R” = Z f(k) cnpasepnuBa oueHka

n=1

4+ 4+
/f(z)dz(Rn<f(n+1)+/f(l)dx-
n4l

n4l
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1
Haittu cymmy psana Z 3 ¢ To4HocTh fio 0,01.
n=1
< B cuay monoTonHOTO HeBoapacranus ¢yHkuuu f, uMMeeM HepaBenctsa 0 < f(k + 1) <
fz) < f(k) mpu k < £ < k+ 1, k € N, ucnoassys xoToprle, HaxoguM

4+ k41
/f(:c Z /f )de < Z &
nt1 =n+41 k=n+1
+ 00 k41
/f(r Z /f ydz > ka+1 R. - f(n+1).
et k=n+1 k=n+1

Teneps 1erko BUAETH, YTO M3 MOIYYEHHHX HEPABEHCTB CIEAYET TpefyeMad OlLeHKa.
[ns BHYMCIEHMS CYMMH PSfia C YKa3aHHOH TOUWHOCTBIO BOCMONbL3yeMcs MOKa3aHHOM BhIlle
o 1
ouenxoil. B pannom cayuae Rn =0,01; f(z) = . Torma

400 + 00
dz 1 dz
= <00l < ——— =,
/z3< <(n+1)3+/a:3
n+1 n+t1l

OTKYHa MOoJy4YaeM YHUCIO NEPBREIX YJIE€HOB pANla, KOTOpPO€ HYXHO B34TH AJA BEIYMCIEHMA CYMMEL
00

pana ¢ tounoctsio go 0,01: n = 7. CuenopareanHo, Z % ~14+ 21—3 + 3% + ;:3 + ?lg + 61—3 + 7—13 ~
n=1
1+40,1250 4+ 0,0370 + 0,0156 + 0,0080 + 0,0046 + 0,0029 = 1,1931 = 1,19 (c HemocTaTKOM). P
HccmegoBaTh cXOMMMOCTD CIHENYIOIUX PALOB.

50. (t ™m o ™ )
2_; Can—2 a1

« [Ipumenas dopmyay Makiaopena c octaTounuM 4ieHOM B dopme [leano, a Takke MOIB3yAChH
3JeMeHTapHEIMY Npeobpa3oBaHUSAMU TPUTOHOMETPUUECKUX (DYHKLUH, TOTyHaeM

™
™ 1-tg 2(4n-—2)

n = ct —si
¢ '8 -2 SmZn-+—1 14+tg s

2(4n 2)
1- +o0 2

_ 2(4n =2 ( )_1+ L +0(12)__._ Ll +o(l)=0‘(l), n — oo.
T1+ an— 2)+0(F) 8(2n +1) n 4n -2, n "

Cnenona‘renb}{o 1o Teopeme 4, n.1.5, pag pacxoguTca. »

51. Zln (n!) .

< Hp}{ n 2 3 CrpaBeIMBH HepaBeHCTRa
n—2 _In(n!) Inn
< <

na no na—1’

00 el
—2 1
Mockoabky pamst Z =u Yy, 5 » COTJIACHO MHTErpaIbHOMY TIPHBHAKY, CXOIATCS MK o > 2,
n=1 n=1
TO Mccﬂenyeuuu pan, B cuay Teopemsl 1, 11.1.5, Takske CXOMUTCH TIPK & > 2. »

52 E (nn=+1 —1)

< HOJIbayKCB dopmynok Maknopena, noxryyaeM

1 Inn Inn (].ﬂ_’.'.)-— +(lnn
an___nn'u.x—1=exp(n2+1)-l=ng+1+0 n? )" (nT)r n — 00
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Orciona, HA QCHOBAHHHM MHTErpPajlbHOrO MpPH3HAKA M TeopeMHul 3, 1.1.5, 3akiaioyaeM, YTO SaHHHIHK
pan cxonmcx. »

532

< Hocxonbxy sin = > ;, n €N, 1o In? (sin %) < In® (121) CrenoBaTensHo,

1 1 2 . 1
STy _ > = =0 , M — 00,
ln (sm —) n? ( ) nln = nlnn
n 2 2
Taxum 06pa3oM, Ha OCHOBaAHMHM HHTETpaJbHOTO NpM3HAKa M TeopeMH 3, M.1.5, 3 mocTegHero
COOTHOIIEHNSA CIENYeT, YTOo JaHHBIH PAJ PACXOIMUTCH. P
oc

54, Z(n"a -1
n=1

<« [Ipu a > 0 psag pacxogurcs, Tak kak o6mMIT YiIeH pafla He CTPEMHUTCS K HYAK NPU 7 — oC.
[Toaromy 6ynem cuuTaTh, uTo @ < 0, U NMPH YCTAHOBJIEHMM MOPANKA CTPEMJIEHHMS OBMEro 4iIeHa
psiga Mpu n — oo Gymem moas3oBaThes Gopmyion Maknopena. Wmeem

n" —1=exp(n®lnn)—1= Inn +0(Lnn) =0 (lnn)’ n— oc.
n

—a —~a n—a

Otciona, Ha OCHOBAHMM MHTErPAIbHOIO NMPU3HAKA M TEOPEMH 3, M.1.5, BUIMM, 4TO PAf CXOAUTCA
npu a < —l »

SlIl

2n
n
595. Z(n+a)"+b(n+b)"+°’a>0 b>0.
< Nmeem
n?" 1

an =

(n +a)n+b(n +b)n+a = atb (1 N %)n+b (1 + b

n

)n+a'

b4+n Lyatn
Tak Kak nocaefoBaTeIbHOCTH ((l + %) ) H ((1 + ;) ) NMpY N — 00 CTPEMATCA X MOCTOAH-

—a=bt

HEIM €® M e’ CooTBETCTBEHHO, TO an ~ % =15 Tpu n — oco. Crenopareinbto, mo TeopemaM 3 M 4,
m.1.5, naH}mu pAnR cxomuTcA npu a + b > T.»

56. Z (m . (sin ni))

« O‘{eBn;u{o ecan a £ 0, To pAn pacxogmrcs, ¥60 OBUIMH 4YJeH pAlla He CTPEMUTCS K HYTIO.
Haxee, ipu a > 0, ucnonsays popmyay MakiopeHa, monyyaem

1 1 o1
an=In——1In <sm ———) =-In <n°sm—) =
ne ne ne

o1 1 1 (1 .
——ln<n <n_°—6n3°+o(n3_°)))—o <nz°)’n oo

Taxum ofpasom, mo Teopeme 4, m.1.5, psg CXOmMTCA MpH o > % »
o0

I/ICCJIEIIOBa.Tb CXOOUMOCTH pANOB E Un CO CAECOYIOLIUMHU OOIIMMH YJIEHAMH:

n=1
n -1

57. un = /‘1+z‘dz

0
< Tlockoabky

"4 [ n?
/\/1+z‘dz>/zdz=-2—,
o o
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10 0 < up < :—,— , T.e. 10 TeopeMaM 1 u 4, n.1.5, pag cxogurcda. »
o]

58. ITokasaTh, YTO CXOOMMOCTH BEKTOPHOrO psfa E A, s E* A, = (an1, @n2, ..., ank),

n=1
o0

A, € E¥  skBuBamenTHa CXOIMMOCTH Bcex pAioOB E ani, 1t =1, k.

n=1
] —
<« 1. Tlycts Bee pappt Y ani, £ =1, k, cxoparca. Torga 3 im Spi = Si, rae Sy w1 S — co-
ﬂ:l n—00
OTBETCTBEHHO YaCTHYHEBEIE CYMMHE U CyMMbI pﬂI[OB. HO ONpeaeI€eHHIO npenena MIOCIeNOBaTCIBHOCTH
Ve >0 3ng Takoe, 4YTo ¥n > ng BHINOJHAIOTCS HepaBEeHCTBa

|Sm’—5il<6, l:ﬂ

Orcioga
wiu ||Sn — S|| < 5\/% , toe || - || — Hopma snementa B EF, Sn = (Sni, Snz, ..., Suk), S =
(Sy, Sz, ... z An. CnegoBarensho, 3 lim S, = S B E*, 1.e. 1o onpenesenwo 3, m, 1.1,

n=1 =00

oo
BEKTOPHHIN psafl Z A, cxoouTcqg K S.
n=1
o0

2. Tlycrs cxoamrcs BEKTOPHEIM pAX Z A, x cymme S, S € E¥. Torga no onpegenenwio 3,
n=1
n.1.1, Ve > 0 dng takoe, yto Vn > np BHIMONHSETCA HEPABEHCTBO

|Sn ~= S| <e wmam

Orcioga —_—
|Sni = Si] <e Vi=1,k,

00
T.€. CXOOATCA BCE psAlbl Z Ani. P
n=1

59. HCC.TICI[OB&TL Ha CXOOMMOCTBE BE€KTOPHEIE PAOHI:

3) i (nliln e'");

vi o lnn n!
2 Z ( ' (2n+1)!!(|sinn|+lcosn|))'

« a) Tockonbky pan z
n=2

BEMTCH, TO JaHHBIH BEKTOPHBIM PAJ, TIO JOKa3aHHOMY BEINIE, TAKJKE PacXOOMTCAH.
6) It CXOMMMOCTH JaHHOIO BEKTOPHOTO psifia HEOGXOMUMO M NOCTATOYHO, HYTOGH CXONMIHUCH

BCEe TPM pAfa:
n!
\/- Inn
Z Z Z(2n+1)”([smn|+|cosn|)

K nepBomy pany npumenum npusHak Paa6e:

1
nli_’n;on(exp{m——\/r—z} -1) =nllr%°n(exp{m}—l) =

nl — B CWJIy HHTErPaibHOro NpH3Haka Kourr—Maxnopena pacxo-
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. 1 1 . -1
= lmn{l4 —=—=+0|—=|—1)= lim n(vn+14+Vn)"" =+c0.
n—co Vn¥i+yn vr n—co ( Vi)
Cnenosarensho, pap cxogurcsa. Ko BropoMmy psiy MpMMeHse€M HHTerpaibHEi Mpu3Hak Komru—
Magrnopena, T.e. HCCleyeM Ha CXORMMOCTh HECOGCTBEHHEIH MHTErpal:

+ o0

+oo + o0

Inzdz -1 oo dz dz
= - In —_—=2 —_—
/ e 2z 2 :l +2/z\/5 e

1 1 1

ITockonbky MHTErpall CXOMUTCS, TO CXOOMTCH M piaf. YTo ke xacaercs TpeThero psna, TO cHavala
MCTONB3yeM TIPH3HAK CpaBHEHHUA

n! n!

GnF D (s n] Flcosn]) S @n g DT

o0
1
a 3aTeM K DALY ) Gﬁl—); IIPHMeHUM TpU3HaK 1’ Anambepa:
n=1

(n+1D)!2n4+ 11! 1
M ——eet
neoo  (2n+43)Mn! 2

CrenoBaTelbHO, TPETMH DAJ ABNAETCA CXOmAUMMcA. TakuM ofpasoM, MOCKCIBRY BCE TpH psilla

CXOMATCS, TO JaHHKIK BEKTODHHI PAM TakXe CXCOUTCI. P
(e o)

60. HOK&B&TB, UTO CXONUMOCTE pAla KOMIINEKCHH X YHCET E Zn IKBHBAJICHTHA CXOOUMOCTHU

n=1
oo oo

ABYX ILeﬁCTBMTeHEHHK PAOOB E In U E Yn , A€ Zn = Ty + iyn.
n=1 n=1

oo o0
« 1. Dycte panet Y zn u 3" yn cxoparca cooTsercrBenHo kK cyMmam X u Y. Torma, mo

n=1 n=1
ompeneneHuio 1, nm.1.1, Ve > 0 3ng Taxoe, 4ro Y7 > ng BBIIOAHAIOTCI HEPaBEHCTBA
Xn=X|<e u Ya-Y|<g, (1)

tie Xn, Yo — vacTHuHHE CyMME! 9THX PANOB. Y4MTHBas HepaBeHcTBa (1), morydaem
[Xn+iYn = (X +iV)| = |Xn - X +i(Ya - V) < [Xn - X|+|Va - Y| < 2e.

20
CregoBaTeNsHO, Y2CTUYHEE CYMME KOMIIIEKCHOTO pAfa E (:cn+iy,,) cxoparcd k uucay X +1Y =
n=1

f=]
2. llycts pan Z Zn cxopuTca k¥ cymMMe X +1Y . Torpa, mo onpenenenumo 1, n.1.1, Ve > 0 dng
Taxoe, 4TO BEIMOANRETCSA HEPaBEHCTBO
1Xn+1iYn — (X 1Y) <& wmn /(Xn~ X)? + (Yo - V)2 <, (2)

the Xn+iYn=z14+igi + oo +iga+ ... +Tn+tyn =21+ 22+ ... + Zn — HaCTHUHKE CYMMH
paccmarpuBaeMoro pana. Ha (2) cuepyer

[Xn—-Xl<e, |[Ya-Yi<e,

oo
T.6. Xn — X,Yy — Y npu n — o0o. CuenosarensHo, paj E Ty CXOOUTCA K cyMMe X, a paf

n=1

o0
Y ¥ —rcymme Y. p

n=1

61. Mccnenonats Ha cxomuMOCTD ROMIIERCHEE PAILE:
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= n+i
a>Zns+1 >Z(,+z(,+4) NGEEDN

n=1

o0
1
« a) Tlockonnky paAgH 21 m—l H z:l 7537 CXOHATCH, TO 1O JOKa3aHHOMY BHIINE CXONMTCH
n= n=
NaHHEIH KOMIUIEKCHEIM PAN.
6) Hcnonsays dopmyay ¢ + ty = /22 + y%(cos p + isin ¢), npeobpasyeM BEIpakeHHe

COS P —45i0 Pp

n
= L
m K BHILY —=oEe e e pn = y_ arctgs:. Iockomsky

k=1
n!} cos pn| < nl n!|sin o] < n!
VEVIT ... V&anZ £1  VBVIT ... Vani+ 1 5VIT ... Va2 +1  VBVIT ... an? +
" pan z I "’\/4_? Tio ipMaHaky X’AnamMGepa CXOIMTCA, TO Ha OCHOBAHHM A0Ka3aHHOM BHILIE
T

TeopeMH (np}mep 60) CXORMTCA M NaHHELA KOMILIEKCHRIA PAX. W

3aMeHMB IOCTe0BATENLHOCTH Iy ), 7 € N, cOOTBETCTBYIOWMMU PANaMH, HCCAELOBATH UX CXO-
AMMOCTB:

1 1
62. z, =14 —+ ... +—
Gt R
n—1
<« Tockonbky zn = Y (zTk41 — k) + 21, TO
k=1

— 2/,

1 1
7—5+...+ﬁ—2\/‘=—1—

1+

Z 1
= EF1(VE+ 1+ VE)

CiaemosaTeabHo,

> 1
lim zp,=~1-
n—oo ,; VEFI(VEFT+ vk)?

Iony4eHHR! pan CXOOHTCA 110 TeopeMe 4, m.1.5, ubo

1

npu  k — oo,

1
VEFIWVEFT+VER .5

TIO3TOMY CXOI(I(TCS{ TakX€e MaHHad MOoCAEIOBATEILHOCTL. W

63. mn__zlnk ln o

| Hocrynax aHaJOTHYHO NPOeNaHHOMY B NpeNHIyuIeM NpUMepPE, NONyYaeM

Ta= Y (ln—i%l—)+%(ln2k——ln2(k+l))),

OTKYyHa

tim e = 3 (B S ).

Monsaysce dopmyaoi Maxaopena ¢ ocrarounsiM wienoM B dopme [leato, umeen

Zanzzln”(l-;-l)-}-]nn:l-lnn(n+1)=
_2ln(n+1) In(n+1)+hn (lnn)__ 2lnn 1n(1+l)--"+1 ,(11”. i
T a4l n +0 22 )= Tafe+1) ’ n(n+1)+o ,,2)—

2lnn n-—1 «(lnn In
- +0 __)= c(lnn) p .
p(n+1)+'n’(n+l) '(nz o (,,z)’" i
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CnenonarenLHo, CXOOHMOCTh ITOCIENOBATEJIBHOCTH (In) IKBHBAJICEHTHa CXOOMMOCTH piAna

o0
3 .
Y =5 Tocnennuii, no uHTETpatbHOMY NPHIHAKY, CXONKTCS, TIOITOMY CXOQUTCA  aHHad MOCIe-

n=2
XOBATEJIBLHOCTh. B
64. Cxoanko NMPHUMEPHO HAJO B3ATh WIECHOB PAAa, YTOOH HaWTH €ro CyMMY C TOUHOCTBIO JO

107, ecan

n
) E = 6) E —?
n (n+1)!
n=1 n=1
« Hyxnoe 4Mca0 yieHoB psifia HaWlEM M3 HePaBeHCTBa

lan+l +an+2 + ... ‘ < 10-5’ (1)

rie @, — OBIIMIl UieH pacCMaTPMBaeMOro psaaa.
1
a) [lycts an = —5 . Hockomsky

1 dz
(—n+—1)2-</1:_2’ nGN,

TO

CreposaTellbHO, €CaU

/_<1o ()

1O HepapeHcTBo (1) 6y11e'r Bumonuareca. Ma (2) vaxopum n 2 107°.
6) Ilycts an = (n+1)! . Torma
2t 2 2’
1an = 1 .
lant1 + ansz+ ... | (n+2)!( +n+3+(n+3)(n+4)+ <
! 2 2 3)2n!
< 1+ +(2 )+ - (nA32™
(n+2)! n+3 n+3 (n+2)(n+1)
n43)2n+!
< 1075, 1o nepasencrso (1) Gymer sumonnsTeca. Pemras mo-

Takxum obpasoM, ecau aamen S
cllelHee HEPaBEHCTBO, HaxoAuM n 2 10. »

YopaskHeHHS 1% CaMOCTOSTEILHOH paGoTH

HCCJICJIOB&TL CXOOHMMOCTE PANOB:

E("'s 2. EMM 3 E(cos-j:) . E(nsm—)

2,,)-2

5. Elln(cos—)"i 6. & {f(nd). 7 E(JIS-- v

8. E n(n+3)(n+6) ... (4n—3) 9. Z (n—1)!
(n+1)(n+4) ... (4n—2)(n+2)3 ° poe n+fn——l't(;—T)(n—1+\/n_—ftg——-—) (2+tg1)

oo a3 -
10. "Zl‘—,,,ﬂ 11. E Glas), 12. {.—',15,'1,{. 3. E n(\/4+;‘,-\’/s+§,),
= n=
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i i, 2\ i L
14. Y |sin (en—;—cos\/; C18. Y sin® o
n=1 n=2 '

16. [Jokasars npusHak Beprpana: ecau cymecTsyeT XoTs 6n B HeCOGCTBEHHOM CMEICTE Npefel

lim ((n( <n —1) —l)lnn) =g,
Nne—0o Gn4l
TO MHCIOBOM CTPOrO NONOKHUTEbHEI PAT 9, Gn NPH ¢ > 1 CXORHUTCA, a Mpy ¢ < 1 — pacxopmuTcs.

Hdnbayacs NMPH3HAKOM BepraHa, HCCIEeNoBaTh CXOAMMOCTDE CJHCHYIOHIMX PANOB:

o0 n o«
_ 1 1\ (2n)tt
17. 3 [T rre wo= (1 +i+ kl:k + iz k) - 18. 22 (2n+1)!!n\/_nln“n'
n=

n=1 k=2
YcranoBuB noseeHKe o6IIETO YleHa HPH 1 — 00, HCCIEOBaTh CXOTUMOCTE CeYIONIMX PATOB:
o0 n 0 +00 2,2
1 a expj -n‘z +.1:i
19. (Z k —-lnn> n%. 20. 3 f sl
n=1 =1 n=1l \-o

21. = (1.
n=0 of 14ed n=1

o
23. 3 % f f(z)|sinnz|dz, rae dynxuns f abconoTHo WHTErpupyema Ha ]0, +oof u
0

n=]
+ o0
[ f(z)dz #0.
0
0 |40 —an o |+oo o cos n?
24. 21 [ e dz—1]. 25. 21 [ sin#?dt — =2
n= 1] n= n

26. Matpwunmtit pag E Ap , Tne A, MaTpHIE pasMepa k X !, Ha3KIBaeTcA CXOOAWMUMCSH, €CIH
n=1

Alm ) A, =4,
n—oo =y

rage A — marpuua pasmepa k x [.
MTokasaTs, YTO CXOAMMOCTH MAaTPHUHOTO PAfa 3KBHBAJEHTHAa CXONMMMOCTH BCEX PAAOB BHAa

» .
ek, 1<p<k 159k,
n=1
rae aby — smemeHTH MaTpHuE An, n € N,
27. JokasaTp, 4TO MaTpH4HKH pAL

z"A"
n!

I+3+5F

+ ...+

+ .., (1)

rie A — EKBajpaTHas MaTpuua, | — eqMHWYHAX MAaTpHLa, T — YMCIO, CXOMUTCA. Marpuynri
pan (1) onpenenser MaTPHUHYIO SKCNOHEHTY €4 | T.e.

znAn
eh= ) i
28. Ilycte kBampaTHas MaTpui{a A NPHUBORMTCA K AMAroHAlbHOMY BHLY, T.e. CymecTByer
Marpuna T rTakag, 4ro
A 0
Az
TAT = . :
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Torma

Hokasars 3T0.
29. [Iycts KxBagpaTHas MaTpHLa pasMepa n X n HMeeT BHJ,

A1 0 ... 0
A1l 0 0
I=
1
A
Torma
A A eA CA
AT -21' (n:l)!
A e e
€ En (n—2)!
1
e =
CX
Tl
0 A

Ioxasars »70.

oo
30. [loxazaTs, 4o paAR E A" cxomurcs, ecau
n=0

3 (@) <1,

P, 9=1

rae af? € R — sneMeHTH MaTpHUE A.

§ 2. IIpuaHakm CXOXMMOCTH 3HAKOIIEPEMEHHRIX PSANOB

2.1. AGcoawTHAL B yCIOBHAS CXONGEMOCTH PAAa.

(=
Onpepenaenne 1. Psd E Gn HAILIBAEMNCA GOCORWMHO CcTOIRUWUMCS, €CAu cxodumcs PRI

n=1
o0

2 |an], 20¢ an ER uay C.

n=1

o0 o0 o0
Omnpepenenne 2. Ecau psd 3 an cxodumcs, 6 pad ) |an| paczodumcs, mo prd 3. an
n=1 n=1 n=1
HA3BIBBEMCR YCAOBHO Cl‘oaﬂl“““cﬂ.

Teopema 1. Hs abcorwomuott cxodumocmu pada caedyem ezo crodumocme.

Teopema 2. Ecau psd czodumcs abcomomuo x cymae S, mo uaensi pROG KOXNO nepecma-
6A3Mb 6 A06OM NOpAdKE U CYMMAE nepecmasaennozo pada maxae 6ydem pasxa S.

Teopema 8 (Pumana). Ecau psd cxodumcs ycaosno, mo nymex coomsemcmeywujeti nepe-

CMANOBKY €20 UJAEHO6 MOMNO NOAYNUMs PAJ ¢ Noneped IG0ANNLIK INGUENUCH CYmMul (npY Imox
He ucxAoNaemes tog).
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2.2. Npusnax JleAGEuna.
Ecan an = (—1)"ba, b 2 0, u nocaepoBareastocrs (bs), HauMHAA C HEKOTOPOrO HOMepa fg,
MOHOTOHHO CTPEMHTCH K HYIIO, TO PAR i Gn CXORMTCH.
[lns ocTaTka Takoro psfa cnpanenny;nla Ol(eHKa:
Rn=(-1)"0nbnt1, 0<6n <1, n>no.
2.3. Ilpusrax AGexs.
Pan

o0

Zanbn M

n=

-

o0
CXOOHUTCH, ECIH CXOOHUTCA pAX Z Gy H NMOCIENOBATEIBHOCTH (bn) €CTh MOHOTOHHasq M OrpPaHNY€H-
n=1
Had.

2.4. [Ipmanax [Iupuxie.

Pan (1) cxomurcsd, ecim nmocnenoBaTeabHocTh (bn), HAYMHAA C HEKOTOPOTO HOMEPA Ng, MOHO-

00
TOHHO CTPEMHUTCA K HY/IO, & TIOCJAE€A0BATEIBHOCTD YaCTHYHHIX CYMM psfa Z @pn OTpaHHYEHA.
n=1

2.5. AcconuaTEBHOE CBOHCTBO pAfa.

HiteHn! CXORAWErocs psga MOXHO [PYNIMPOBATE MPOM3BOARHO; NPH 3TOM CYMMa DANa He M3-

MEHAETCSA.
oo

65. oxasars, 4T0 pag E Gn ABIAETCA CXONAUIUMCS, €CAH BHIOMTHEHH YCIOBUA: a) obuimit

n=1
o©

YJIeH 3TOro pafa a4, — 0 Opu n — oo; 6) pan E An, TONyYeHHHH B pe3yibTare I PYNIUPOBKM

n=1
YJIEHOR TAHHOTO psANa Ge3 HapyleHNs MX HOPANKA; CXOAMTCS; B) UMCIO CIATAEMHX di, BXONAIUIUX
Pn41-1
B WreH Ap = E a;, 1 =p; <pz2 < ..., orpaHHveHO.
i=pn

oo
< Tlycrs (S7y) — MocrenoBaTe BHOCTL acTHYHHEIX CyMM pANa Y. An. Torma
n=1
A
Spk=ar4ax+ ...+ apatap, Fapprt+ .. Fap_1+ ...+
+ap, topt1+ ... taktakyrt o Fap -1 =
=Sk+ k41 + ... Fpp-1, P KK Py -1,

o0
rAe (Sk) — mMOCHENOBATEABHOCT YACTHMHHIX CYMM PAJA ) | Gn.
n=1
Iockonrky an — 0 M 4MCIO wneHOB MocaenoBaTeasHOCTH (ak+1+ak+2t ... +ap, 1) = (Cy),

. A .

MO ycaoBHIO, orpaHuieno, To Cy — 0 npx k — co. Caeposatexsno, Hm SO, = lim S, uro u
n=—00 n—=00 .

Tpe6oBaloCh ROKa3aTh. P

66. Mokasars, uto pan
a14+a2+ ... +ap;—1 —Gpy — ... —dp3—1 tGps + ...
CXOIMTCH MJIM PACXOGUTCH OJIHOBPEMEHHO C PAAOM
o0 V Put1—1
St Y ), a>0 1=n<pc..

n=1 ixpy
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4 Hycu CXOIHUTCA nepnui’t pAR. Torna CXOMTCA M06ad HONAMOCIENOBATEALHOCTh €T0 YaCTHY-
HEIX CYMM, B TOM YHCJI€ H TaKad:

n Png1-1
YUY e,
k=1 i=pn

T.e. NOCTENOBATENRHOCTh YaCTHYHHIX CyMM Broporo pama. ChepmoBaTeabHo, BTOPOH psfl Takxke
CXOOHTCA.

Pnt1-1

Ilycrs Teneps cxommtcs BropoM psag. Torma 2 a; — 0 npu n — oo. 3To 03HaYaer, YToO,
i=pPn

B CHIIy MONOXMTENBHOCTH @, CYMMa Gk41 + ... + @p, ;1 (CM. NpPeIRITYmMI MPMMep) Takxke

CTPEMUTCA K HYJIO U
. A .
im Sp; = lim Sk,
n—00 k—oo

T.e. CXORHTCA TNEpBHI pAx. »

67. MoxasaTs, 4To CyMMa CXONAmeroci psjia He M3MEHHTCH, €CIM YIEHH 9TOTO pHAia Nepe-
CTABMTH TAK, YTC HY OMH U3 HUX He YIANSETCH OT CBOErO MPEXHETo NoNoXeHud GOonbIne YeM Ha
m MecCT, Ille M — HEKOTOpOe 3apaHee 3aJlaHHOe YUCIO.

o
4 Ilycts S — cymma psapa E @n. Torma Ve > 0 3N Ttakoe, uro ¥n > N p[us nociemoba-
n=1
TEILHOCTH YaCTHYHEIX CyMM (Sy) 3TOTO psAja BHIIOJHAKTCA HepaBeHCTBa S —e < Sp < §4¢. B
CHIy yCJIOBMS TIpMepa, IpH 7 > N + m MoxeM Hanucath S —e < S), < § +¢, rae (S;,) — no-
CeJoBATENEHOCTh YaCTHYHBIX CyMM pAfa, NOJY4YEHHOIO B Pe3yabTaTe yKa3aHHOM IE€PECTAHOBKH.
CnemorarensHo, lim S, =S. »

n—oo
HOR&S&TL CXOIMMOCTE CIE€OYIOWMX DANOB H HaWTH UX CYMMEI:

3 5 7
68. I-s+7-gt

8
« Obmui wieH pana an = (—1)"bn, n € Z4, donde b, = 2'2'“ Tak kak by, Ha4HHas C HeKo-

.
TOpPOTo HOMEepa, MOHOTOHHO CTPEMMTCA Kk HYIIO, TO, COTJAacHO npusHaky Jei6HuLa, DAL CXOTUTCA.
IloxasaTs CXOAUMOCTE 3TOr'0 pAda MOXHO M HEMOCPENCTBEHHO. 3aMeydast, YTO MOCIeNOBaTEIbHOCTh

(Sn) 4aCTMYHBEIX CyMM 3TOTO pAfa NPENCTABIAETCS B BUME

Sp=SU 483 4 450,

QISR D Sy (Gl U ) i

S =1 2+4 8+...+ o __31 it ,
@, 1,11 (G O ) i
§ 2( 2ttt )3\ T e )

S o ((—i)k _ (—1)': P (_-«l)l) _ 4 ((‘l)" a (“l)"+1) ,

ORI 3 GtV ol Vil ) o (=1)"
S")_E( e BTN S =2

on
nojxy4yaeMm
2 4( 11 (-1t 2 (=)™ 4 (n-1)(-1)"*! (-1)”
5"-3+§("5+Z““'+ ) T3 T T3 TR

CrnenoBarensho, lim S, cymectsyer (r.e. pan CXORMTICH) M paBeH %. >
n=—e 00
1 1 1 1 1
69. 1—- -+ p oS4
2t3"3tvs et
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-1)r-1 1
< HOCROJILK)’ Oﬁm}f}v{ YJI€H pafa HMEECT BHX Gn = Py , B E N, a NocxenoBareJhbHOCTh (;)

MOHOTOMHO CTPEMHKTCH K HYJIO, TO, IO NPH3HaKy Jeubuuna, pax cxopurcs. Haitnem S»,. Hmeem
1 1 1 1 1 1
San=lo s sm o e — - ...+_)=
2n 273 m—1 2n 2Tt
=C+Iln2n+en~(C+Innten)=In2+4 62, — €4,
rae C — nocroaumnas Diepa, 2 ey — 0 npu » — co.
Yuurmsasg eme, yto Lim Sn = lim Sz, rme (Sn) — nocnenoBaTeNbHOCTh YaCTHYHEIX CYMM
— —00
NaHHOTO PARa, OKOHYATENLHO MOIy4aeM
1
2

1,1 1
—1+‘2'+§+...+§—(1+

1 1
1- +§—-Z+..‘-—ln2.b

o

-1 n+1l
70. 3Hasd, 4TO E L.___L__ = In 2, mokasaTh caefyioliee yTBepKOEHUE: €CIM YNEHH PAda
n
n=1
1 1 1 1
1-~4-—~—-4 -~ ... MepecTaBuTh TaK, YTOOH TPYNIy p NocCreIoBaTEIBHHX IMOMOXUTENBHEIX
lUI&?OB ghexﬁna ?pyrma g TTOCAEHOBATENRPHHX OTPHIaTEeJBHHX 4YJEHOB, TO CyYMMa HOBOTO pidla

1
6ymeT paBHa In2 + -é-ln %

4 B peaynpTaTe yrasaHHON NIEPECTAHOBKYU HMOMYUMM Pl

11 1 11 1 1 1
l4-4=F ... +—— -2 —— i e b ———— .
t3tst ot o171 2w T rl s T o :

CyMMa KOTOporO, B CHIy NpuMepa 66, paBHa cyMMe pafia
1 1 1 1 1 1
<1+§+3+ +2—m) - <§+Z+ +§;) +

1 1 1
—_— et ] - ... 1
+<2p+l+2p+3+ +4p—1) )

B CIy4Yae CXOMUMOCTH TTOCAERHETO.
PaccmorpuM pan

o
1 1 1
Z(2(n—l)?+l+2(n—l)p+3+ '“+2np—1 -

n=1

1 1 1
T 2n—N)g+2 2m-1)g+a '754_)' @

Pan (2) noay4aercs u3 papa (1) B pesynsrate rpynnupoBky uieHos paaa (1) mo mea. Iostomy
ecI¥ MBI TIOKa’KeM, YTO DA (2) CXOAMTCA, W HalWjeM €ro cyMmy, To, Ha OCHOBAHMM Pe3yibTaTa,
TOJIYYEHHOTO B NpuMepe 65, MokeM YTBEPAKIATh, yTo pAn (1) HMeeT Ty ke CyMMY.

Ilycts p > ¢. Torna HeTpyAHO MOMYYHTE, YTO

111 1 1 1 1
=1y 1 g L 1 =
SRR SRR =il = R mra np—1 @)

e {Sn) — MOCTEROBATENEHOCTE YACTHYHAIX CyMy pana (2). IIpubasids ¥ BHYHTan B BHpaxkeHHK
(3) caaraemoe
1 1 1 1( 1 1 1
_ ¢ ==+ + .o+
2nq+2+2nq+4+ +2np 2(ﬂq+1 ng +2 np
M TONB3ySch ACHMINITOTHYECEOM dopMynok

1 1
wri T w2

+... +-l';=ln?:-+£mm ¢tnn—’0, m — 00,
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u3 (3) noxyuaem
1
S,,_Cz..p+1n2"1’ _1n22+e:., £, — 0, n — o0, (4)
2ng 2 mng

)
—1)n—
rne (Cznp) — YeTHaA MOJAINOCJAE€N0BATENbHOCTh YACTHYHEIX CYMM CXOAAIIEroCs pAfa z: L—%—
n=1

Taxum o6pazom, us (4) Haxomum

S=1lm Sp=ln2+ = m”

n—0o0

3ameTHM, YTO MpPH P < ¢ aHAMOrM4YHHM 06pa3oM MOMyUaeTCA ITOT Ke Pe3ynAbTaT. B yacTHoCTH,
ecmmp=2H ¢g=1,T0

1 1 3
R e e ==In2
+ 2 + -+ n + 2 n z;
ecmup=1,4¢g=2,10
1 1 1 1 1 1
l—-—=-4=-=-=== =—In2
27173 578" g e
e ( 1)n+1
71. Ynenu cxopsmerocs pana Z Jn NMEepECTaBUTh Tak, YTOGH OH CTAl PacXOTALIHMCSH

n=1

4 PaccMoTpuM, Hanpumep, pag

(e 50) (i)

1 1 1 1
e -_——— +
t +<\/6n—5+\/6n—3+\/6n—1 \/2n>

o . . 1 1 ) ]
=§<‘/6""5+\/ﬁ—3+\/6n_1—ﬁ> =Zﬂ:n.

n=1

O‘leBKJIHO, 3TOT PAA MONYYAETCA M3 TaHHOrO pAJa B pe3ylbrare TaxkoM NMEPECTAHOBKH: 3a TpeMsA
MOJOXKHUTEHBHEIMHK YJICHAMH CIEyeT OOUH orpuua'renm-mii. HOKa)KeM, YTO pAd PacXOOHTCH.

B cuny HepaBencTBa 76:‘—_3 + 7:;:._—1 - 712—ﬂ > 7&—_—; - 715: > 0, nMeeM olleHky obuiero 4ieHa
o0

1 1
BIOPOro pafa: dn > p==z. llockoasky pan b Z&==¢ 1o Teopeme 4, n.1.5, pacxoiuTcs, 10 MO
n=1

o0
Teopeme 1, n.1.5, pag E Gp TakXKe PaCXONUTCH, 4TO M TpebGoBaioCh. 3aMETHM, YTO MCXONHHIK
n=1
PAA cxomuTca Mo mpusHaky Jleibuuia. »
HccnegoBaTh cx0mMMOCTb 3HaKOIMEPEMEHHBIX PANOB:
11 1 1 1 1 1 1
72,144 -—c—-—— +z+-+=-
2 3 4 5 6 7T 8 9
« Ilocronbry crpynmnupoBamHutii psn, coraacHo mpuaHaky Jlei6Huita, CXOMUTCA, TO, HA OCHO-
BaHMM JOKA3aTEJAbCTBA, IPUBEIEHHOTO B NipKMepe 65, NPUXOOMM K BRBOLY, 4TO JAHHKIM AT TakKe
CXOOHTCH. P

o0,
73. Z In’ " sin E.

n=1

<4 [locroasky

—(sinl)_llsin""sin"“x <=
A 8 8 sin 5’

@[3
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a MoCcAenoBaTeIbHOCTh (n—1 In'% n), Ha4HHAA ¢ JOCTaTO4HO GOIBLIOTO R, MOHOTOHHO CTPEMHTCS
X HyIo (370 BHITEKa€T M3 TOrO, YTO

im z7 'z =100 lim z'W¥z=0, (z7'I'% z) <0Vz> "),

:—-+oo z=—+00

10, cornacuo npua}{axy JIupuxine, MaHHHHA PAT CXOQUTCA. B
"4, Z asin?n

K n
- - 2 “ u <
« Pagu E L;)— wy L—QTC“—-E CXOfATCA: MepBHIl — Mo Npu3Haky Jleibuuia, BTOpoil (B

n=1 n=1

n
CHIIy OrPaHHYEHHOCTH IOCAETOBAaTENEHOCTH (2 (=1)* cos 2k> ,

n

Z(—-l)’c cos 2k

k=1

1+ (cos1)™!
2 1

cos 1

= ’—% + g-l) cos(2n + 1)} <

, 1
¥ MOHOTOHHOT'O CTPEMIIEHMS > K HYIIO TIPH 7 — 00) — no npusHaxy dupuxne. CremoBaTerbHo,
MX TIONYPa3HOCTh

1 %= (-1)" _ = asin?n
521 (1-—cos2n)_;(-—1) -

SBIAETCS TaKKe CXONAUMMCSH PAJOM. b
- (-)”
75. —_
; Va4 (-1)n
« [Ipencrapnas obmuit 4iex psaaa B BUEE

(ot NSVl Gt Vi
Vot (-1 n-1

nn 1

n-1 n-1

={(-1)" =

OO0 o0
-1)" v 1
W 3aMevasd, Y10 pajg 9. ﬁ-—-,-‘)_—_lL'T, To npusHaky JlefibuMUa, CKONUTCH, @ PAX ), - PacXomuICs
n=2 n=2
(& +00), aaxmo'-(aeM YTO JaHHEH PSR Takke pacxogurcs (x +00). P

76. Zsm n? 4 k2)
< Hocxonmcy
sin (w\/ n? + kz) =(~1)"sinn (\/n2 + k2 — n) = (=1)"bn,
k2

rae bn = sin —="==— — mMOCNIEe0BaTEALHOCTH, MOHOTOHHO (NIpH 1 > n0) CTpeMAlladAcT K HY 10
. \/ﬂ2+k7+n

npu n — 00, TO, MO TIpH3HARY JleHbHMIa, PAX CXOXUTCH. P
77. 3 (=02
D e
n=1

« PaccMOTpHM pAR, NoTyYeHHHI B pesyIbTaTe IpYNIHPOBRH 1I€HOB TaHHOTO paga. MMeem
1 1 1 1)_(1 1 +_1_)+”
—(143+3)+ G+ 45) - Grot ot E

1
"'(’1) ( k’+1 +(k—+*f)'i:‘1')+



§ 2. IIpragaxH CXONEMOCTHE 3HaKONepeMeHHKNX DAROB 31
Tocxoxbry

_1 1 1 2k+1
Ak—k2+k2+1+...+(k+l)2_l< 2
2k

-0, k — oo,

1 1 1
Ak_AHl—(2k+1)2)(k2+m)((k+1)2+m)_k2+4k+2—k7+4k+3 >
m=

5 (2k +1)? 1 1 50
(K2 +2k)(k2+4k+1) K> +4k+2 k2 +4k+3
npu k 2 ko, To pan Z Ak, coryacHo npuaHaky JlenbHuia, CXOOUTCA. A Torma Ha OCHOBaHMH
k=1

BHIBOJOB, nonyqeu}mx B NpuMepe 66, DaHHEIH DA TakkKe CXOOMTCA. B

cos 22
n+1
78. Z In?n

n=2

4 Umeem

2 2
n " n
= (-1 .

3 (=1)"cos <1rn —

n+tl o
Tax kax pax E: LT%TT—,HO NPHU3HAKY Henﬁﬂuua,cxonuTca,a NMOCIEN0BATENBHOCTENL (COS‘:T)

MOHOTOHHZ U orpaml‘{eua, TO HCCHENyeMut pan, To npusHary Abensd, Takxe CXOmMUTCA. P
79. [okazaTs, YTo 3HaKOYepenyIOWMHCT DAL

by —bo+bs—bet ... +(=1)""hat ..., ba >0,

1
CXOTUTCH, eCIH = 1+ + 0 ( ) npu n — oo, rae p > 0.
n

bn+1

« Kax ciaenyer ua npnmepa 35, nipu p > 0 nociregosatensHocTs (bn) | 0 mpu n > no. Ilostomy,
o npuaHary Jlei6uuiua, MaHHHM PAX CXOOUTCA. P
HccnenoBath Ha abCcoMIOTHYIO CXOXMMOCTH CIEAYIOUIHE PAMBL:

80. Zln <1+(Ln1;£>.
n=2

« llycrs p € 0. Torpga ofmuil 4ieH pima X HylIlo He CTPEMMICA M, CIAENOBATENBHO, PAX
PacxXomUTCs. Honaraa nanee, p > 0 u nonbayiacs popMynok MakiopeHa ¢ OCTaTOMHEIM 4JI€HOM B
dopme Tleano, Haxomum

AT L) ‘
(1 5 =L - o (G5) on e

o
Tlockoabky pan Z Lnl,;)—, coraacHo npusHaky Jlenbuuua, cxogurcs npu p > 0, a pax Z ah, THE
n=1 n=1
1 1
ay = 2n3r +o (n,,), no TeopeMe 4, m.1.5, cxomMrca MpH p > 5 (mpu p € 5 DAL pacxopuTcd K

+oo) TO HaHHHIH pan CXOIUTCA TOABKO npu p> -.’

B cuny Hepasencrsa
n
< |n <1 + (——l)~>
nP

M Teopewm 1, 4, n.1.5, nanumi paAn cxonurcs abcomoTHo npu p > 1. CrenosaTenbHo, IPH 3HAYEHHUIX
P, ynonnernopxmm’nx Hepu‘el{cmy %A< ? € 1, HcemeRyeMulit PN CXOOMTCH YCIOBHO. b

81. Z(,. - l)n)P

L
2nP

2
<=, p>0,
nf
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« IIpu p < 0 ofmuit uleH pafa He CTPEMMTCA Kk Hymo, T.e. pan pacxomurca. [losTomy,
cumrag, 4to p > 0, u npumeHdas dopmyny Marnopexa ¢ octaToyHnM yieHoM B dopme Ileano,
npeo6pa3oBiiBaeM oSmMMH YAeH pAXa K BUAY

() e S CO) A N
TR e DT (” n ) -
et (s (1) < - ()

npu n — oo. Psamer E i'-'—l)— E (n‘fH +o0 (inlx')) cxogsrcs npu p > 0 (nepeuit — B cuay
n=2
Mpu3Haka JIeu6mma, a BTOpOM — 1o TeopeMe 4, m.1.5). IlosToMy MCXOHHI PSN CXOUTCS IpH
3TOM K€ YCIOBMH.
Ilockonsky, manee,

1 1 1
w1 S TP S wo1y

1n=21m7

M psif, E CXONMTCS NMPH p > 1, TO, B CHIY HOCHEIHETO HEPaBEHCTBA M TeopeMu 1, 1.1.5, TaHHBIH

psn CXOII}{TCSI abcomioTHo mpH p > 1. CuenoBateasHo, mpu 0 < p € 1 UccnenyeMuit psan CXOGUTCS
YCIOBHO. >

82. Znl”-i-sm—

< O‘(ennm-lo, npu p £ 0 pAR pacXomUTCH, MOCKOJLKY NPH 3TOM He BRIMOIHAETCT Heo6Xopumoe

yCIOBHE CXONMMOCTH. Hpn p > 0, XaKk ¥ B NpegHAYIIEM IIpUMepe, TIpedcTaBUM OOUIMY YIeH pAna
B BUfe

. nm . nwT . nT
sin —- sin —- 1 sin =~ sin? 2X 1
= 1-— +o|— = - + 0| —= n — 0.
nP nP nP nP n?p n<p
n1r

Pap E ——*—- CXOIMTCS, TIO TIpU3HaKy [{Mpuxie, npu p > 0, MOCKOABKY
n=1

.k
Zsm—w <-,—1?, L10,’ n — oo.

4 sin — nP
k=1 8

®  cos I
Hanee, pam ), —Z Tipu p > 0 CXOIHTCA Takke TIO TIpUBHAKY JIMPUXiIe, a paf
n=1
oo 1 1y
> (o ()
n=1

CXOIMTCH 1O Teopeme 4, n.1.5, roapko mpu p > ,17 ITosToMy ronypa3HOCTh 3THX PANOB
o0 oo nT
1 1 1 1 cos T ( _1_)
12 (wte () -1 S o (o
: n=1

o0

ABALETCH CXONAIMMMCH IIpH p > l panoM (npu 0 < p< -;- paR Z %-; PacxomuTcg K 400, MO3TOMyY
iy}

M NoCIeTHUH pA pacxoguTcd K +00). CregoBaTenbHo, HCXoqHKI PR CXOAMTCA JIHITE lTP" P> —
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Jna ycranosieHus o6xacTH aBCOTIOTHOM CXOMMMOCTH BOCHONB3YEMCH OLEHKAMH

lsin t Ism-—l 1 lem l 1 cos-"z— sin? 2= Ism—l
2nP nP ainﬂl npP 2nP  2nP n"J < nP < nP
e
1+ 3

u Teopemamu 1, 4, m.1.5. W3 aTuX HepaBeHCTB cillegyeT, YTO JaHHHM PAX CXOLHTCA aGCOMIOTHO
avuws npu p > 1. [ostoMmy npu % < p £ 1 paQx CXOEUTCK YCIOBHO. P

X (vl
83. ELI,,)T- (1)
n=1

4 OuesngHo, npu p > 1 pax cxonurca abcomoTHo. [ng BHIACHEHHS O06MaCTH CXOTMMOCTH

pPaccCMOTpHM DAR
oo

Y (1) 4n, @)
n=1
e Ap = (T;F-i- (75%1)—’4— e +(—,1—,-‘sz),, MOIY4YeHHEH B Pe3yIbTaTe TPYNIHPOBKH YIEHOB JAHHOTO
paga. [Tockonrky 0 < An < 2:2‘;1 —0npyun—ocoup> %, a Takxe

2n
i) il G ) R b _ (2 -
A e Apgy =3 ot ] i - 4n +2)7P - 4n +3)77
n T A §(n2+|)1’(n2+2n+1+1)” (17 +dn +2)77 = (27 440 4 3)77 >
(2n + 1)((n® + 4n + 1)P — (n* + 20)P) 1 _ 1

(n? 4+ 2n)P(n? 4+ 4n + 1)P (n2+4n+2)?  (n?+4n+3)P
NPH IOCTaTOMHO 6OMBIIOM 1, To, B CHAy npusHaka Jlen6uuua, psax (2) cxogurca. Kpome toro, An >
(—n—% He ctpemuTca k 0 mpu p £ % ; NOITOMY pAQ (2) PacXomguTCd, ecan p < % CnenoBartesHoO,
cornacHo npumepy 66, psan (1) cxomurcd auuib npu p > l Takum o6pa3oM, 061aCTh YCIOBHOK
cxonumocm psana (1) onpenensercs HEPaBEHCTBAMH 3 L« p 1.»

R4, E (ln n}

L] Pxn

>

>0

ife
T

- 1 1
(——[ek-11+1+~~+m)’

1
MOJIyYEeHHHH B pe3yibTaTe IPYNNHPOBKH YICHOB JaHHOTO PAla, B CHAY OLEHKH =TT + ...+
k-1 k—1
k]
-—,‘— > I—L[;[f———l [F"Tl — 1~ 2, k — 00, pacxomurca. Cnenonarenm{o COIJacCHO NpUMEPY

66 HCCIEAyeMHH pAMl TakxKe pacxonu‘rcx | 4
= o135, (2n-1)\°
85. -1 .
Zl( ) 2-4-6...(2n)
n=
« PaccMoTpum oTHoleHHe
1-3-5...(2n—=1)\" [1-3.5...2n-1)2n+1)\®
2.4-6...2n) ) '\ 2-4-6...2n)2n+2)
_ 1 L p 1
“(1+2n+1) _1+2n+1+0( )‘H +°(n) e

Orcrona BHIMM, 4TO, COrIaCHO MpHMepY 79, PAX CXORMUTCH, €CIH p > 0. Tax xax npu p < 0 o6mum

YneH paKa He Cfpelm-ru E HyXo IIPH §t — 00, TO 3TO YCIOBMe (p > 0) aBagercs HeoGXOXHMEIM
ARK cxonmlm .
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Hanee, no npusuary laycca, pag cxoaurcs abconoTHo aumpb npH p > 2. CirefoBaTenbHO,
MPH 3HAYeHHIX P, YAOBIETBOPHAIOMMUX HepaBeHCTBY. 0 < p € 2, KAHHBIH PIJ CXOOHTCE TONLKO
YCIOBHO. : ) ) 1

86. T T AT 5 +

« Cpasy 3aMeTHM, uTO ecan p < < 0 nax ¢ € 0, To pAx pacXOOMTCA B CHIYy Heo6XOAMMOIo
npusHaka. [loatoMy nanee, cuutaem, uto p >0 1 ¢ > 0.

Hwues B Buny npuMep 65, crpynnupyem MIeHs JaHHOTO paAfla CAeAYOWKM o6pa3om:

(5-3)+G-2)+ G35 (F-mam)

n=1,3,5, ...

11 q 1
=it g to(qe), noe
TO, 10 TeopeMme 4, M.1.5, CrpyNNMpPOBaHHHK pAx cXoguTca nmpu p = ¢ > 0. Ecau xe p # g,
TO OTCIOfa CHENYeT, TO PAR CXORMTCA MpK p > 1 ¥ g > 1 omHOBpeMeHHo. A TOCAa, COTNACHO
YIOMAHYTOMY TIPHMEPY, TIPH ITUX )K€ YCIOBHAX CXOAMTCA M NaHHBIA pAA.
OueBuano, a6COMOTHO PAN CXOAMTCA NHWBNpU p>1 u ¢ > 1. »

1 1 1 . 1 1
87.1+§;—2—,+5—,+———+....

77 4r
1 1 1 1,1
4 Pag 1 + — + + i + + + ey COCTaBIEHHLIH M3 a6comoruux BEIAHWYHUH YJIE€HOB
NaHHOIO pAfa, CXORHTICA JNMIUL NMPK p > 1, Tak Kak NPH 3ITOM YCIOBHHM CXORMTCH PSR E "
n=1

YleHH aGCOMOTHO CXONAMEroCs pAfa MOXHO NMEpeCTABHTEL B M0GOM MOpSKe.

IIpu p = 1 noayvaeM paf, CXOGUMOCTE KOTOpOro HcclefoBaHa B npuMepe 70. Tam MH ycra-
HOBUIIH, YTO PAR CXOXMUTCH.

PaccMotpuM cayuait, xorma 0 < p < 1. O6pasyeM NMOANOCHENOBATENEHOCTL YACTHYHEIX CYMM
manHoro paga (San), rae

1,1 1 1 1 1 1 1

Sin=1=cmt o —+ ... - : it ———— =

s Pt vt t@moy @y Ty T T Ty
= ot ot e o
T T e T @ny3p T T @n 1)

(Cg,.) ~— MOAMNOCHEROBATENBHOCTE IOCHEZOBATENEHOCTH YACTHMHHIX CYMM CXORSMErocd Ppana

Y L_—?—:-—l Mockonpxy

n=1

1 1 1 n

+...+

> — +00 TIpH 1 — 00, TO

Gnrlr T @y @n—17 ~ (dn 1)

1 1 : 1
D Son = lim Cn + lim ((2n+1) tamrap Tt @ s 1)») = too.
CnenopatenbHo, HaHHHMH paA npH 0 < p < 1 pacxogHTCA. 3aMeTHB, YTO PacXOAHMOCTH €ro MPH
p £ 0 clliefiyeT ¥3 HEOGXONHMOIO YCIOBHA, OKOHYATENLHO YCTAHABIMBAEM, YTO MCCHEXYEMBIH DAL
abCoMOTHO CXOOHTCH, eclik p > 1, u ycioBHo, ecnik p=1. b

88. 1+—1——1—+—1—+l—-1—+-1-+—1——l+

5p TP 117 5P
| Oqenmmo, npx p > 1 maHHBIK PAN CXOAMTCE a6COMOTHO, H6O MPH ITOM YCIOBHH CXONUTCH

pan E w5 W YACHH aﬁconn‘mo CXOSIIETocH PAAA MOXKHO NMEPECTABMTH B 11060M NOpIAKE.
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Mycts 0 < p < 1. PaccMOTPHM MOANOCHENOBATEALHOCTb (S3n) NOCAENOBATENBHOCTH YACTHY-

HHX CyMM JaHHOro paga. Mimeem
1 1 1
= + + ...+ —.

"T(@n+1)P (2n+3)P (4n —1)P
IMMockonsky San > i(—n':T)F — 00 NPH B — 00, TO JlaHHBIH PAR PACXOMUTCA.

Tyers p = 1. Toraa 0 < Ssn < % H, MO TeopeMe 0 MOHOTOMHOM OTPaHHYeHHOH NociefoBa-
TEeAbHOCTH, lm S3n koHeueH. CremoBaTeNBHO, CXOMUTCA PAR

n—00

1 1 1 1y /1 1 1
(143-1)+G+7-3)+GHai-s)+

A Tax Kak Bce yc/IOBMH npumepa 65 3fiech BHIIOJIHEHH], TO AaHHKMH PAX Takke CXORHTCA.
Yuutnpas eme, 4To npu p < 0 MCCreqyeMHH PAN PACXOAHTCHA, OKOHYATE/NLHO YCTaHABIMBAEM,
YTO OH CXORHUTCA abConIOTHO mpu p > 1, a npH p = 1 — ycmoBHo. P

89.

Ss

2 1 1 2 1 1 2
atetE Rtetw owt oo M

4 PaccMoTpum psn

1 2 1
n=‘;7 (-n-,; - (n+ l)q + (n +2)p) ’ (2)

MOJyYeHHR K3 AAHHOTO B pe3yNbTaTe rPYNHUPOBKM €ro 4iaeHop 1Mo TpH. Cuurtas, 4to p > 0 ¥
q > 0, uMeeM

1 2 1 (1 1 g » 1 1
“"“n-p"(n+1)q+(n+2)p"2(;,?”';3)+2(nq+1"np+1)+°(nq+1)+°(np+1)y

n — 00,

Otciona, B CHIly IPH3HAKOB CpaBHeHHs, 11.1.5, cienyet, uro npu p = ¢ pax (2) cxomurcs. Ilycrs
p #¢. Torma an ~ ',T-T‘TIGWT NPH R — 00, H, CIEXOBATENBHO, TIO NPH3HaKaM CpaBHeHud, pax (2)
pacxoputca, ecix min(p, ¢) € 1. Tax xax Bce ycnosus npuMepa 65 31lech BHITONHEHE, TO BRIBOJH,
oTHocAwMeca k paay (2), ocraiorca B cune gas pana (1).

3ameyas emte, uro mpu p € 0 wam ¢ < 0 mccaenyemuit pan (1) pacxomurcs (obugmii 4ieH
pANla He CTPEMHTCA K Hymio), ampH p > 1 1 ¢ > 1 oH cxoauTca abComoTHO, 3aKidI04aeM, YTO IPH
0 < p=gq <1 pan cxoguTcd ycroBHo. b

90. i (1::)’ rae (’:) _mm-1) ..';!(m—n+1)‘

< [Ina yno6cTBa npepncTaBuM obLKit YlleH pAla B BHAE

(m> = (=1)"'bn, bn= (r-m—-1)n-m-=2)...(1- m)m.

n!

OvuesupHo, npu m € Zo pap cxogurca abcomiotho. IloatoMmy, Mckalovas 3TOT ciyyvad, MOXKHO

o6paaoBaTh OTHOLIEHHE

b m+1 m
=14 ——— 4 ———,
bny1 + n + n(n — m)

Tak xak HauMHad ¢ HEKOTOPOTO HOMepa ng, NocnenoBaTeabHOCTh (by) MMeeT onpeneneHHBIH HAK,
TO 6yneM CYKTaTh, YTO0 by > 0, © > ng. B TakoM ciyvae ua orHowenus (1), y¥MTHBas npHMep 79,
HaXofuM, 4To pajy cxoautcs, ecan m + 1 > 0. Ilockoasky npu m + 1 < 0 nocrenoBaTeaALHOCTH
MOHOTOHHO BO3pacCTaeT, To ycaoBHe m + 1 > 0 aBAsercd Takxe H HEOOXOMHMAIM [l CXOHMOCTH
paxa. [lanee, no npuanaxy laycca, ua (1) cuemyer, ¥To paa cxoarTcs a6COINTHO, ecik m > 0, a
P m < 0 — pacxoxurcs (abcomoTHo).

. Tagum o6pazom, Bce ckazaHHOe TO3BOIAET CAeNaTh BHEIBOJ, “TO npy m 2 0 pax cxopurcd
aﬁ_coum'mO, aecau —1 < m < 0, To pax CXOGUTCA YCAOBHO. P
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= (=)
91. HokasaTsb, uTo cymMMma paga E 3
n=l1 "
« Ilockonbky pam, B cuay npusHaka JleW6HMLA, CXOOMTCH, TO NMORMOCAENOBATENLHOCTH Ya-
CTMYHHIX CYMM €0 MMEIOT OAMH H TOT € Apemen S; ApH4eM MOANOCHel0BaTeNLHOCTD (Szn),

sh=(1_§g)+(§;-;_,)+...+((2"_5)_?-(;7),,),

BO3PACTAET, a MOANOCIEAOBATEILHOCTD '(Sz,._;),

San-1=1- (zlp 315) T <(2n1—2)P - (2n11)">’

y6upaer. CnenoBarenbHo, Sa, < S < Sz2n—1, OTKyla Haxogum, uto S < S; < 1. [las pokasarens-

CTBa OLEHKM CHH3Y PacCMOTPUM MOANOCHEA0BaTenbHOCTb (Sin—1). [lockoasky rpadmx dyHKuuK
1

z+ 25, p>0, 2> 0, apasercd BHIYKIHM BHU3, TO BHITOAHSIOTCS HEPABEHCTBA

1
AAg Kaxkgoro p > 0 JexuT Mexay 3 ul.

1,1 2 1.1 2 L, 1

30 5p 7 4p7 TP T 9p T 8r’ T (4n~1)p  (dn+1)P 7 (4n)P’
Otciona mas S¢n—1 ¥MeeM OlfeHKY

1 1 1 1 1 1
Sinel =1l = = e — — — 4 | -

i =l-mry ot t 1~ (ny T Gn+1p
1 1 1 1 1
>1—§;+4—P—“‘—(411——2)F:+W;_1 E;Sz",
M3 KOTOPOM NpefeNbHHM NEPEXOoM ToayvaeM
. S
n]-Ln;o Sln—l = S 1 2— n]f-omoo Szn =1- -2_P

Hrak, S 2

1
zv+1 > 7, YTO M TpeBoBatoch AOKa3aTh. P

92 CKoJIBKO 4/IEHOB psjia CAeAyeT B3ATh, YTOOGRI MOMYYHTL €r0 CYMMY C TOYHOCTBIO AO
e=10"° , €CIIN:
n+1

) E nz ESlnﬂ,

< a) Cornacuo oleHKe OCTaTKa, BHITEKalliel M3 MpH3HakKa Jlenbuuya, HyxHoe yucio N Ha-
1 -6 6
XOIMM M3 HepaBEHCTBa <1077, orxkyna N > 10° (cM. 1.2.2).
n P T , orkyza N > 10° ( )
6) B cuny npnsnaka [Iupuxie, pAx CXOMMTCH, a Mo m.2.5 CyMMa pAfa paBH2 CyMMe CIDYTIITH-

POBAaHHOIO pAna
[ 180n—1

sin k°
S, b= Y 2
n=1 ' k=180(n—1)+1 vk

KOTOPHIH, OMEBNUAHO, ABIIETCA PALOM JeiOHMIEBa THIIA, T.€. CXONAIMUMCA 1o NpH3Haky Jeitbuuua.
CrenoBaTensHo, ANl OCTaTKa 3TOr0 PAfa CHpaBefJiMBa OLEHKA

180n4179 k° 1 180n+4179 1
sin Z . o -
E sink” < ———~—,—- <10
k=180n+1 k faon + 1 k=180n+1 N + 60

orkyma N > 1,32.10%. »

93. [oxasaTs, uro rapMOHHEcKHit A}l OCTAHeTCH PACXONJMMMCH, €ClH, He MEePecTaBisis
€ro 4IEHOB, H3MEHHTh 3HAKM HX TAK, 4TOGH 3a p MONOKHTEIBMLIMH ‘/€HaMH CIeOBATO 6H ¢
OTPHLATEABHHX ieHoB (p # ¢). Cxomumocts GyaeT HMETh MECTO IMINL NPH p = q.
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« Yxa3aHHHI B YCIOBHH pAX

1 1 1 1 1 1
1+4-+-+... +- - - — t—_—t 4~
2 3 p p+1 p+2 r+g p+g+1 2p+gq

B CHJY MpHMepa 66, CXOOHUTCH HIH PACXOOHTCA OQHOBPEMEHHO C PAILOM

QAR PR ) (R L USRS S U (R S Q)
sttt emt ot ) Yot e )

Mlycts p > ¢. [lockoabky cnpaBeRIHBEL OLlEHKH

1 1 1 1 q 1
So={14+=+...+=-)-{=——t ...+ ——|>1=-==(p-g)-,
: ( 2 p) <p+1 p+q) P (v q)p

Si=S 4| —t L >
R U T T S PR 2p+94+1 " 2p42g

1 1
San > (p — bt N =z,>0
> (p q)( 2+ np+(n—1)q)

n lim zn, =400, T0 pag (1) pacxomures.
n—o0
Ilycty p < q. Torpa, oueHuBas YacCTHYHLIE CYMMH pifa CAeAyIOIHM 06pa3oM:

g 4—p 9-r _ q 1
S1<p, S2<p——, Si<p———, Si<p- Sy < ( —) ..
Ty pte 2(p+4) +q 2
S —"——-—(1+1+ +L)———i— Sang1 < —~———(+1+ + )
y 2n P p+q n—1 n(p+q), 2n+1 r ¥ 2 3
HaXomuM, YTo lim Szn41 = —oo, T.e. psan (1) pacxogutcs.

Haxonen, mycts p = ¢. Torna pan (l) €CTh psAj NeHbHUIeBa THIA, CICJOBATENEHO, OH CXOMHT-
ca. »

YopaskHeHHS IS CaMOCTOATeXbHOH paboTH

Hccnenopath cXomMMOCTE CiiefyIOIHX PATOB:

- n L_—l)l e . n cosn
31, 3> (EWrinn (“’") 32. Z( n )q".33. 3 sin® nln(1+2—+,f’,{q———).

100
n=2 vn n=1

34. iexp{l—"—:—"}:’l’n: 35. Zarctgntg(sm,/ }snn(n+ )

n=1

36. E a.rcsm =CoS 5 - (— . 37. E ﬂféé’fz 38. E sm (r\/n" + n?).
0 1"'l 00 n 00 4in (n+ )
39. ) (2 a.rctg—uL) "—~1].40. Y n™*) kPcos’2n,pEN. 41. Y —n,

n=1 n=1 k=1 n=1
(=] 1 1 1 o0 0 1+ a

42. _1"( —_——— 4 ... )_43_2_1" ~Xz_dx.
nz=:1( ) Tt mmt ot \/n3+n n=]( ) g W

[ed

44, Ef(l—zz)" dz -sinn. 46. 3 f '""d::
0

n=10 n=1
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o0
46. E Gn,THE Gn €CTh PEUICHHE 3afla4H
n=l

(n+2)ant2 + 2(n+ 1)ang1 +nan =0, a1 = =1, a2 = %

o0
Hccnenosats. cxon¥MOCTh MAaTPHYHHX PANOB E An, ecan:

n=1
. n . wn l n2
47, A, = cos 1 sin 1 sin 39 48. A, = 2n —~1 arctg 3 ) (-1)"
cam sinl —cosl n n sinn cosn :
§3. [lencTBUS HaAX psIfaMM
3.1. Cnoxenue pafoB.
Ecay panu .
Yoan w D bn an b€l 1)
n=1 n=1

cxogaTca B £, To CIpaBeAIMBE PaBEHCTBA

i(xan + pbn) AZan +qu..,
n=1

n=1
Ie A, i — NPOM3BOALHHE JEHCTBHTENbHEE HJIH KOMIJIEKCHHE YHCIA.
3.2. lIpasuno Komx.
Ion npoussenenueM nByx psagos (1), rae an, by — uucaa, noHHMaercs Tperuyu pAR, obuMH
YIeH KOTOPOro HMeeT BUJ
cn = athn + azbny + ...+ anby.
o o0 (=]
Boo6me rosops, Z: cn # E an Z: bn. OnHako, ecii ONMH U3 PAJOB CXOAUTCH, 2 BTOPOH CXOUTCK
n=1 n=1 n=1

abcomoTHO, TO Bceraa
oo o0 [=-]
E Cn = E @n E by.
n=1 n=1 n=1

OTa QopMysa CTIPABEIMBA X B TOM CIy4ae, KOria BCE TPU PAfa CXONATCH.
Haittu cyMMH pnnon:

94 ZCOS )

n=l

« Tockoanky

1
cos = =1—2¢in° — ={ T20 €M n#3k keN,
1, ecam n =3k,
o0 1 o0 1
H pagst 30 i) = = CXONATCK, TO, Ha OCHOBAHHH YTBEPXKACHHA N.3.1, HMeeM
n= n=1

o0
Bl T 1(1 l) l_l(l l) _l-_l(l l) 1
2 T A CRE ) R e A VR Rk a AUURE T A il

L
< 750

™
NgE
3|~
i
\
~3j
v

Ml:w
i[vjs

2
)
-
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95. Zz[ﬂy[%ﬁ], lzyl < 1.
n=0

o0
4 B cuny cxopumoctv pama E (zy)", Ha ocHoBauMK yTBepxAeHHd 1.3.1, HMeeM

n=0
Z [ ] [‘“]=1+y+zy+zy2+zzy2+zzy3+...=
n=0
= o _ 14y
=Y Y e = (40 (e =
n=0 n=0 n=0

96. Hoxasats, 4yro

n=0 " n=0

2

o0
1
<4 Pan ) - cxomurcs, nostomy, coracHo n.3.2, umeem
n=1
1 n—1 %

z:(n—l)'z:(n--l —Z "_1+Ec"’

n=2

rue
- L AP Vs o1 _ D
cn=kz=;akbn—k+l =(_1) g(k-l)‘(n—k)" ak = (k_l)'y be = (k-—l)!

n
Tockoabky 3, Fﬂﬂ‘— = ;1,-(1 -1)"=0,neN, 10
k=0

(n—k)!
RS S o |
engr = (~1) Em—(’, neN,
k=0

uTo ¥ TpebGoBamoOChL NMokazarb. W
(__l)n-H
97. IlokasaTs, YTO kBaApaT Cxomsuerocs psiaa Z ————— ABIAETCHA PANOM PACXOAAILIHMCA.
, el
« Tlpexne Bcero aameTHM, MTO HAHHKIA psAn cxofmuTcs (ycroBHO) no npusHaky Jei6unua. Tlo
npasuiay n.3.2, uMeeM

( 1k+1 1) -k+2) n+l
tn = =
Z( NG \/n—k+1 Z,/ k(n—k+1)
Hocxonbxym,",nGNk 1, n, 10

n

1

o1 VE(r—-k+1) 2

Cnenona‘reubno, pax 2 Cn, B CHIY Heo6xonyuMoro npuaﬂaxa, pacxogurcd. »
n=1

98. lIpoBepuTs, YTo MpoH3BENieHHE ABYX PacXONAMMXC PAMIOB

Q) S @7 )

B
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ecTh a6COMIOTHO CXONAMMHCA PIAR.
« Jlerxo ycranosuts (x0T 61 ¢ noMontbio npuaHaka Komm), 4ro sTH pamH pacxomarca. Ilo
MPaBHIY NEPEMHOKEHUA PANKOB HMeeM

n-—1
Cn = albn + blan + Zakbn—k+1,
k=2
The 1 2
3\ "~ 3\~ — 1
a1=1,an=—(§-> yhi=1,bp = (§> (2" 1+2—'r>,n=2,3,....
CaenosaTeiabHo,
-1 n—1
I\""? (o1, 1 3\ noax~ 1 3"? k
w= () (@ wm) - () e o e = (1)
k=2 k=2
Torna
o0 o0
3 n—-1
DI ST C) NN
n=1 n=1

YnpakHeHHA [JIL CAMOCTOSTEeTbHOY paGoTH
Hcnonbays npasuao Kown, HepeMHO)KKTL cnenylomne panu H HaHTH CYMMH NPOM3BENEHHM:
X2 1 g—l)" d 1 1
49. 3 = ¥ 5o 50 2 Ey 51. 2 w 52 ) oam > o
n=1 n=1 n=1 n—l n=1 n=1
o0
ALY EA N I -n -
53. Y (-1)" (%) 5 e et Sen 3 -
n=1 n=1 n=1 n=1
55. [loxasars ciegyiomye CBOMCTBA MaTPHYHOM IKCIIOHEHTHI:

A _z3A A Ay— -
a) CI‘ e:, = E(zl+1;) ; b) (ez ) 1 =¢ J:A’
rie A — mobas 4McaOBas KBaJpaTHad MaTpula, I1, T2, £ € R.

56. Iloxasats, 4to B 061WeM ciydae

A B _, A+B
ee? #e41E,

rae A, B — kpajpaTHHe MAaTpULHL.
57. Iloxasats:
a) (¢*)" = e*’, rme A* — 3pMHMTOBO CONpsKEHHas MaTpHla;

6) ecan A" = — A, To MaTpHua e* — oproroHanbHas;

B) ecnu A® = —A, To MaTpuua e” — ynuTapHas.

§ 4. DYHKIMOHAJIbHEIE N10CJIEA0BATEILHOCTH U PSIAHL.
CBoMcTBa paBHOMEPHO CXONAMUXCS
(YHKIMOHAJIBHEIX NIOCJIEROBATEILHOCTEH H PANOB

4.1. IloRATHe PABEOMEDHOK CXONRMOCTH HOCIEAO0BATENLHOCTER PANOB.

Omnpenenenne 1. [locaedosamervnocme pyrxyuti (fr), fn : X — R(C}, n € N, nasvisaemecs
cxodsujetca nomoueuno x Pymwxyuu f: X — R(C), ecau npu xaxdom duxcuposannos to € X
uucroeas nocaedosamervuocme (fn(zo)) cxodumcs x wucay f(zo), m.e. Ye > 0 3N = N(e, o)
Takoe, YTo Yn > N cnpaeedaueo nepasencmeo

[7a(20) = f(2o)l < &.

dyuxuua f wasusaerca npedeavioii qua nocaexonarensuocrtu (fr).
. SRRTR D o P L e
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Onpenenenne 2. IJocaedosameavrocms dyrxyuti (fn), fn : X — R(C), n € N, nasvieaemcs
pasuomepno crodawedica x gpywxyuu f: X — R(C) na smoxecmoe X, ecau Ve > 0 IN = N(e)
maxoe, ¥mo Yn > N AVz € X 6binoaR‘emcs Hepasescmeo

[fa(z) = f(2)] <e.

B stoM cayuae mumyt fa(z) = f(z) Ha X.
Onpenenenne 3. Pyuxyuonarvusili pad

o0
uk(z) = ua(z) +u2fz) + ... +ux(z)+ ..., (1)
k=1
rae ug : Xi — R(C), X; D X, HasbBaercs cxodAmuMcs nomoueuno Ka muoxecmee X x ceo-

eii cymme S(z), T € X, ecau cxodumcs nomoyeuro nocacdoeameabHOCMb €20 YACMUUNDIT CYMM
(Sn(z)), m.e. Vzo € X 3 lim Sn(zo) = S(z0).
n—0o0
OnpenencHue 4. Pynxyuorarvusiti pad (1) HaIvEAEMCR PaGHOMEPHO CTOIRUUMKCSE K c60et

cymme S(z) na muomecmee X, ecau nocaedosamersHocms wacmuunsi cysu (Sq(z)) smozo pada
paexoxepro cxodumes wa X x S(z).

4.2. Kpurepuit Komn.
Ins pasHomepHoit cxomumocTy pafa (1), m.4.1, Ha MHoxecrBe X Heo6XOIMMO M OCTATGYHO,
4robst Ve > 0 3N = N(e) Taxoe, uto Vn > N A Vp € NAVz € X pumonusnoce HepaBeHCTBO
|Sn4p(z) = Sn()] <&
4.3. BaxHefHe oCTaTOYHHE HPHIHAKM PABHOMEPHOH CXOXMMOCTHE PA/i0B.

MasxopanTEnlil npusnak Bellepurpacca. FEcau 3ax € R maxue, wumo Yz € X cnpased-
o0

auevi Hepasencmaa |ux(z)| < ak, k € N, u psd Y ax czodumcs, mo psd (1), n4.1, cxodumes
k=1

pasxoxepro na X .
00

Ipusnax dupmxne. EcAu sacmuunvie cyMxol psda Y k() passoKepno ozpasuuensi
k=1
na X, me. 3M > 0 maxoe, ymo ¥z € X A Vn € N svinoansemcs nepasencmeo |Sn(z)l =

n
3 ar(z)| < M, a Pynxuuonaavnas nocaedosamensvrocme (ba(z)) ydosaemeopsem doys ycaosu-
by
a) Vz € X : bny1(z) € bu(z) Va > no;
6) bn(z) 3 0 na X npu n — o0, mo Pynxyuonarsneiti psd

=]
Y ak(2)be(z) (1)
k=1
cTodumcs pasnosepro na X .
<
Ipmanax AGend. Psd (1) czodumcs pasnomepro wa X, ecau pad . ax(z) cxodumcs pae-
k=1

Hoxepuo na X, a Pynxuuu by ydosremeopsom d6yM YycAoBUSH:
a) AM > 0 maxoe, ymo Vz € X AVk €N suinoansemcs nepasencmeo |bi(z)] < M;
6) Yzo € X nocacdosameavnocms (b(z0)) Monomonna npu k > ko.

4.4. HenpepuBHOCTS npefeabREod QYHENUE H CYMMH PSJa.
Ecau nocnenobatensnocts Henpepubunx dynxunit (frn), fn : X — R(C), cxonurcs pasomep-
o0

Ho Ha X & dpyuxuuu f : X — R(C), ro f nenpepmnna va X. Ecau Bce uness psana E ux(z)

k=1
HCHJP}CPHBHH Ha X u pag cxomMrcs paBHoMepHo Ha X K cyMme S(z), T0 pyHxuus S HeNpephBHa
na X. 3
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4.5, Mounernnlit npenesENE Depexon B PAAAX H PYHEIHOHANBHEIX
HOCTef0BATEABHOCTIX.

Ecau pyurumonanbHRMK pan (1), n.4.1, cxogurca panuouepﬂo B HEKOTOPOit OKPECTHOCTH TOUYRH

zo M ecau lim ux(z) = ck, k € N, 10 unciaoBoit pan 2 Ck CXONMTCH,; MPHYEM
I-—+Zg k=1

ui(z) = ch
S-'Zo

k=1 =1

Ecau nocaegosareasiocts gpyuxuuit (fn), n € N, papHoMepHO CXOIHTCA B OKPECTHOCTH TOMKK
2o M VR €N 3 lim fn(z) = An, 10 MocaenoBatenshocTs uncen (An), n € N, raxxe cxopurca u
zT—zg

lim ( lim f,.(z)) = lm ( lim f,.(::))
z-+3g9 \n—oo —00 \ z—2g
4.6. Ilpenensuni mepexon moj 3HakoM HHTErpaja E DOYIEHHOE HNTeIDHPOBaHHe pAaa.

Ecau nocnemosarensiocTs HHTerpupyeMux dyuxumit (fn), fn : s, 8] = R, n € N, cxogures
paBHOMepHo Ha [a, b] X dyHruuu f : [a, 8] — R, o Vzq € [a, B]:

/f,.(t)dt:t/f(t)dt Vz € [a, b}, n — o0.

Ecan psn (1), m.4.1, uaeHs xoToporo MHTerpHpyeMs Ha [a, b], CxoiuTcsa paBHOMepHo Ha [a, b], To

CIpaBeNJIHBO pPaBEHCTBO
/ LOEEDY / uk(t) dt,
k=1
L

Fo
1.e. pax (1), m.4.1, MOXKHO MOU/NIEHHO HHTErPHPOBaTE Ha orpeske [zo, z] C [a, b).

4.7, llpepensHuIk Tepexop NOJ 3HAKOM NPOH3IBONHON B HOUNeHHOE
rupdepeRqAPOBAHEE PAAA.

Ecau nocnepoparensHocrs HenpepmBHo gHpdepeHIMpyeMbix hyHKUHHK ( fn) fn i [a, b)) — R,
n € N, cxomurcs x dynguun f : [a,b] — R, a nocmeposateabHocts (fy), n € N, cxopures
paBHoMepHo k ¢yHkumux ¢ : [a, b] — R, 10 ququmt f Takxe nuddepeHUHPyeMa Ha [a, b «
f'(z) = ¢(z) = lim f;(z), T.€. ROMYCTHM NpemeAbHHH MEpeXof TMOX 3HAEKOM MPOH3BOIHON.
. n=+00

Ecan pax (1), n.4.1, ¢ HenpepHBHo nudpepeHIUPYeMEMK IEHaMK CXORKTCA Ha [a, b], 2 pan

NPOH3BOIHKX
o0

o(z) = Z u(z)
k=1

CXOJHTCK PaBHOMepHO Ha [a, b}, To cymma pama (1), n.4.1, auddepenumpyema Ha [a, b), mpHuem
Ha 3TOM OTpe3Ke BHIOJHAETCS PaBEHCTBO

o0

S'(z)=a(z) = Z ui(z),

k=1

T.e. pan (1), n.4.1, MOKHO MOUAEHHO KH(HEPEHUMPOBATS.

OnpeneanTs MPOMERYTKH CXORHMOCTH (aGCOMIOTHOR H YCAOBHOK) CAENYIOMMX BYHKUHOHANE-
HHX pmon

n? sin nz
99, Z THnd g>0,0<z<x.

nxl
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1 1

1+n'l = w7 T4n-9 —0 npH n — 00, T.€. yro6hl

« [Ing cxopuMocTH pafa HeO6XOXHUMO, YTOOH ———

9>p.
0 - 1= 2
A6comorHas cxopumocts. Iockoasky |sinnz| > sin® ne = =55, 10 pan

1= n? 1 = cos 2nz
P
E Ismn:cl EE ——n

1+n" ) 14 n9

n=1 n=s n=1

pacxomurcd npu 0 < ¢—p < 1. )leucrnurem,uo, MEepBHH pAN ClpaBa, B CHIY TeopeMHl 4, m.1.5,
PacxomHTCA K +00, HOCROJILE}’ 1+nv ~ ——= TIpH 1 — 00, a BTOpoi pap cnpasanpu 0 < ¢—p < 1,

no npuaHaky [{upuxie, cxogurcd, ubo

"

n

Z cos2kz| =

n=1

1
<=
| sin z]

sinnz cos(n + 1)z
sin

H l+MlOr{pun—»oo

Kpome Toro, nockoasky |sinnz| < 1, 1o pag

Z lsmnzl Zl+n‘7

n=1 n=1

nP

TIne ™~ meoF TPH L — o).

B cuny Teopem 1, 4, n.1.5, cxomurca, ecam ¢ —p > 1 (

Taxum o6pasoM, uccaelyeMbIH PAfl CXOGUTCA abCOMIOTHO ToABKO npu ¢ —p > 1.
YcnoBHas cxoguMocTs. IlpencraBass gaHHHM pAx B Buie

©
Z sinnz 1
nd~P 14n-9

n=1

M MOJib3YSCh MPH3HakoM AGelst, HAXOMHM, 4To NMpH ¢ — p > 0 pax cxomutca. [elcTBHTENbHO, B

00
1 sin nx
3TOM Cily4ae NMOCIeN0BaTENLHOCTD (-l—+—"—:;) 11 npu n — o0, a pag E —a=p+ B CHIy TMpHaHaka
n—l
Mupuxie, cxonurca CaepoBatenbso, npu 0 < g — p € 1 uccaenyeMblit paj CXOMUTCS YCIAOBHO. B

100. Z n,y 0.

| Hycn 0 < ¥ € 1. Torna pan, no npusnaky Komn, cxogurca npu jz| < 1.

JeicTBUTEABHO,
.o 2m . 1
lim ‘ = |z} Im ———=z|{ < 1.
n—oo \ 0+ y" | In—-oo vn+y® | l
zﬂ zn
Ecnm 0yl uz2l, 10 oy > ey > — n+l CiuepoBatensHo, B cuiy Teopemu 1, n.1.5,

DaHHKN pAaf pacxonmcx 160 PacXOMHUTCA rapMOHMYECKHH Pif.
n
Ecau 0 < y €1 1 z < —1, To obuiuit wieH pajia k HyJIIO He CTPEMHTCH, Tak Kak lim ;‘EL; =

n—oo Mt¥
+o00.
Ecnu 0 € ¥ < 1, 2 = —1, To noayuum psaa 1ed6HMUEBa THIa:
n+y"
n=]

Oycrs y > 1. Torna pan
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B CHay npusHaka Komn, a6comoTHo cxomurcs, ecan |z] < y.

u . n
IIpu £ = ty o6muH UleH HccaeyeMoro paja K Hyalo He CTpeMHTCS, Tak kak lim -;i?; =1.
n— 00

Hrak, ecmtn 0 <y <1 u 2] <1 mam |z <y u y > 1, 10 pan cxomutcs abcomotHo. Ecnm xe
=—-1 n 0 y< 1, TO JaHHLIA PAN CXOTHICA JHIUIL YCHOBHO. P

101. Zl—“ﬂ:—yfflz > 0.

n=1

« Paccmotpum TpM cnywas: a) 0 € £ < 1;6) £ = 1; B) z > 1. B cayuae a) umeem
o0

. n
In(14+z") ~ z" npu n — oo. Tak kak pan Z ;_v’ cornacHo mpusHaky Kouiu, cxommrcs npu
n=1
11060M ¥, TO, B CHIY TeopeMH 3, 1.1.5, IPH TaKKX ke YCIOBMAX CXOXMTCH M MCCIefyeMEH psfl.

o)

B cnyuae 6) mony4aem psan Z '%yl, KOTOpHIM Npu y > 1 cxomMrca mo m.1.4.
n=1

Haxkonex, B ciyuae B) HMeeM

In(l1+z")=nlnz+In (1+£Ln) ~nln:c+£in, n — 00.

o0 00
1 1 .,
ockoabky paget Y n:fl 3 =y CXORATCA MpH y > 2, TO NaHHHIH Paf, Mo Teopeme 3,

n=1 n=1
m.1.5 TaKKe CXOOMTICH MpU y > 2. b

o0
a
102. [okasats, uTo ecau psn Jupuxne E —: CXOMTCA MPH I = Zo, TO ITOT PAX CXOTHTCS
n

n=1
TaKxe IpK T > Ig.

< K pany

oo oo
PDEED P

n - n% pI—Zo
n=1 n=1

a

o0
NMPHMeHHM Npu3Hak AGend. 3nech pan Z =¥~ CXOIMICA IO YCIOBHIO, (

n — MOHOTOHHAA H

1
nZ—In )
n=1
OrPaAaHHY€HHad eJHHHLUEH NOCIeN0BAaTEIBHOCTD Yz > Zy.

CrepmoBaTennHo, o npusHaky Abens, pal CXONMTCA TakXke IPU T > Zg. P

103. [okasats, 4To ans paBHOMepHON CXORMMOCTH Ha MHOXeCTBe X IOCIeI0BATENBHOCTH
(fa), fn: X = R(C), n € N, x npenensnoit dynuxuun f : X — R(C), neobxogumo u gocratoyxo,

YTO6R
lim (sup rn(z)) =0,
n—+co X

rn(z) = |f(2) = fa(2)l.

4 Heobrodumocmu. Ilycts fn{z) =3 f(z) na X, n — oco. Ilo onpenenenno 2, n.4.1, a10
oaHavaer, yto Ve > 0 3N = N(e) Takoe, uto Vn > N AVz € X BHNONHAETCS MEPABEHCTBO
[fa(z) — f(z)| < €. Otciona cuepyer, uto sup ro(z) < €.

X

rge

Hocmamounocmo. Ilycts lim (sup ra(z) ] = 0. Torna mo onpeneneHHIO Mpeiena YKCIOBOH
n—o0 X

nocregopatensHocTk Ve > 0 AN = N(e) taxoe, uto Vn > N 6yner sup ra(z) < e. Ho mockoasky
‘ X
rn(z) < suprn(z), 10 ra(z) < € Vz € X. Mocuennee, no onpenenenyio 2, n.4.1, o3Hadaer, 410

fn(z) 3 f(z) va X npu n — 00. B
HMccnepoBats Ha PaBHOMEPHYIO CXORHMOCTD CAELYIOIIHE bYHKLHH:
104. fu(z) =z"~z"t, 0 <2 < 1.
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« Ouennpno, f(z) = lim fa(z) =0 npn 0 < z < 1. Tlockonbky
n—od

1 ™" 1- 1\ ™" 1 . 1
n(z) — =— (14 = , I (1 —-) ==l =0,
02221 Ifn(2) = f(2) = n+1 ( + n) n—r-lclao (n+1 + n ) b

en—oon+1
TO MO KPHTEPHIO, fOKa3aHHOMY B mpHmepe 103, fn(r) =0.»
105, fa(z) =" - 2*",0€z < 1.
4 Hneem f(z) = im fu(z) =0, z € [0, 1]. DPynruua fn AocTHraer aGCoMOTHOTO MAKCHMYMa
. n—oo

. 1
BO BHYTPEHHEH TOMKE CEIMEHTA: In = oz, Tn €]0, 1[. Takum o6pasoM, umeeM

, lim ( sup r,,(z)) = % #0.

n—o0 \ zegfo,1]

sup rn(z) = falzn) =

z¢f0,1}

N

01'c1011a CIEeRyeT, YTO IMOCAENOBATEIbHOCTD

106. fuo(z) = ;- 0< 2 <1

—

fn(z)) cTpemMurcs Kk Hymo HepaBHOMEpHO. P

<« Herpynno Bupers, uto f(z) = hm ﬁ = I W CIpaBeJINBa OlleHKa Z;p” T?:{G -z| g
2
v [TosTomy
lim ( sup |fa(z) —f(z)]) =0, fa(z)3z.»
n—oo \zgo,1}
107. fu(z) =4/ + 35, —00 <1 < +o0.
« Ilpu n — oo fo(z) — |z| Ha uxrepBane | — oo, +oof , npuuem
1 1
sup 2?4+ — —lz][= sup ! =-
oo 4oof | ¥ n oo, 7
3€]—00, $oof r€l-ootool o <\/z2+:12‘+117()
nostomy fn(z) =3 |z| Ha Bceit uncroroit npamoi. »
1
108. fn(z)=n< z+——\/5>,0<1:<+oo.
V n
« OuesngHo
. 1
f(z) = lim —-———-—-=————\/_ 0 <z < +oo.
n— 00
T+ -+ vz
Mockoanry
1 1
sup = 400,

1
—_— = ——————| = sup 3
0<z<too | 2v/Z 1 0<z<+0
Vitatve myz(yJo+i4+7
TO, IO YyTBEPXKAECHHIO MpHMepa 103, MoclefoBaTeIbHOCTh CXOAMTCS HepaBHOMEpHO. &
s nz
109. a) fu(z) = —— 00 << +00;

6) fa(z) =sin i::, —00 < T < 400.

o« Humeenm:
a') f(:)_ tim smn: 0;

n—oo0

6) f(z)= lim sin £ =0,
N=—0a n
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Mockonsky B cny4ae a)

sup fn(z)=%—»0 NpH N — 00,

—o00<Lz2<+ 00
a B ciyqae 6)
. T
sup |sin—| =1
~o00<3< 400 n
{mocTuraerca npu z = "2—"(21: +1), k € Z), 10, B cuny npumMepa 103, 3akmovaeM, 4To B cry4ae a)

fa(z) 3 0, a B ciy4ae 6) nocieNoBATENBHOCTD CXOAHTCA HEpaBHOMEDHO. P
110. a) fa(z) = arctgnz, 0 < £ < +00; 6) fu(z) = zarctgnz, 0 < z < 400.
< 2) Hmeem f(z) = lim arctgnz = 7. Tlockonbky

N =+ 00

= lim

g
— — arctgnz
z—_-+0

sup
0<z<t o
TO NMOCHENOBATENBHOCTD, COTIaCHO NpHMepy 103, CXOAUTCA HepaBHOMEDHO.
- rz - x ks . . 1
_6) 3necy f(z) =, ra(z) =2 (-2- — arctg nz). Ucnoanays paencrpo 7 —arctg nz = arctg -,
z > 0 1 HepaBeHCTBO arctga < a, a > 0, MMeeM OlEeHKY

z (I — arct nz)
2 g

He3aBUCHMO OT z €0, +oo[. CnegoBatensHo, no onpenenennio 2, 4.1 fu(z) =3 T, »

=7

r arctgnz
2 g

1 1
<zg—=-=—=0,n- 00,
n

nr

1
T arctg e

n
111, fu(z) = (1 + %) : a) Ha KOHeYHOM MHTepBafe Ja, b[ ; 6) Ha MHTepBaie | — 0o, +00[.

« B ofoux ciyyasx serxo Haxopum npepensHyo ¢yHkuMo f : z — e”. Jlanee, B ciyuae a)
NpeACTaBIAeM NOCIEJOBATENLHOCTD B BHE

fn(z) =exp (nln (1 + %)) . (1)
3mecs n > N, rae N BribupaeTcs U3 oueBHaHOro ycaoBus 1+ f,— > 0 npu z €]a, b. IIpumenss x
QyHxunu z — In (1 + i—), dopmyay Teitnopa ¢ ocraTouHbiM 4ieHoM B gopme Jarpanxa, us (1)

noJyyaeM
6
fn(z)=exp |z - , neN.,

2n
2,2
z 75
[ (1 exp{ I

e (--£6-2)

tne M = max(]a|, |b]), cTpemurca x Hymo npu n — co HezaBHcUMO or z €]a, b[, To o onpenene.
HHio 2, 4.1, fo(z) =3 * Ha la, B. :
lim

B cay4ae 6) moayuaem
T n
e” —- (1 + —)
z—+00 n
nosToMy  sup  rn(z) = +oo. Takum o6pasoM, RociaenobaTensHocTh {fr(r)) Ha Beeit uncnOBOM

oozl 400
npsmoﬁ CXOIHTCA HEpAaBHOMEPHO. »

112. f,,(z):u(z%—l),lgzga.

Hockonbky

= +00’

« Jlerxo Haitti, uto fr(z) — Inz Ha [1, a] npu n — oo. [Janee, npumenss popmyay Teitnopa,
HaXo[uM

1 1 Inz
n(zn —1)~Inz n(en

ro(z) = = —1);-lnz =

n?z In?a ¢

el

2
n l+llnz—]nzc"—l ~Inz{
n 2n? ‘

bn & ——¢
nc‘ an
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npu n — 00, 0 < &, < 22 Caenosatensuo, fn(z) 3 Inz na (1, d]. »

113. 1
n’z, ecan 0z =,
fa(z)={ n? %— z) , ecam ;l'- <z< %,
0, ecan z 2 %,
na [0, 1].

o Ilockonsxy fn(0) = 0, 10 lim fn(0) = 0. [Tanee, Vz €0, 1] IN : ¥n > N Gyner z > %
Cnenosatensto, fo(z) =0 u lim fu(z)=0npuz€ {0, 1]. Tarum ob6pasom, f(z) = lim fu(z) =

0 npu z € [0, 1].
Hockoabky sup fa(z) = n (u mocTHraercs npu z = —), TO hm (sup fa(z)) = +00, B cuay

9,1}
yero HOCﬂCJ.IOBa.TCJILHOCTL CXOOMTCA HEPpABHOMEDHO. »

114. Mycts f — npoussoasHad dbyHRUMS, ONpeeneHHad Ha oTpeake [a, b] ¥ fo(z) = [nf(z)]
Hoxa3ats, uto fn(z) =3 f(z) mpu a € z < b, n — 0.

« U3 onpenenenus uenoit wactu crepyer, wro [nf(z)] = nf(z) — pn(z), 0 € pn(z) < 1
ITostomy fa(z) Moxmo mpeacraButh B BUAe fn(z) = f(z) — Mﬂ Orciona waxomuM lim fn(z) =
f(z), a Tarxe |fn(z) - f(z)| = —"L’l <i-0 1efa(z) 2 f(z). »

HCCJIeJIOBa.TL Ha pan}(ouepuylo CXOI[HMOCTL CIHefYIOL{HE PAOKI:

115. Z ;'7 Ha otpeske[-1, 1].

n=1
« OuennBas ocraTox paga caenymoiM oGpaaoM:

z
1S@) - Sa@)i=| Y, F|< D =0 mn n—oo,
k=n+1 k=n+1
rae 5(z), (Sn(z)) — cooOTBeTCTBeHHO CyMMa M NMOCAENOBATENLHOCTH MaCTHUHHX CYMM JaHHOFO
X 1
pANa, CXolduerocs B cuiy npHanaka cpasienns | |) S| < Y -3 < 400 |, 3akmovaeM, uTo
n=1 n=1

PaccMaTpHBaeMHIH PAR CXOQMTCA PaBHOMEPHO. P
had n
z

116. Z ~7 ha unrepsaze 10, +oof.

n=0 ’

LU
« Ilocxonsky cymma sroro pama S(z) = e®, To ocraTok pama rn(z) = € ~ ) +-.
sup Ira(z)] = 400 (pyHxuus £ — e* cTpeMuTcs K +00 Npn £ — 400 GHCTPee A06OH CTemeH-

0<z<
Hoit QJ}'HRL(HH - :"), TIO3TOMY PAA CXOAMTCA HEpABHOMEPHO. b
oo

117. Z(l —z)z" Ha orpeske [0, 1].
n=0

o _
<« Yactnyunas cymma pama Sn(z) = (1 -1)z* = 1 -zt 0 < 2 < 1; orciona naxomum
k=0

)1, e 0z,
S(z)-{ 0, ectu z=1.

CyMMy paja:

CuenoBatensno, sup |Sn(z) — S(z)] =1, T.e. MaHHHIl PAX CXOAMTCE HEpaBHOMEPHO. B
021 .
3aMevanme. Ecam bysxumoBna/EHLI PAN HEODpepPMBHMX Ha oTpeske dyHEKOEE CXONRTCA BA 2TOM
OTpe3ke K PASpLAEOX HYHKIRN, TO PpAN CXONHTCH HEPABRHOMEPHO,
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2 T
118. Zl (CER TS 0<z < +oo.

« HaxoauM yacTv4Hy10 CyMMY psna:

n z n 1 1 1
0= Y e Y =Z<(k—l)z+1 ’kz+1> B3V

k=1 k=1

OTKYyAa moayuaeM, 4to S(z) = lim Sn(z) =1, 0 < £ < +00. [anee, nockonsky sup
n—oo 0<z<t o
TO PAN CXOAMTCS HEPABHOMEDHO. P
=]

1
nz+l — I,

nz
119';(l+z)(l+2z)...(l+nz):a)o z<e,tmee>0;6) ez < +oo.

« [lpencraBass obimit uneH paga an(z) B BMAE

1 1
(1+z)Q+22)...04+(r-1)z) (Q+z)1+2z)...(1+(n~1)z)(1+nz)’
HAaXOMM YaCTHYHYIO CYMMY psja:

Sa(z)=1-

an(z) =

1 :
(1+z)(1+2z) ... (1 +nz)

Orcropa caegyer, uto

oy _ )1, ecm z>0,
S(z) - nh-l.noo S,.(z) - { 0, eciu z=0.

Hanee, B ciyuae a) umeem sup |S(z) — Sa(z)| = |S(+0) — Sa(+0)| = 1, nosromy pag
0<r<+00
CXOAMTCA HepaBHOMepHo. B ciyuae 6) naxogum

1
.gi‘iﬁmls( )= 5E)= araaTe e 0
npyn—o0, B CHlY yero pxll CXOOHTCA paBHOMePHO. »
onbaysce npu3HakoM Beliepmrpacca, [oka3aTh paBHOMEPHYIO CXOMUMOCTh B yKa3aHHHIX IIPO-
MEXYTKAX CIeAyIHUX GYHKUHOHATBHEX PATOB:
o0

nx
120. Z m—!’?, |1?! < +00.
n=1{

< Haitnem sup |an(z)|, 1€ an(z) — obwmit unen pama. Hmeem

lzj<+o0
sup Ian(.'l:)| = sup |'1_+W = 13
Jel<oo fel<oo ons
H NOCTHIA€TCH NPDH T = % CﬂeILOBaTeJ[LHO, pax E g. ABJAAETCA MaXXOPAHTHHIM /1A HaHHOTO
n n=1 2n

paga. Tak kak Ma)OPAaHTHEIA DS CXOQHTCA, TO MCXOMHEIM DA, COTMACHO NpH3Haky Beitepuwrpac-
ca, cxonm‘cx paBHOMepHO »

121. Z\/_(z +z ) <zl < 2.

« Jlerxo HaTH, UTO

sup (z"+z7")=2"+ L gt

1 2n
—<|:|<2

Hockonbky, K TOMY Xe, PSK Z T2"+l B CHNy MpH3Haka O’Anambepa, CXOQUTICH, TO MCCIERye-
n=1
MBIH DAL CXOXHTCI PaBHOMEPHO. P
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* n
122. E —ﬁ—', |z] < a, re a > 0.

ﬂ
4 MaxopaHTHEM mns gaHHOTO pANa ABAAETCA PAN E W CXOAMMOCThH KOTOporo npu a < 1
el

OYEBH]JHA, TaK KaK B 3TOM cCly4Yae

LRI

Ilycrs @ 2 1. Toraa, obo3Hauas yepes S, MOCIENOBATEIBHOCTh YaCTHYHEIX CYMM MaXKopaHT-
HOT'0 pAlia, B CHIIy OLleHKH

n]:

2 3 2n 2n41 0 2kl
a a a @ a a
S < S = AT T <o R2) T =S,
k=1

nonyuuM Sn € S. CienosatensHo, nociefgoBaTensHocTs (Sn), GyAy4H MOHOTOHHOH BO3pacTaio-
uleH, orpaHHYeHa cBepXy. A TOTHa, N0 U3BEeCTHOH TeopeMe, OHa CXONMTCH, T.€. CXONMTICA Maxo-

PaHTHEIK pafd. M
(=

2
123. ) i (1+ n;—m) |zl < a.
n=2

« Hcxons us HepaBeHCTBa
2 2 2
z z a
<In|1+4 < <
= ( nlnn/) = nln?n  nln?n

a2
M CXOXMMOCTH 4HCIIOBOTO psia E 7T MaXOPaHTHOro A11 HaHHOTO (byHKLUHOHAILHOTO, MPH-
n=2
XOIMM K BEIBOJY O PaBHOMEPHOH CXONHMOCTH NMPeNI0KeHHOTO psifa. b
HccaenoaTs Ha paBHOMEpPHYIO CXOOMMOCTb B yKa3aHHHX NMPOMEXYTKAX Clefylolne MyHKLH-

OHAaJbHHIE DAL
0

124. E Sin nz, a) Ha oTpeske € < z < 2% — ¢, e € > 0; 6) Ha oTpeake 0 < z < 27.
n

n
a) TlockombKy HacTHUHEIE CyMME! ) sin kT OTpaHHYeHHI:

k=1
n . . 1
. sin % sin 3—;——1: 1 1
E sinkz| = — £ —5 £ —5,
sin 5 sin g~ sin 3

k=1
1
a MocneoBaTeNbHOCTD (;) | 0 mpu n — 00, To, no npH3Haky [Iupuxiie, psia cXOOUTCA paBHOMEPHO.
6) B aToM ciy4ae yKa3aHHad CyMMa He SBJSeTCH OT PaHHYEHHOM MO COBOKYMHOCTH MepeMeHHBIX
Z ¥ n, mockoxbKy npu z = =, n €N,
n
kx
E sm——ctg ~— 400 mpH n — 0.
n 2n
k=1 .
CnenoBaTeanHo, npusHak [[upuxine HenpuMeHum.
Bocnoasayemcs xpurepueM Komm. Bass € = 0,1, ouennm passocts

: i 1)z | sin(n + 2)z sin 2nz
S - S = sin(n + vee o ——= =
1520 (z) n(2)| ==% n+1 n+2 + + 2n
1
. Y
sin 14 = 8in 1 . .
= ( n)+ ( ) .“+sm2>sml>c

n+l n+2 2n




50 Ia. 1. Paaux

npu mo6oM n. CrexoBaTensHo, no kputepuo Komu, nocaenosaTensHoCTh CXORMTCE HepaBHOMEp-
HO, T.6. HEDABHOMEPHO CXOMHTCA MCCIE[yeMHH PIA (CXOXRMMOCTH pARa NMPH KaNIOM GHUKCHPOBaH-
HoM z €]0, 2x] cnenyer u3 Toro ke npuanaka [Iupuxse, a IpH £ =0 M z = 2% CXOAHMOCTH pIfa ’
OYeBHAHA). >

125. ZZ"sm 0<z < +oo.

3ng’

2 | Hpu RaxaoM ¢ukcupoBanHoM r > 0 umeeM 2" si (%)"i npu n — co. Orcopa
ciaenyert, 4ro mo reopeme 3, m.1.5, MaHHEIH pAa cXogurcA. [{a% MCCHETOBaHMA Ha PaBHOMEDHYIO
cxonumocts paga npuMeHuM kpurepud Koun. [lycrh e =1, p=1n, = 3—1; Toraa

|Sn+p(’-') S,.(z)l =

T.e. PAR cxomﬂ‘cx HepaBHOMEDHO. b

126 Zsmzsmnz z<+w'

2" gin = +2"+2sm31—2+ +22"sin3—1n-|>2"+lsin-;—>e, n>1,

| Hocxonsxy YaCTHYHEIE CYMMEI, B CHIIY OLEHKK

n
Zsinzsinkz =2

n=1

si -'—‘f-sinn-*-1
"3 2

z
cos —
2

1
; -= 1
OrpaHHveHsl, a GyHRUHOHANbHAA NIOCIEA0BATEABHOCT ((n +1z) 2) PaBHOMEDHO MO Z (ﬁ <

1
~= — ()} M MOHOTOHHO MO n
Vvn

1 1 1
- = 0
vtz Vntl+z \/(n+z)(n+1+z)(\/n+l+z+\/n+z)>

CTPEMHTCA K uymo NpH n — 00, TO, COrIaCHO NMPH3HaKy [IMpMXie, PAX CXOXHTCA PaBHOMEDHO. P

[vn]
127. 5 0 .
?::l ,_n(n o) €z <40

L
Pan 2 (—L cxogutcs (cM. npumep 77), a PYHEUHK T — (1 + i)~5’ OrpaHHYEeHH 4H-
n=1
cioM 1 H npH kaxaoM GHKCHpPoBaHHOM £ 2> 0 06pa3ylo'r MOHOTOHHYIO TociegoBaTensHocTs. Cie-

HOBATENbHO, 110 NpH3Haky AGeisd, JAHHLIK PARX CXOAKTCA PaBHOMEpHO. b
-]

128. NoxaszaTs, uTo a6CcoNOTHO M PaBHOMEPHO CXOASMMIHCE PAX Z fa(2),0<z <1, rae

n=1
0, ecan 0z 27",
fn(z) = %sin’(Z"“rz), ecm 270D <z <27

0, ecn 27" gz <,
Hellb34 MaXKOPHPOBATh CXOAAIIHMCH YHCIOBHIM PAROM C HEOTPHUATENHbHEIMH YTE€HAMHK.
d Herpynno Hakt, yto
1

0, ecin <z <1,
Sa(z) =14 tsin’(2**'xz), ecan M <z 27 k=1,
0, ecin 0z 27,
0, ecau %— €zg1,
S(z) = nﬁ_ﬂo Sn(z) = -‘- 2(2“"‘1!’::) ecmu 27D <2< 27K k=T, o0,

..°

ecay z =0,
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rie (Sn(z)) u S(z) — mocneNoBaTeZBHOCTh YACTHYHHIX CYMM M CyMMa HaHHOTO pAjia COOTBET-
crBento. [Janee,

0, ecam % z <1,
S(z) = Sa(z) = -:; n?(2¥*1xz), ecom 27 *+1) < £ €275 k=041, oo,
0, ecii T =0.

[ockonsky sup |S(z) — Sn(z)] = ;l-i—l (mocTuraercs mpu z, = 2%,—) CTPEMHMTCA K HYNIO NpH
0<r<1

=
n — 00, TO PAJ CXOMUTCA PpaBHOMEPHO.
AGCOMOTHaS CXOMMMOCTE PANa CIENyeT U3 TOrO, YTo NpH dukcuposanoM £ € [0, 1] on copep-
KHT He Gojlee OMHOIO OTIHYHOTO OT HYNd U/€Ha.

[lycTh ¢n — YMTEHH YMCNOBOrO MaXopHpyolmero psfa. llo yciaomio, ¢n 2 sup |[fa(z)|.
KI5
3 1 = 1
1
[lockonsky sup |fn(z)] = = W mocruraercs npu £ = FoFr) TO Cn 2 o OnHako pam ). =
0gsg1 n=1

PACXOMHUTCA, MOITOMY MCXOHHIH PS HENB3A MaXKOPHPOBATH CXONSIIMMCS YHCIOBHIM PAJOM C HEo-
TPHUATENLHEIMH YJIE€HAMH. P
o
129. [oxasats, uro ecan pan Zgo,.(z), YJleHhl KOTOPOLO — MOHOTOHHHE GYHKUMM Ha
n=1
cermenre [a, b], cxonuTCca a6COMOTHO B KOHLEBHIX TOYKAX 9TOT'O CETMEHTA, TO AAHHHIH PAM CXORMTC
a6CoNIOTHO W PaBHOMEPHO Ha cermenre [a, b].

« [IpnKuMas Bo BHHMaHHE MOHOTOHHOCTE (DYHKLUMI ¢, OUEHHM OCTAaTOK PANa Ta(z). Ilpu
z € [a, b) umeem

lra(= Z ler@) < Y max(ler(@), lox(B)). (1)
k=n41 k=n41

[Tockoabky pan ¢ 4neHaMu @n(z) cxonutcs abcomorHo mpu £ =@ U T =b, T0 Ve > 0 IN = N(¢)
Takoe, 4To ¥Yn > N BHIMOIHAIOTCS HepaBEHCTBa

Yo le@i<s Y el <5 (2)

k=n+1 k=n+41

Tak xax max(|ex(a)l, [¢x(8)]) < lex(a)| + ek (b)], To Ha ocHoBaHHH HepaBeHCTR (2), HEpPaBEHCTBO

(1) npunumMaer Buxa
[~}

Ira(z) < Y (ler(@)] + lex®)]) <&,
k=n+1

OTKYHa Cle[yeT, 4T0 rn(z) = 0, £ — 00, T.e. HCCIENYeMRIH PAA CXOLUTCA PABHOMEPHO.
A6ComOTHaA CXOMUMOCTD PAAA BHITEKAET H3 oueHkH (1). »
oo

an
130. [oxasars, 4to ecan psn E a,, cXomuTcs, To pan [{upuxie E — CXOJIUTCS PaBHOMEPHO
n

n=1 n=1

npu z 2 0.
1 o
< DyHruMH T — = OTPAHMYEHH eIMHHLEH M MPH KaxaoM z 2> 0 o6pasyloT MOHOTOHHYIO NO-
00
1
CHEeOBATENLHOCTD (;,— - (n_-:ATz' P 0), a pan E @y, CXOMUTCA TO-YCJIOBHIO; TIO3TOMY, IO IPH3HAKY
n=1

AGens, pan Z CXOMTCS paBHOMepHO npu £ > 0. b
n=}

HENPEPHIBHA K MMEET HENPEPHEBHYIO

131. Moxasars, yro Qymxuus f : Z

- IPOH3BOAHYI B.oGaacTH —o00 < T < +00.
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4 DyHRUMH T > 5N NI, T > COSNT HeNpepHBHH B ykaszaHHoi obaactu. Kpome Toro, psau

o, oo
sSinnr 1 cosnr
@)=Y fe =Y =5
n=1 nx=1

B CMIy npu3Haka Beiepmtpacca, cxofsTcs paBHOMepHo. [103TOMY, BO-NePBHIX, no4aehHoe gHd-
¢epeHUMpPOBaHHEe BAHHOTO PANA, COTJACHO M.4.7, BO3MOXKHO; BO—BTOPHRIX, COrJMacHO M.4.4, GYHKIUM
f u f' uempepuBHHI. P

132. Toxasars, uto pan X:(n:ua_"'I —(n~ l)ze_("—l)’) CXONMTCS HepaBHoMepHo Ha [0, 1],
n=1

OIHaKo €ro CyMMa eCTh 3HadeHWe yHKUHH, HETPEPRIBHOM Ha 3TOM OTpe3Ke.

o Nmeem

Sn(z) = X:(kave_kI — (k= Dze F~1D%) = pgem, S(z) = lim Sn(z)=0, =ze€l0,1].

k=1 nee
Takum ofpasom, S — HenpepuBHas Ha [0, 1] dynxuus. Onmako, sup |Sn(z) — S(z)] = =
z€l0, 1)

NO3TOMY PAR CXONMTCA K CBOEH CyMMe HEPaBHOMEDHO. P

133. Onpenenuts 06macT cylecTBOBaHNSE GYHKUMN f M HCCIEROBATh €€ Ha HEMPEPRIBHOCT,

eciu: a) f(z)=2 <z+%)"; 6) f(z)sz%}(_:ﬁlzl‘

n=l n=1

4 a) [To npuanaxy Kowwu, psan cxogutes, ecan lim lz + —| < 1, T.e. npu |z} < 1 (u pacxogur-
n-+00

CA TIPK T 2 1, Tak Kak B 9TOM cily4ae o6muii YieH pAfa He CTpeMUTCA K Hymo). DyHKuu f, TakuM
o6pasoM, onpefenena nipu |z| < 1. IIpu |z| € r < 1 GyHKUMOHAIBHEIA PAJ CXOZUTCA PABHOMEPHO,
MOCKOJIBKY CXONMTCH Ma>XOPaHTHHRIH /I HELO PAJ C YICHAMM (r + -1-)". [TosToMy, Ha ocHOBaHMK
n.4.4, MOKHO yYTBEp)KIOaTh, YTO QJyHKum{ f wenpepniBna npu Jz| € r < 1, T.e. HempepHBHa Ha
unTepsaie | — 1, 1[.

6) OyHRUUA f,, : T > ztn(-U" HempephiBHa TIpH —00 < T < +00, a PR ¢ YleHaMu fn(z)

124n2
PaBHOMEPHO CXOJMTCS Ha BCeW YMCIOBoM mpsAMoit. B camom mexne, mpenctaBuB dyHKUMM fr B BUOE

n? z (-
fn.z'—’m<;§+—-n~‘ )

2
n
3aMe4aeM, UTO QYHKUMM Py, 1 T+ 73— OFPaHMYeHH B COBOKYTHOCTH (vn(z) € 1) u npu xaspoM

0
z -n"
Z 06Pa3yloT MOHOTOHHYIO IOCAEN0BATEALHOCTD 10 N, & PAN Y <;2— + ﬁ—")—) CXOMTCA paBHOMEP-

n=1
o0

HO Ha kaxpoM uHtepsaie | — L, L[, B cuny uero pan Y fn(z), Mo npussaky Abend, cxomurcd
n=1

paBHOMepHo Ha | — L, L[. IloaToMy cyMMa pspa sBiseTCA HempephIBHOM tbymcuueu Ha |~ L, L[

B cuay npoussoasHoCTH Yncla L, yTepxmaeM, 4To CcyMMa pAja HenpephiBHa Ha BCEH YHCIOBOH

MpSIMOH. P

134. Noxasats, uto naeta-pyHkumsa Pumana

fee]
1
(:z— E —
n.t
n=1
HelpepuBHa B 06J1acTH £ > 1 K MMeeT B 3TOH 061aCTH HeNpeprIBHHE NPOU3BOHEE BCEX TIOPAXKOB.
4 Ilycte z > 2o > 1. Torma, B cHay cXOmMMOCTH psaja

ZI-E-P—E, P€Zo, “(1)

n¥o
n=l
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u npuaHaka Beliepwrpacca, sakmovaem, uro pan

Ion o= In?
Z" Y=

n=1 n=1

CXO[IMTCA PaBHOMEPHO NMpH I 2 Tg > 1. Tak kak, kpoMe Toro, GYHKUMH T — n ~

yKa3aHHOM 06/1aCcTH, TO, COTNAcHO 1.4.4, yHRUMK

2 In?
z - (P(z) = pzl“ n

nI

HENMPEPHIBHAL B

n=1

TaKXX€ HETPEPHIBHEI NIPH T 2 Tg > 1, T.e. mpu z > 1.

Cxopumocts pspa (1) BmiTekaeT W3 Npu3HakoB cpaBHemus m.1.5 u ouenxu InPn € n 2,
To > 1, cnipaBeqAMBON MpPH HOCTaTOYHO GoNBLIOM n. P

135. [okasats, yTo T5Ta~byHKUMS

+ oo
6:1— § : e—wnzz
n=—oo

onpefneneHa 1 6eckoHeyHo AncddepeHunpyema npu z > 0.
—rin|z

« CxogMMocTs MaHHOTO pAfla BEITEKAET M3 CXOMMMOCTH psiia C OOLIMM YTeHOM € M IpH-
p— 2 [
3Haka cpaBHeHHa m.1.5 (7™ 7 e "'""), 1.€. dyHKlUus 6 onpeneneHa npu = > 0.
Hanee, paccmoTpum psin
400
2p —1rn2zo
ne , PEN, (1)
n=-—oo
Tme T 2 1o > 0, SBIAIOMMACE MaXKOPHPYIOIHM 10 OTHOUIEHHIO K PARY
400
o2
Z n2pe ™ :. (2)
n=-—-00

Hockonsry psan (1), no npusHaky Kowu, cxomurcs, To, no npusHaky Beltepwrpacca, pan (2) cxo-
nurcs pasHoMepHo. CuepnoBarensHo, cornacHo 1.4.7, ¢pyHkuus @ moboe uucino pas guddepeHu-
pyeMma npu T 2 zo > 0. B cuay npoussonsHocTH uncia zo, cielaHHO€ 3akiIO4EHHE TIPHTOTHO NPH
z>0.p»

136. Onpegennts o6nacrs cymecrsoBaHus QYHKLMM f M HCCHEROBaTh ee Ha AuddepeHIH-
PYEeMOCTB, eClu:

> (=1)"z g
@=) T30 /@= i

x
m) HpH z # —N MOHOTOHHO IO 78 CTPEMHTCH K
Hymo. Caenosatensno, no npusnaky Jleubuuua, pag cxopurcs, T.e. QYHRUHA [ cyuecTByeT TpH
BCeX T ¥ —mn.

L | CDychuuouaJlea,n NOoCJaAEeNOBAaTEIABHOCTE (

’
Hockoneky pyHkuuu z — (ﬁ;) = (vﬁz)_’ HenpephiBHH NIPH Z # —1 U AR
E

_\ =y
)'—g (n+1)?’

B cuny TIIpPH3HaKka I[upuxne, CXOOHTCA PaBHOMCPHO Ha KaXXJOM 33aMKHYTOM MHO>XecCTBe YHCAOBOH
npAMOil, He CORepxaueM Touex ¢ = —1, -2, ..., To Nowxennoe NG PepeHUUPOBaHKHe PAAA 3) NPK
z # —n, 8 € N, Bosmoxno.
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6) Pan cxonutcs paBHOMepHO, 1o IpH3Haky BeliepmTpacca, mpH Bcex KoHeHHHX z. J{eicTRH- |
0

< -"ﬂ,-, A = const, u pag’ E "1_2 cxogurca. CnemoBatensHo, GpyHkuus f

n=1

x
T€IbHO, 3[0€eCh ;“21:':—2

CyILIeCTBYeT NpH Bcex T €] — 0o, +0of.
Hanee, BunonHss ¢popMansHoe qHddbepeHLMPOBAHHE PANA, MOTyHaeM

/ o n®sgnz — z|z]
z)= —_—, T #0. 1
o=y el oy )
n=1
, - n34 a2 2 X
TMockonbky pn(z) = "(:.gz":,zf}l <A< =L npun 2 ne upan Y 5 cxomures, 1o,

n=1
1o npuaHaky Beitepmrpacca, psap (1) cxogurcs paBHomepHo npu |z| < A. A Torfa, npuHMMmas Bo
BHHMaHHe HENPEPLIBHOCTE GYHKUMH @ IpH T 7 0 ¥ YUHTHBag 1.4.7, 3aK1I04aeM, YTO NOYWIEHHOE
nudepeHunpoBatue psga 6) cnpaBegauBo.
Has uccaenoBanus Ha gu¢ppepeHunpyemocTs psiga 6) B Touke = = 0 paccMOTpUM

N CT) b (ORI |AI|
Allinio Ar A:—-iO E n? + (Az ) (2)

00
1 o
311er pan E m CXOIHTCS pABHOMEPHO NO NpPpH3HAKY Beuemepacca. H03TOMy, CorJjacHo
n=1 :

n.4.5,

[~ oo
1 1
li —_—= — . 3
A:IB-O n? + (Az)2 E n? < +oo ( )
n=1" n=1
= 1 =~ 1
Torza, kak crefyer u3 (2), c yyeTom (3) MoxHo Hamucath f4(0) = Y -3, fL(0) = - ) —.
n=1 n=1

Takum o6pasoM, byuxuus f B Touke = = 0 He xupdepeHUHpyema. P
137. [Ipu xakuxX 3HaYeHHAX NMapaMeTpa a: a) MOCTENOBATETLHOCTD

(f"(z))! f,,(I) =nze”"", z€ N, (1)

cxonuTcs Ha orpeske [0, 1]; 6) nocaegoBateannocts (1) cxomuTcs paBHoMepHO Ha [0, 1]; B) BodMo-
EeH TIpeflebHHII Tepexoy] NMoj 3HakoM MHTerpafa:

/f,.(:: Ydz?

<« a) Ecan z > 0, To, ucnonsays npasuio JIonuTand, 1erko npoBepHTs, 4To lim y®ze™*¥ =0
y—+oo
npu xo6oM o. [Ipu z =0 umeem lim fn(0) = 0. Ilostomy lim fn(z)= 0 npu Bcex z € [0, 1).
n— 00 n—oo

6) Mockoasky

1 0, ecan o<1,
lim [ sup n%ze™ ) = - lim n* ' = -l-, ec a=1,
n—o \ zglo,1] € n—oo

400, ecam a>1,

TO, Ha OCHOBaHMH YTBepXaeHMs npuMepa 103, maHHag NMOCAENOBATEALHOCTh CXOTUTCA PaBHOMEDHO
TONBKO NpH o < 1.

B) [locroasky f hm f,.(z) dr=0,a hm ff,.(::) dz = hm ((— —e " ("1—2 + -1-)) n°) PaBen

HYJIO AWML NDH a < 2 TO npenem,m.m nepexoa NMOJ 3HaKOM HHTErpalja BO3MOXeH TOABLKO npu
a<2.p» - .
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138. Moxkaszars, uro nocaenopareasnocts (fa(z)), fa(z) = nz(1 — )", n € N, cxomurca
HepaBHOMEPHO Ha cermenre [0, 1], om(axo

in /fn(zdz—/hmfn

<« OyeBuaHoO, npegensHas GyHKIHS PaBHa Hymo Ha [0, 1]. Hanee,

li ) = am (22)" =L o

s (g om0 -o7) - 2 3]

Am | o (ne(l=2)" ) = lim {5 70

NIO3TOMY IOC/EeNOBaTeABHOCTE (fn(z)) cXomuTcs HepaBHoMepHo. B To e BpeMs
1

’ n
h 1-z)"dz = lim 1- du = lim —————x =0.
n—P:o n/z( 1:) dz n—oo " ( u_)u u= n-00 (n + 1)(n + 2) >
0
Hanru:
n+1 n
139. lm
T21~0 E n "+ 1
« Manustit pan, cornacHo npusnaky AGens, cXomMTCH paBHOMepHo B o6xactu z > 0. Kpome
. 1)+ n —1yn 2 .
Toro, 111111 0 u,),—- ,—:+—l = le)"—, MO3TOMY, COT/IaCHO M.4.5, BO3MOXeH IpefelbHHH Iepexon
nox 3HAKOM CYMMH:
o0 o0
. o VA I (=)™ 1
m $EUT 2 LIS (DT 1y,
:—-Iln—o . n +1 2 21 n 2
n= n=

140. lim E(z ")

£-+1—-0

< Hocxom»xy HaHHBIH DA CXOMUTCE HepaBHOMEPHO Ha [0, 1], To MH He HMeeM npaBa nepexo-
IMTH K Npellelly NMOX 3HakoM CyMMH. Ilo3ToMy HaiieM 3TOT mpefiel, NPENBapHTENbHO BRHIMHCIHB
cymMmy mamnoro pama. Hmeem

T=1-0 T=1=0 n—oo F=rl=0 0, ecan =z —1
n=1

lim (1-z)c"= lim (lim (1-z")= km {1, ecin 0<z<], }_1.>

= 1.
141. 1 —_—
1 11—1-120212"11’

<« [lannuit pan, B cuny npusHaka Belepurpacca, cxonguTca paBHoMepHo npH z > 0. [loatomy,
COriacHo m.4.5, HMeeM

o0 o0 (=]
1
s-+oz 2nn* =E ]-l.mo 2"n‘ —22_ =L»
142. lim —_—
s~o0 £ 14 n2z2

2 ‘ i . :
< HOCKOJILKy sup n—:ﬁ;; = ;15- M pan E ;15- CXOXMTCH, TO, NO NPHIHAKY Beuepm'rpacca,
—0LsL4 0 n=1
2
© . . 1
AAHHNH pAX CXOXHTCS PaBHOMEPHO. 3ameyas eie, uTo lim —%f;f = 37, Ha OCHOBAaHHH n.4.5
X~ 00

1+
NEepexXoauM K npeneny nox 3HaKOM CYMMHI:
©0

e 2
i z 1
.s--or:»z;1+n’z2 —El;? >
n= n=
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oo

k4
143. Bo3MoxHO aH MovaeHHOE nucbcbepe}muponanue paga Zarctg n—z?
n=1
<4 ‘Dyﬂxum{ b d a.rct.g :—2, ne N, HETIpEPRIBHO nud)d)epemmpyemu npH III < oo. Ha arom xe
00
HHIEpBale QJyHKuHOHaanHf( pan 2 arctg -;:—2-, Kak CjleyeT H3 TE€OpEMHE 3, n.l.5 (a.rctg :—2 ~ f,—
n=1

)
npy n — oo), CXOOHUTCH. KPOME TOr'0, psAlX NMPOH3BOAHHIX 2 B CH]Yy NpH3HaKa Beﬁep—
n=1
urrpacca, CXOAMTCA PAaBHOMEPDHO NpH |I| < X. CIICI[OB&TCJII:HO, corjacHo n.4.7, no4reHHoe AUD-

dbepeHUHpOBaHHKE PAfa BO3MOXKHO. P

n
n‘+37 ?

o0 1 1
144. BosmoxHO 1M MOMNEHHOE HHTEIPHPOBaHHE DAl E (zm - 15'7-_1> Ha CerMeHTe
n=1
[0, 1]7
« [anupiit QyMKUMOHANBHRIA paa cxoguTca Ha [0, 1] HepaBHoMepHo. [leifctBHTenbHO, mIA
4acTU4HOM CYMMH Sp(z) M cyMMH S(z) pana HMeeM

1
—_ 0 ectu =0
Sn(z) = —z + z2ntl, S(z):{ 1’_11 ccan 0<I’< L

Buaum, yTo cyMMa psifia — pa3phiBHad (YHKIHS, TOITOMY P HE MOXET CXOMHTHCA pPaBHOMEp-
Ho. ChepoBaTelibHO, BOCIOIBL30BATLCH yTBEPKIeHHeM N.4.6 MH He uMmeeM npaBa. TeM He MeHee,

MOCKOABKY
: LU lem 1 1
intdl —~ z2n-1 = - ——
/S(I E/(z z >dz ZEln(n+1) 2
0 n= :

TO NOYJE€HHOE MHTETPUPOBaHHUE PAAa BOMONKHO. P
YnpaxHeHHER [A% CAMOCTOITEIbHOH paGoTH

Hccnenosaths Ha paBHOMEpPHYIO CXOMHMOCTE clefyiomie GyHKUHOHAIbLHEE CEeMENCTBA!
58. a) fy(z) = i% npH y — +o0, T €]0, +0of;

6) fu(z) = 2—7?9—’ npu y — 40, z €]0, +oo[;

B) fy(z) = —,:_—"y— npu y — 40, z €)1, +A[;

r) fu(z) = 237 mpu y — +0, z €)1, +oo[.

=3y
59. fy(z) = tg2 2. z €]o, 1[ a)pu y — 1; 6) npu y — 2.
60. f,(z) =2 +y , 2 €]1, +oq: a) npH Y — +00; b) npu y — +0.
z'y

61. fy(z) = f(ez" — 1), z €]0, +oo[: a) mpu y — +0; 6) npu y — —0; B) NPK y — —o0; T)
npu y — 1.

62. fy(z) = w%%ﬂl, z € [1, +oo[: a) npu y — +0;6) npu y — +00.

63. fy(z) = yln(z* +y*), z €)0, 1[: a) npn y — 0; 6) npu y — 1.

Hccnenona‘rb Ha PAaBHOMEPHYIKO CXOJHMOCTH ¢yHlCl.[MOHaJILHH'e JNIOCJE€AOBATENBHOCTH:

64. fa(z) = e™™": a) z €]0,1[; 6) 7 € [1, +oof. 65. fa(z) = [Hdz: a) z €], 1]; 6)
x €1, +oof. ‘

66. fu(z)= '—i‘/;;—;l a) z €]0,1];6) z €1, +oof. 67. fu(z) = (1+ )™, 0<z< 1.

1

68. fu(z) = fsin (f-ﬁ—’-) dy: a) z €]0, 1[; 6) z €]0, +oo[

12°

u2+“2

69. fa(z) = ff’—iﬂlﬂ a) z €)0, 1{; 6) z €}1, +oof.
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70. fu(s) = 3" arctg 22, z €0, +oof. T1. fa(@)= Y ln (1 + ——) , 2 €]0, 1[.
=1 k=1

IIpensapurensno onpegenus o61acTh CXOOUMOCTH (YHKUHOHAALHOIO PAfa, UCCIENOBATL €rO0
Ha panuouep}{ylo cxon}mocn

72. Z(n+1 .73. Zm), 74. Zﬁ—jm‘—,"—

n=0
o
. —-l!"cos! 2nt)z —nr ns
75. Z e . 76. Z e " TT. Z nze”
n=0 n=1 n=1

78. MoxeT au QyHKUHMOHATBHHIR PSX PaspHBHEX (YHKLUMA, CXOLAIMACE HEPABHOMEDPHO Ha
uHTepBae Ja, b{, MpeacTaBAATE Ha 3TOM MHTepBaie HenpepuBHyio GyHKiuo? [IpupecTu npumepht.
o0
T ~-n?
79. Hycre lim {/lan| = 1. [okasats, uro pin ) ane™™ ° paBHOMEPHO CXONMTCA MPH
n—oo

n=0
z2e>0.
O6ocHOBaTh BO3MOKHOCTb notme}moro nn(b(bepeuuupona}mx PALOB B yXa3aHHHIx obnacTsax:

0
80. Z e 0<z<2m. 81. Z +ﬂ:nllzl#l 82. ZI—I"’]I|<1

nn+l1)?
n=1
83. Z n;jzm(ﬁ), 0 <z <27 84. Z >t e>o.

n=1

85. Moxc}{o IH yTBEPXKAaTh, YTO:

a) ecan dynruua f HempeprBHa Ha KaxaoM orpeske [, 8] Cla, b[, To ona HenpepuBHa Ha
HHTepBaxe |a, bf; .

6) ecmi nocnenopaTenbHoCTh (fn(z)) paBHOMEpPHO CXOIMTCA Ha KaxaoM orpeske [a, f] Cla, B[,
TO OHa paBHOMEDHO CXOIHMTCA Ha MHTepBaie ]a, b[;

B) ecau nocienopaTenbiocts (fn), fn € Cla, f], n € N, paBHOMepHO cXomMTCS Ha KaxAOM
orpeake [a, ] Cla, b[ x dynkuuu f, To Ha unTepsane ]a, b npefenbHas PYHKUHSA HENPEMEHHO

HelnpephiBHa?
Hanru:
L
Py 00 oo 1 arcsin
. 1 —e— R . ~nzr . ny+1
86. lim - z Q%ﬂ—,—lcosm:. 87. lim Z —ﬁ—_——-: 88. lim Ef e P dz.
z—40 T = z z—40 = nin(l1—e~*) y—+o0 210 v

89. lim 3 (LJ-——" " cosny ") 90. lm S (-1)"
1 =

y—0 = y+n y—140 =1

91. [locreposareasHocts byukuni (fn), fn € Rla, b), n € N, nasmBaerca czodauetics 6
cpednes k dynxuuu f € Ra, b], ecan

b
Jim S 1fn(z) ~ f(z)*dz = 0.

IlokasaTs, 4To H3 paBHOMEPHOH CXOTHMOCTH NOCIEHOBATENLHOCTH HHTEIPHPYeMHX QyHKIMH BH-
TEKaeT CXOOHMOCTh B CPEIHEM.

o0
92. QyukuMOHATLHHIM PAL ). an(z), an € Rfa, b], HasuBaeTcs crodauumcs 6 cpednes &
n=1
byHxumn S wa fa, 8], ecn mocnenosarensHocTs ero wacTHunnx cymm (Sn(z)), n € N, cxonuzca B
cpenHeM x S Ha [a, b]. MTokasaTs, 4TO ecu (PyHRUMOHANBHEIA PAJ C HHTEIPHPYEMEIMH “LIEHaMH
CXORMTCH B CpefiHeM K MHTerpupyemoit dynkumu S wa [a, b], To Vzo,z € [a, b] crpasegnuBo
PaBEHCTBO
f S(t) dt = f a,.(t) dt.

Ml;n
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00
93. JloxasaTh, 4TO eCiM GPYHKUHOHANLHHN PAT, E an(z) ¢ HenpeprBHO AMbDEPEHIHUPY EMEIMH
n=1

0
UNEHaMK CXONMTCA MoTouedHo Ha [a, 3], a pan ) ax(z) cXomMTcs B CpefiHeM k HENMpepHBHON
k=1

o0
dynxunm o, o pynxuna § :z— Y an(z) nudrpeperunpyena na [a, b u $'(z) = o(z).
n=1
94. BuTeraeT 1M M3 NOTOMEMHOM CXONMMOCTH Ha [a, b] dbyHKUMOHANLHOM NOCKEAOBATENLHOCTH
{(fn(z)) cxomuMocTL ee B cpeRHeM Ha 3TOM OTpeaxe?
Y6enutncs, uTo crenylomue GyHRUMOHATLHEE MOCAENOBATEABHOCTH CXOAATCK B CPENHEM, HO
He CXONATCA PaBHOMEPHO K (byHKLHAM, nony‘(aeuum NOTOMEUHHM JIPeleIbHHM NePeXONOM:
95. fo(z) = /e "%, 2 €0, 1]. 96. fu(z) = 1+n=' z €0, 1).
1 Hrm:2 sin nx
97, falz) = |2LE22) 9} 2 €[0,1). 98. fa(z) = 2222, 2 €0, +oo.
Hoxaaan, 4TO NMOMAEHHOE nncpcpepeuuuponanue CAENyIOWKX PANOB BO3MOXKHO:

Z =" (»+1 —") z €0, 1[. 100. ZILJ— z €0, 1[.
n=
HORBS&TL, YTO MOYJICHHOE HHTEIPHPOBaHHE CHENYIOUKX PANIOB Ha YKa3aHHOM OTPE3Ke BO3IMOXK-

Ho!

0o 0o
101. Z(_l)n—lz", T € [0, 1] 102, Z (—"—;m(_(:—:‘m’ z € [0, 2].
n=1 n=1

§5. CreneHHble pARH

5.1. Kpyr m pagAyc CXOGHMOCTH CTeNeHHOro pPARa.
Onpenenenne. Psd euda
o0

Za,,(z —a)", 20e an, z, a € C, 1)

n=0

RA3LIBAEMCR CMENREKNLIM PRIOK; Gp, — K03(pPuyuenmu: cmenennozo pada (onu ne 3a6ucam om
z), 8 — PuUKCUPOBANNGR MOUKXA Ha KoMRACKCROU NAOCKOCTIU.

Teopema. Kandvii cmenennoti pad cxodumcs abcoromno enympu nexomopozo xpyza |z—al| <
R, 20e paduyc xpyza R > 0 onpedeasemca no popauyae Kowiu—Adamapa

% ecau 0<l= [m 3/lan| < 400,
R — n=+00
=3 0, ecau =400,
+ ecau 1 =10,
uau no gopmyae
‘ an

R= lim

n—oo

, (2

Gn4l

ecau amom npedea cyujecmeyem Toms Gl 6 KECOBCMOENHOM EMbICAE.

Bue xpyra |z — a] < R pan (1) ue cxonurcs nu s opnoit Touxe z € C. Bonpoc cxogumoctn
pana (1) B Toukax ORPyXHOCTH |z —a| = R, R > 0, oCTaeTca OTRPHTHM M pemaeTca OTACHHHO
RAf XaXAOro pama.

B cayuae, xorga an, z, ¢ € R, BHYTPEHHOCTb KDYTa CXORMMOCTH BHPOXHaeTcs B MHTepBai
Ja— R, a + R[, R >0, na neficrBuTenbHON NpsmoiL.

Ipu R = 0 xpyr BHIpOMTaerca B TOMKY 2 = 4, a Npu R = +co npencrapaser KOMILIZEKCHYIO
naocxocrs (Man “HCEOBYI NPAMYIO, ECIH PAR {1) aeicrnu'fe;gx)._ ;
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5.2, OcHOBHHEe CBOECTRA CTeHEHHNX PINOB.

CyMMa CTeneHHOro paja BHYTPH KPYTa CXOMHMOCTH NpeIcTaBiaseT co6oi HeNpepHBHyIo QYyHE-
umio. Ecau pan (1), n.5.1, nefiCTBHTEABHLH U Ha ROHIIE €T0 HHTEPBajla CXONMHMOCTH 2 = R+°a, R>
0, pacxogMTcd, TO CXOMHMOCTS pAAa Ha uHTepBane [a, R + a[ He Moxer 6HTH pPaBHOMEDHOK.

Ecau peicTBuTensHRI cTeneHHON PAJ CXOOUTCA MPH z = R+ a, R > 0, To cxoguMocTh pafa
Gyner paBHOMepHOi Ha oTpeske [a, R + a].

CyMMa efCTBUTeIBHOTO CTEMEHHOrO pAfla BHYTPH HHTEepBajia CXOAMMOCTH HMeeT MPOM3BOJ-
HHle JI060ro mopauxa.

Teopema (Abens). Ecau delicmeumeavwsii cmenewnoti pRd czodumcs 6 mouxe z = R+ e,
R >0, mo ez0 cymua S(z) npedcmasasem cobod anauenue wenpepuisnoli caeea Pynxyuu 6 amoti
mouxe, m.e.

S(R+a)= i 5)= L ek
n=0

AHallOTHYHEE YyTBEPAKIECHUS CIPaBEeNINBH M i 1eBOTO KOHI{a HHTepBala CXOIHMOCTH.

5.3. Pasnoxerme pyurnuu B pap Teitnopa.’

Onpepnésnenne. ycms f:]a— Ry, ¢ + Ro[— R, Ri > 0,1 =1, 2. Josopam, umo dymxyus f
pacxaadvieaemcs 6 cmenensoti pad wa uwmepeane Ja — R, a+ R[, 28e 0 < R < min(Ry, Rp), ecau
San €R, n € Zg, maxue, umo Vz €)a — R, a + R[ cnpasedauso pasencmeo

oo

f2)=) " an(z - a)™

n=0

Teopema (Teitnopa). [ax mozo 4mobui pynxyus f xozra 6uims pazaoxena 6 pad Teidropa
sa unmepeane Ja — R, a + R[, R > 0, neobzodumo u docmamouno, umobbi oKa bvira beckoneuno
Jdudepenyupyena u ocmamounsiti unen 6 Popmyne Tetiropa das amoti Pywxkyuu cmperuscs x
HYM0 APY N — 0O HA YKAIGHHOK UNMEPBAGAE.

Pasnoxenue umeer Bug
0o k) a .
1) =3 -0 0

Dynxuus f, pasnaraomaica s psjx Teitnopa, HasuBaeTcd awasumusecxodi M ee paznoxenne (1)
€IMHCTBEHHO.

[IpakTH4YECKH- BaXKHHIMU SBASIOTCH CIy4YaM MpeACTaBIEHHS OCTATOYHOTO MJIEHAa Pa3/oKEeHHs
(1) B popme Jlarpanxa

> f*)a (n+1) (g z—a atl
Bae) = 1(x) - 3 L - ot = L2200 o gy

=0

H B dopme Komn

N

(" l)a 1z —a n n4l
Ra(z) = Lot ’:f( D (1-6,)(z - a)"*,

rme0<#<1,0<6, <1.
5.4. Paanomenus ocHOBHEIX 3JeMeNTapHLX @ynxlui.

Hoxaras 8 dopuyne (1), n.5.3, a = 0, Nomyvaes NATL OCHOBHHX Pa3qOKEHMii:



60 I'n. 1. Papgm

. T
. €= E,|:c|<oo.
n=0
* n2n+l
II. sinz= 2n+1 —, |z| < 0.
n=0
e n2n
I11. cosz—z , |z] < o0.
n=0 :
- m—~1)...(m-n+1) ,
IV. (1+471) =1+Z = " —l<z<1.
=1
had _1ign
V. ln(l+z)=2—(———),—1—,—1<z<1.
n=1

Paznoxenns I—III cripaseniMBH [ BCeX KOMINEKCHHX 3HaueHMH T, pasnoxkeHue 1V Buinojaus-
erca nipu |z} < 1, m € R, a-pasencrso V — nipu |z| € 1, £ # ~1.

5.5. Onepanuy Baj CTeNeHHHMH PSfaMH.

Papm
o0
Zan(l—-a Zb,. z—a)
n=0 n=0

BCerga MMeIOT o0lee MHOXKECTBO CXOMMMOCTH H BHYTPH 3TOro MHO)>XeCTBa CIipaBeJJIHBH Clelylo-
LHIHe onepalHH CAOXKEHNSI M YMHOXXEHHIA!

Aian(z—ﬁ)"+uinz—a i)«an+ub Yz —-a)";
n=0 n=0 n=0
Zanz—a"anz-—a Zc,.z—a ,
n= n=0 n=

roe ¢n = aobp + a1bn—1 + ... +anbo; A, 4 — uKcHa.

Ecnu crenennoi pan (1), n.5.1, JeHCTBATeNEH, TO BHYTPH MHTEpPBaja CXONMMOCTH €ro MOX-
HO TIOYIeHHO NH(pPepeHIMPOBaTL U TOUJIEHHO MHTETPHPOBATh; NTPH 3TOM MHTEPBAl CXOOMMOCTH
MOy YE€HHOTO TaKMM 06pa3oM pAfla COBMagaeT C HHTEPBAaJOM CXOOMMOCTH McxogHoro pama. Coot-
BeTCTByOLME (GOPMYIH HMEIOT BUI:

1

Z an(z—a)"} = Z(n +1)an41(z —a)",

n=0 n=0

0o . ~ ) an ot '
/ Zoan(z—a) dz—zon+1(z—a) +C..

n= n=

OHPCJICJIHTL paJHyC 1 MHTEpBaJ CXOOHMOCTH H UCCHEOOBATH MOBEJEHHE B TPAHHYHHX TOYKaxX
HHTEPpBaJia CXOOUMOCTH CAEOYIOIIUX CTENEHHRX PANOB:

3"+ (=2)"
146. 2 TATE n
) (=)
4 ITo popmyne Komn—Anamapa nmeem

1 — nf3" 4 (—2)" . ax [ 9K + 4k
R nwV = oo V28

. 2
NO3TOMY NpPH —% < Z < =% PpAA cXopHTICE abcoaTHO,
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Hccaenyem nopenenue CTeneHHOro pifa Ha KOHIAX MHTepBanxa cxomuMoctH. Ilycte z = —3.
Herpynmo Bupers, uto pan

o0

o0 0
R CINGS) W 1C5) L SEYE) )
D D Dlrak D D ¢

n=1 n=1 n=1

CXOIMTCH, TAaK KaK paBeH CYMMe IBYX CXONQAIHUXCA pAnoB.
Ilycty z = -—%. Torga 4MCI0BOM pAx
n3n !
n=1

2\
AT L ol ) MY C xe
B CHAY NpH3HaKa CPaBHEHHA, PAaCXOUTCA n3n = n > | NE€A0BATEIABHO, B TOY

T = —-% CTENeHHOH AN CXOMTCA NHIIL YCIOBHO, B TOMKE I = —3 — PACXO[HTCH. P
o0
n!)?
147. Y 20 o
(2n)!
n=1
<« Ilo dpopmyne (2), n.5.1, Haxomum

(n)’@n+2)! . (2n+1)(2n+2) 4

B= lm o d D)~ Ao (s 1)

TOITOMY IIPH |Z| < 4 psapm cxoguTca abGCoMOTHO.
nt)24™

o0
Ilpu z = 4 nonyvaeM 4YMCIOBOM psaf E Gn, Te @n = Sois

ar_ - 1
1 . Hockoarky Page =1 e +
n=

1
2n(n+1)
CuenoBareNbHO, O6IMH “I€H PAfa K HYNIO He CTPEMMTICH, T.e. DAl pacxomurca. Ilo sToM e

NPMYMHE OH PaCXOOMTCHA U B TOUKe T = —4. P
2

148. g (1+ %)z

<« Ilo dopmyne Komnu—Apamapa Haxonum pagHyc CXOOTMMOCTH Dsfa:

TO 85 < @Gn41. ITO O3Ha4aer, YTO TOCHEHOBaTeNLHOCTh (Gn) MOHOTOHHO BO3pacTaer.

1 . 1\ "
rn“i‘;(”;) =e

1 1 o
Caegoparensno, npu |z| < T Pam cxogurcx abcomoTHo. llpn z = S nomyuaem umcroBoit psag

0 2
1\n% 1 .
Z Gn, TOE Gp = (1 + ;—) —- IlokaxkeM, 4To O6IMIH 4iIeH ITOTO pAfa K HYTI0O HE CTPEMMTCS.

e!l
n=1
HCMCTBHTCHLHO, HMEEM

2 1 2 1 1 1 -1
an =expy—n+n ln(l+—)}=exp{—n+n (—-——+o(——))}—>e 2, n— o0,
n n  2n? n?

1 “ o
Taxum OGP&SOM, B TOYKEe T = . CTENMEHHOH PA PACXOOUTCA. Ilo Tok xe NPHYHHE OH PACXOOHTCA

H B TOYKe T = —%. >
o0 ' N
n!
149. Z FI", a>1.
n=1
<« Haxomum paguyc cxopumoctu pana no dopmyie (2), n.5.1. Hmeem
N T S
R= lim = = lim — = 400,

n—eco g™ (n+ 1)' n-—oo n+1

CIefOBATENBHO, NaHHEI CTENeHHON PR CXOAMTIC MO BCEH MMCIOBOH mpIMoli. P
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S (1-3.5.-(2m-1)\ [z-1\"
lso'g"( 2-4.6..- (2n) ) ( 2 )

« llo popmyae (2), n.5.1, Haxomum

o fen-Dueatn\t 1 \?_
R_hmz(———— ..211m(1+————2n+1).—2.

n—oo (2")"(2‘" + 1)" n—oo

CnenosatensHo, npu —1 < z < 3 paR cxoAMTca abCOTIOTHO.
IIpn uccnenoBaHMM XxapakTepa CXORMMOCTH psifia B Touxkax z = —1 M z = 3 moas3yemcs
COOTBETCTBeHHO mpuMepoM 79 u npusHakoM [aycca. Hmeem

P - .
Gn =(1+—3—-) =142 2= +0(n12-),n—'oo,

Qn41 2n+1 2n+1 " 2(2n+1)2
P
Te ap = (%’,‘%l;?i) . Otciona, yYMTHBAA YIOMAHYThie NPH3HAKH, 3aKII04a€M, YTO B ToUke £ = —1
PAR CXORUTCH TpH p > 0, a Npu p > 2 oH cxonutca abcomoTHo. ClenoBaTensHo, B TOUKe £ = —1

OH cxofuTca ycnoBHO NpH 0 < p € 2. B Touke z = 3 psan cxomutcs abconIOTHO NpH p > 2 M
pacXoguTCcs npu p<L2.p»

=) \° .
151. 2 r(Ee) =

< Ilo q)opuyne (2), n.5.1, monyuaem

_ 2%(n!)>  (2n43)! . (2n+3)P »
= = _) =2°
R= lim ((Zn T )~ am T
MosTomy psn cxommurcsa abcomorHo npH |z] < 2P.

Paccuorpuu NOBECHHE CTCINIEHHOIO pAfa B 'PAHHYHEIX TOYKAaX HHTE€pBajJa CXOAMMOCTH. Hﬂﬂ
3TOro 06pa3yeu OTHOILICHHE

P
() e 2o () o0 nmee

Cn4l 2n+2
n 2\P
2™ (n! pn
e an = | GLyiy 2P" . Tloasaysack npusHakoM [aycca, M3 3TOro OTHOLIEHMR HaXORMM, 4TO B
To4Ke Z = —2P pam cXOMMTCA aGCOMIOTHO MpH p > 2, a pH p K 2 pan pacxoautcs. Ha ocHoBaHuu

&Ke nMpMMepa 79 ycTaHaBIHBaeM, 4To B Touke £ = 2P psn cxopurca npu p > 0; aBCOMIOTHO CXOAUTCA
TIpH p > 2 (no nmpusnaky laycca). CuepnosaTenbHo, B 3TOM TOYKe OH CXORHTCS YCIOBHO, €CIM
0<p<g2. b

(m-n+1) o
152. 2 3 .
< [Ins ynoﬁcrna MCCTeI0BaHHA TIPENCTABHM PSJl B BHIE
o0
2( -t n=1-m)(n—-2-m)...(1-m)m ,
- z".
/ n!
n=
OueBuamo, pan cxoauTca abcomoTHo, ecnH m € Zg, a © — mioboe; NoITOMy Hatee Gynem

c4HTaTh, yTo M € R\ Zo.
[ns vaxoxIeHHs pansyca CXOOHMOCTH NpuMensieM dopmyny (2), n.1.5. Hmeem

n+1
n—-m

R = lim

=+ 00

= lim

n=+00

=1,

Gnygl

rae

n—1-m){n—-2-m)... (l—m)m.

an =
n!
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Ilycts z = —1. Tornma, cocTaBafa AL YUCIOBOrO pAfia OTHOLIEHHe
a m+1l m(m+1
n_—1 + + + ( + ) (])
Gn41 n n{n — m)

H MOJB3YACh MpH3HakoM laycca, HaXOZMM, YTO B 3TOM TOUKE CTENEHHOM PN CXOAMTCH a6co:no-mo,
ecin m > 0, M pacxoumrcs, ecim m < 0.

Oycts z = 1. Torma ua (1), Ha ocHOBaHMM NpHMepa 79, 3aKiO4aeM, 4YTO CTEMEHHOM PAN
cxouMTCs, eciH m > —1. Cnegopatensho, npu —1 < m < 0 pAf CXOOUTCK YCIOBHO. P

« IIpumenss popmyny (2), n.1.5, noayuaem

. n n
= lim e( ) =1
n—oo n+41
CrenoBaTtensHo, npu |z| < 1 cTeneHHOI PAN CXOAUTCE a6COMIOTHO.

Myers £ = 1. Torna, MMes B BHIy yTBepxleHHe mpuMepa 79 nus psma y (—1)"bn, rme

nyn 1
by = (?) —7» COCTaBHM OTHOIIEHHe

bn 1 \"_ 1 _
bn+1—e(l n‘+1) —exp{1+nln(l n+l)}—

1 1 1 1 1
_.exp{1+n(—;—-+—1-—5(—n+—l)2+o(;ﬁ))}_1+§;+o(;), n — 00. (1)

Teneps BHAMM, 4TO 1O YKa3aHHOMY YTBEPKIAECHHIO PAM CXOIHTCA.

Ilycts £ = —1. Torma, Bocnoab3oBaBUIHCh NpH3HakoM [aycca, W3 cooTHowenus (1) noxy4nm,
YTo cTemeHHoM pspx pacxogmrcs (ageck p = 1). Otciona crenyer, 4To B Touke T = | MMeeT MecTo
YC/IOBHasA CXOMMMOCTB. P

154. ;(1+%+ ...+%)z".

« Ilockoasky 1+§-+ 'l—'=lnn+C+s,.,'ro

lim ,"/1+l+ +—— lim Vinn+C F &, = 1.
n—00 2 =00

Taxum o6pasoM, o popmyae Komu—Anamapa, pag cxogutcs mpu |zf < 1. B roukax z=1 u
£ = —1 pAA pacxomuTca, Tak Kak OOLIMM 4JIeH pAfa, Ha OCHOBAHMM YKa3aHHOTO BH 1€ NIPHMEpa,
He crpemtrcx K HyIIO IpM 11 — 0. P

3 ._1 nyn-
155. E( +( ) )
n=1
o lIpumenas popmyay Komu—Apnamapa, noryqyaem
1 e 34 (-1)" . 4
hm —+(__.)__. 3 hm eTS

R n—o W k== co \/Zk
Orcona caenyer, uro npu |z| < % PAR CXOOUTCH abCONIOTHO.

Ilockoarky nas moxmocienoBaTensHOCTH {S3n) NOCAENOBATENBHOCTH YACTHYHHX CYMM 4HCIO-

R = lim

n—o

An4l

=4,

o Lol
B4+(-D")"* N 1 _ 41
BOTO pANa ) +M,. BHIONHAETCA HEPABEHCTBO S2n 2 3 ) %, TO B TouKe T = -+ pan

n=1 k=1
PACXORMTCA. AHANOTHYMO B TOYKE I = —% HMeeM
1 1w
e+ = [ S
227-1(2n — 1) * %n Z 2"'“(1" - 1)

k-l k=1
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CuregoBatenbHo, lim S3n = 400, MOITOMY M B 3TOM TO4KE PAX PacXOTHICH. P
n—oo

2. (—1)v
156. Z g%z" (pax Hpunrcxeiima).

« CornacHo ¢popmyrne Komn—Apamapa, Haxogum

Taxum o6pa3oM, cTeneHHo# pax cXomuTca abcomoTHo NnpH |z]| < 1.
B Touke £ =1 mosy4yaeMm YMCIOBOM pAl, CXOMMMOCTH KOTOPOro goka3aHa B MpHMmepe 77.

B toyke z = -1 nony‘{aeu pan
(-1) ﬂ+[ﬂ = ()™ N
Z Y Tty o)
n=1 n=2
(n#4,9,16,...)

Tlockonsky nepsHii paj, HaxodsWuKca cnpaBa B paBencTBe (1), geitbHULEeBa THNa, TO OH CXOOUTCA.
Bropoit pan takxe cxomurca. Tak kak, kpoMe aToro, pad, HaxoOsufHica cilesa B paBeHcTBe (1),
a6COMIOTHO PacXoAHTCA (KaK FapMOHMMECKHH), TO MEI NIPHXOIMM K BEIBOLY, 4TO B TO4ke z = —1
HDAHHHIH CTENIEHHOH P CXOAMTCA YCIOBHO. B

10%(™
157. Z —;——(1 — )", rae v(n) ~— xoMM4eCTBO UMPP YHCIA n.
n=1

« [lo dopmyne Komn—Apgamapa nonyvaem

1 =1 n 10[15"]+1 _
E - n—IoI(Eo n -

(cM. npumep 45), T.e. npu 0 < £ < 2 CTemeHHON AN CXogUICs abCoMOTHO.
B cuny HepaBenctsa n = 108 ™ < 100871+ ¢ 10'%8 "+ = 10, saxam04aen, yT0 B TOUKaX T = 0
H T =2 paj PAaCXOJUTCA, TAK KaK IPH 3TOM OOGIIHIl YlleH pAJa He CTPEMMTCA Kk HyJdi0. B

158. Onpepenuts MHTEpBaN CXOTMMOCTH -pa3OKEHHI B CTEMEHHON pAN QYHKIHMH f : T
T

22 -5z46"

« IIpeo6pazoprBas pyukimio f pas cayvaes a) v 6) kK BHAY

z t+5
H NIPHHHMad BO BHHMaHHe TO, YTO PaJHyC CXOMHMOCTH CTENEHHOTIo PARA OnpeJelseTcs pacCTOIHM-
€M OT LEHTPa Pa3oikeHHs [J0- IepBON 0cOGOM TOYKH aHAJIUTHUYECKOM QYHKLUMM HIH KakoH-HHOYIb
ee MPON3BOTHOM, HAXOTUM:

a) £ = 2 — Touka 6eCKOHEYHOTo pa3puBa (yHKUMH f; T = 0 — LIEHTp Pa3NOKEeHUA ee B CTe-
IeHHoi paf (1o yCIoBHIO), a 03TOMY R = 2 M MHTepBai1 CXOMMMOCTH ONpefeseTcs HepaBEeHCTBOM
|z} < 2.

6) t = —2 — Touka GeckoHeYHOro paspupBa QyHKUMH ¢,-a t = 0 — LEHTp pa3nokeHUd ee B
cTeneHHoW pax (Mo yciosuio (yHKILMA ¢ pa3naraercd no creneHsaMm t = z — 5). CiuenoBaTensHo,
R = 2, unreppan cxomumoctu paga | —2,2[ wm 3 <z < 7. »

N

a) no creneHsM z; 6) no crenexsm 6uxHoMa (T —5), He IPOUBBOLA CAMOT'0 PABIOKEHHU.

=1z -3,

I211—1

‘ _ 1
159. Moxuo an yreepxnats, uto pn(z) = Z( 1) Gn 1)1

=sinz Ha ]~ oo, +00f
n=1
npu N — oo?
o0
<« Hockoaery 3 (-1) "."1(;—:_—1)7 =sinz, z €]~ oo, +oof, a

n=1

n—l

su sinz — ™! = +o00
-oo<=g+oo Z( (2" - 1)' ’

n=l
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To, COriIacHo MpHMepy 103, mocIenoBaTeMbHOCTL (YN (Z)) CXOMHTCE HepaBHOMEPHO Ha |~00, +00[. b

Iloabaysch pasmosxeHusMu 1.5.4, HaMCAaTh PA3NOXKEHHS B CTENEHHOM PAJ OTHOCHTENBLHO I
CAENYIOTmHUX xj)yl-uumi’(:

160. z - sin®z

<« Tlpeobpasopas sin® z & Bugy sin’ z = -(3 sin £ — sin 32) M BOCMONB30BABIINCE Pa3NOKEHHEM
byHRUMHM CHHYC, HaleM

2n-l 211-1 3211 -1

o0 o0
1 n-l _1 n—13_ 211—1
sin’ z = Z @n 1) 42 2n—l 4; [N

Ilo ¢popmyne (2), n.1.5, Terko HalTH, YTO 3TOT PAN CXOTHTCA aBCOMOTHO NPH BCEX Z. P

1
161. 2 ———.
(1-z)
« INocxoabky (1—_1.—1-)1 s :)2, To, micdepeHIUpys MOUTeHHO pasioxenue g (1 — z)~7,
el
nony4aeM (1—_11—)5 =3y nz" 7 |z|< 1. >
n=1

162, 2+ —u0O |

- (1=2)(1-2%)
« Paznaras mannyio qpo6h Ha mpocTeimue (1_1)(’1_:2) = _4(1:-':) - 4(11_1) + 2(111)2 H HC-
noxb3ys pasnoxeHHe [V, n.5.4, a TakKe pesynsTaT NMpeANAYHIero NpMMepa, MOXeEM HalmHCaTh

o0 o0 o o0
__f______l _1\" n_l n l n_l - n41 n
o 420( )e"- 1) s +2Z(n+l)z _420(2n+1+( 1)™th)z".

n= n=

n=0 n=0

Ilo gopmyne Komu-—~Anamapa HaxoquM HHTepBan abCOMOTHON CXOMUMOCTH TOXYY€HHOTO CTENEH-
Horo papma: |z} < 1. p

163. 00 —
1+z422
« IIpencrasass manuyio Apo6e B BUAE
1 1 1
f(z) = = : = =

1+z422 1-(t+DHz+22 (z—-t)(z—1)

1 ( 11 )_ 1 [ ¢ i
Tt-t\z-t z-1/ \1—zt 1=zt

; 2 .
et = ¢e'%, p = 3", H MCIoxb3ysa pasnoxenne IV, m.5.4, a Tagxe dopMyry Jiiaepa e'* =
cos a + isin a, Moayvaem

f(z)=t—é-t=(2zt —tz (z7) ):Liz"(t"“ Zz sin(n + 1)¢

n=0 n=0 n...O

ITo popmyre Komrn— Anamapa HaxoouM paguyc M MHTEPBAaJd CXOMMMOCTH 3TOTO PARa:

1 — o S
== Im {/|sin(n+1)p|=1, R=1, |z]< 1.
R =00
164. 7+ —_Z80C
1—2::cosa+z’ ~
< Ilonaras sina = 5%, cosa = —‘fe-, rae z = €', u pa3marag KaHHyIo Apobk Ha mpocTeiiIHe,

monayyaeM

zsin o _1 ( 1 1 )
1-2zcosa+22 20\1~zz 1-—zz/°
IIpmmenss x npaBoit macT 300 COOTHONEHMA pasnoxkenye IV, 5.4, Moxem Hamucats
o0

o0
z sin o 1 = .
T Tecmats? = 52 ("~ F) =) s einna.

n=0 n=0
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OuepnaNoO, MOAyHeHHHIL pEx cxonuica abcoaoTHo npu |z] < 1. »
165. z —In(1+z 4+ z° + ).
« [IpeobpasoBrniBad NaHHY®O GYHRKLHIO K BUAY
In(1+z+2°+2°) =In(1+2)+In(1 +z°), z > -1,

M HCTONB3YS pasnoxenue V, n.5.4, noxyvaem

In(1+z+2"+2%) =) (-1 +Z ""1’:— “1<zg1
n=1 n=1

ananmnax NOJNYYE€HHBIC DAL B Oﬁmei’{ obaactu ux CXOIMMOCTH, QKOH‘{&TCJIBHO HMEEM

o0
1
2 3 n-1
-1 - - <1
In(l1+z+4+z°+2°) Zn(( 1)"7" 4+ 2sin(n 1)2) 1<zg1
) n=1
Herpynso sumets, uTo npu |z| < 1 3TOT PAR CXOMMTCA AGCOMOTHO, a B TOUKE T == | CXONUTCS TUIIb
ycaoeHo (no npuanaky [Iupuxae). »
166. z — ¢°***cos(zsin a).

« PaccMaTpuBag maHHYIO (BYHRUMIO Kak
Re (ezcos a+tizsin a) =~ Re (e:e‘°’)
H TIPUMEHSS pasnokeHue |, 11.5.4, MOXKEM HallHCaThb

n lﬂa
. z" cosna
€"°** % cos(zsin o) = Re E = E

n=0 n=0

o0 " o0 n
Mockoasky 3 J%p_a_l <Y 1’;',— H BTOPOIf CTENEHHOI PNl B 3TOM HEPaBEHCTBE CXOAMTCE NPU
n=0 n=0
Bcex T €]oo, +00[, TO MOMyueHHOe Pa3i0KEeHHe CIPaBEAIHBO NpH |z| < 0o. B
Pa3noxHTh B CTEMEHHO} PAR Clelylomue QYHKIUK:

167. f:z — arcsins.

« C nomomsio dopmyant IV, m.5.4, umeen

fley=0- 5 =3 T (-3 3) .

n!

1
(—;—ﬂ+1 2n 27"'_1 2n
. = +E R TR jz] < 1.

I/IHTerpupyx 9TOT p4], NMOYJEHHO ('{TO BO3MOXXHO BHYTDH HHTEPBala CXOJIHMOCTH), HaXOooHM

(2n - 1) :c2"+1
f(z) C+z+Z ol T

n=1

Taxk rax f(0) =0, To C = 0. CaefoBaTensHo,

o
. _ (2‘ﬂ - 1)!! 2n+41
arcssnz =zt + E-l m—ﬁ)—z ’ l$|< 1.

J.IJIE HCCICNOBAHMUA CXOMHMOCTH P4AJa B KOHI{€BRIX TOYKax npuueuaeu TIPH3HaK Paa.ﬁe. HMeeM
4n’ +10n+6 1) = i SR H5n 3
4n2 4 4n+1 T h—cdnZt4n+1 2

noeToMYy TpH T = %1 pag cxogurcs abcomoTHO.
TaknM o6pa3om, NOIyHeHHOE PAsTOBEHHE, B CHIY TeopeMH Abens, cpaBefauso npH |z| € 1,
T.e. BO BCeif 06GIaCTH CYyIECTBOBaHUSA arcsin z. P

168. f:z In(z +/1+2%).

>1,

=00
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1
« Paanaras npoussonuymo gaunoit pynrimu f'(z) = (1+2°)” % npx |z} < 1 B crenensoit pan

(2n — 1)"
f (.‘C) =1 + Zl l) 211)" 1
MHTETPHPOBaHHEM TIOCIEHETO MOMyYaeM
(20 — DNg2nH1
= —————-——-—-— C, 1.
f(z)= ”Z Gain 1y 7O <

Hockoxsry f(0) =0,70 C =10

Kak ¥ B npeniymeM IpuMepe, HaXOIMM, 4TO MONY4YeHHOE Pa3IOKEHHe cXomuTca abCcomoTHO
np |z| € 1, ¥ B KOHUEBHX TOYKaX cyMMa psfa PaBHa, 0 TeopeMe AGens, 3HaveHuto GyHxruuu f
B 3THX Toukax. Taxum oGpaaoM, HanmucaHHOe Pa3loKeHUe CPaBETHBO TIpH |z < 1. B

-2z
169. f:z arctg 174z

« llpencraBnss dyuxuuo f B Buge

~2
f:z > arctg f_-{:{;i = arctg 2 — arctg 2z — 7¢(z),
e

0, ectn z > -1
s(z): 3 45

o1
1, ecau <-4

M pa3iaras B pAN (YHRUHMIO Z — arctg 2z C MOMOMBIO MIOYIEHHOTO HHTETPHPOBaHHA pAfa N ee
TPOM3BOJHOM, HAXOIUM

o«

22n+l

-2
arctg f " 4: = arctg 2 — Z(—l)"5;—_*_—122"'"1 — me(z).

n=0

. 1
Tockonpky MOMYYeHHEIH Al cXoourcs npH |z] € 3 (abcomoTHAE CXOXMMOCTD €T0 TpH |z| <

1
% YCTaHaBAMBaeICS C IOMOIBIO NpHaHaKa 'Anambepa, a B KOHUEBHIX TOYKaX — C IOMOIIBLEO
npu3Haka JleiiGHuuA), TO B MaHHOM cay4ae

0, ecmu % <zg %,
e(z) = . .
1, ecth —ZKz<~5. P
2z
170. f:z+— arctg T lz] < V2.
« Ilpencrasnss npoussofnymo dyHkuun f B BMae
. _ 1 t2
f(I)— 1+t‘ +l+t"
rge t = %, H Noabayach dopMytok IV, 1.5.4, Haxogum
o« - -] .
fl(f) - Z(_l)ntln + Z(_l)ntln+2.
n=0 n=0

Ouenumno, npu |t| < 1 06a psma cmpasa a6COMOTHO CXOASTCH, MOSTOMY MpH |t| < 1 MX MOMEHO

CHOKHTE., MmMeem
fmy =3 nElen Z( plE1Z2 e« va,

n=0
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OTRY[la MHTETPHPOBAaHHEM ITOIyUYaeM
* n 2n+1
=S pld =2 2.
@)= Y s el < V2

n=0
Ilockoasky unTEpBal aBCOMIOTHOM CXONMMOCTH PAfia NOCHEe MHTETPHPOBAHMS HE MEHSeTcH,
TO MOMYYEHHHI psN cXomutca abcomorHo mpH |z]| < V2. B rtourax lz] = +v/2 pan cxomut-
€A, HO TOJLKO YCIOBHO. J|eMCTBHTEIBHO, NMOCIENOBATEILHOCTH (2n +1) l0nopun — o, a
5~ (-1)lz]
>(-nlz
k=0 R
XOMMOCTh Psfia B 3THX TOYKAaX ClefyeT M3 PacXogHMOCTH TapMoHM4eckoro psaga. Ho Tak xax
dyHruMa f B TouKax z = £+/2 He ompefielieHa, TO NMOJIyueHHOE pa3oKEeHHe COPaBeNJIUBO TONBKO
npy |z| < V2. DToT npMMep NOXa3KBAET, YTO CYMMa PANA MOXKET CYIIECTBOBATh Ha MHOXKECTBE
* GoapIIEM, YE€M TO, Ha KOTOPOM 3aflaHa yHKUUA. P
171. f:z+ arccos(1 — 2z7).
4 [Iudpdepenuupys dpyuxuuio f, noayvaem
2sgnz
- ( )_ _\/_z-z—,

Noasaysace pazaoxenuem IV, 1.5.4, Haxogum

< 2; moaToMy, corflacHO NMpH3Haky J{MpuXie, psd cxogurca. A6conOTHad pac-

0<|z]< 1.

(2n-1)1
flz)=2 1+Z 2n)") 22" | sgnz, 0 < 2| < 1.

HHTeTpHpYa MOMIEHHO MONYYEHHEIN PLM, MMEEM

(2n -1 [Pt
fm) =2 1z|+2 (n =D el

@n)' 241

1ot pan, coriacHo NpusHaky Paabe, cxomurcs abcomwoTHo npk [z] € 1, T.e. Bo Beelt obacTu
cymecTBoBanud GYHRUUK f. P

172, dyskumo f : z — Inz pasiokHUTh B CTENEHHON PAN M0 LEHM TMOTOKHTEILHEM

CTeNeHAM ApobH i
P 2

« Ionoxus == Py L = t, moayuum f ("H) Fity= "H . Hockoawxy z > 0, T0 |I'1 | =t <1

(3aMeTHM, YTO crpaBeNIMBO M o6paTHoe y'rnepxcnenue). Cnenonarenmo Hcnoap3oBaB dopMyIy
V, n.5.4, MoxkeM HamucaTh

1+1 2n—1 bl r —1\%""1 1

In +— =In(l+1)- 1n(1—t)—222,,_1‘ Z__;(z+1) w1
173. Oycms f(z)= E E:F Hoxasats HenocpencTsekHo, uro f(z) f(y) = f(z + y).

n=0
<« IlepeMHOXad PATH Y :—’,‘ oy %, noayyaem
n=0 k=0
_ oo n z"_jyj
f(x)f(y) = E z (n — )izt

n=0 \ ;=0

n
Ho ak xak (z + y)" = ) Chz™*y* 1o
k=0

Z (E (n"—k)'k') - EE{TQ‘ =f(z+y),

n=0 n=0
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YTO ¥ TpeGOBalOCh JOKa3aTh. P

174. Tycrs, no onpegenenuio,

o0
. L g
sing= ) (-

n 2n
Cosxr = E
n=0

. 1.
Tokaaars, 4To s5in z cos z = —sin 2z

4 3amKcrHBas NaHHHE Pa3loKeHHd B BUAe

o0 . AT
. s
SIny = E

=, cos 5~
n
2" cosr= E 2y
n! n!
n=0

n=90
H NMOJXBb3IYy4Ch MPAaBHIOM YMHOXXCHHA DANOB KO]]IH, HMEEM

—k)m
sm—c05§——)—"2
sinrcosz = E enZ”, Cp= E

T k(n -k
n=0
k (n—k)m 1 g k411 2n = (-1)*
. k4 n— n . nw
Tak xak sin 5~ cos == = zsin -+ (=1)*" ' gsin 5- w0 T = Z_: n_k),, 2 T
BHITEKAET U3 3IE€MEHTapHON hOpMYIH

n
alz"*y*
(z+y)" =) A=k
ko n H

nmpuz=y=1 U £ = —y = 1 COOTBETCTBEHHO, TO

- Z 2 sin o
£ ki(n - k) n! 2
A Torpa, cormacho (1) u (2),
2" sin 25
sma:cos:c.-—z; %stz,
n=

YTO H TpeﬁOBaJIOCB [oKa3aTh. P

175. Hanucare HeCKOMbKO WIEHOB PA3NoKEHUS B CTETIEHHOM Pap DyHKLHK

o -1

fize Znil

n=0

4 Cuenyer nogo6path kK03PHHUUMEHTH ap TAK, YTOGH BRITOTHAIOCH TOXKAECTBO MO T

Za,.z"z z” Zanz = f(z).

n+1
n=0 n=0

n=0
310 JAaer 68CEOHC‘{Hle CHCTEMY ypam-(el-mﬁ OTHOCHTENBHO Q.

n

ag =1, Z a"' = - 1

‘_ln—|+l n+1’

H3 ROTOPOH TIOCHENOBATEABHO HAaXOMHM a1 = — 3, 02 =

n€eEN,

1 1
bty @3 = =30, .... »
HNpouasons cooTBeTCTBYIOMME Ne#CTBHA CO CTENIEHHBIMM PAMaMH, IOIYUHThH paslomKeHHT B
CTENEHHHE PARK CAEHYOMUX QYHRIMI:

176. f:zrs (1-2)?chva.

(2)

k) = 0, yto

69
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« Paznaras ¢yrEUMO = ch+/Z B pan Mo creneHsM +/Z, MOTyyaeMm

= " = g" =, gt o z"t2
o= =20+ oy = D o 2 o 2 oy

n

X, g S 2
=1+= +E(2 3 2.‘:—22—:1m+2(2n)!=

n=2 n=0

3 (1 2 1 n
=1_-2-Z_E<(2n)! —(2n—2)!+(2n—4)!)x '

n=2

O‘-{CBHJIHO, 3TO Pa3jqOKEHHE CNIPABELJIHBO NPH BCEX T . »

177, f:z -1’1 —12).
« Bozsonsa B xpanpar pag — Z: % =In(l1- z), nonxy4aeM f(x) = Z: c,.x"‘“, rme

n=

—

n=1

- 1 2 11 1
"_kz_:l(nﬂ—k)k’n“(l+5+§+"'+?{)‘

Tax kax lim ¢, = 1, To pasmoxenue crpasenauso mpk |z| < 1. »

178. f:z— ecosz.

« Paznaras dynxwmo f: z — e***Y) B crenennoit pan

f(-‘ﬂ)‘—‘ixn(‘/i)!nein Z:(::\/—) ( 5T L isin 111)

4

n=0 n=0

u 3ameuas, uto f(z) = Re f(z), noaywaem

fz)= Z-—————(zf)n 0s =X

n=0
o0
/2)" nr V2|2 V2)z))"
Tockonsxy g——",—)— cos I < L__’_L_L)__ M pag Y, ‘—’IFIL— cXopMTC mpH |z| < 00, To momy4enHoe
n=0
pa3jioxeHMe BOBMOXKHO TakxkKe TIPH [z] < 00. B

inz\2
f::cr—-»{ (m:“) npr z #0,
1

npy z =0.
« [IpunuMas BO BHHMaNHe pe3ylrTaT npuMepa 167, HaxoqUM
(2n — 1)":52" (2n - 1)1z 1)"22" N an
= 1 n )
fl=) = ( + E (2n)“(2n +1) Z (2n)1(2n + 1) 2_-‘;6 z
rae .

_(2n -2k -1 (2k - 1R "o
w “"—’g‘o @2l @n-mryn@E+ M

Ilo uHpEyRUMH goKa3HIBaEM, YTO

z": (2n — 2§ — )N(2i — 1)U _ 2t (y?
Lo (2n - 22 (2n—2i +1)(Zi +1) (2n+2)!
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TlosTomy

2n+41 n! 2
f(r)—zz(2n e (1

Jlerxo ycTaHOBHTE, YTO 3TOT pAf CXORHTCA NpH [2| < 1. [l BRISCHEHHS BONPOCA O CXOLHMOCTH
pama (1) B RoHUeBEIX TouRax £ = +1 BocmoanayeMcs mpHaHakoM Paa6e:

. an 3 2n+43 3
lim n=lim n —_—— | ==~>1.
n—oo a..+1 n—+00 Zﬂ Zn(n + 1)2 2
Bunus, uro pag (1) cxoxgurcs abCoMIOTHO TakKe M B KOHUEBKIX TOYKAaX HHTEPBAIa CXOXMMOCTH

|z| < 1. CremoBaTennHo, pasnoxenue (1), B cuay HenmpepuiBHoCTH dynkuuy f Ha orpeske {—1, 1]
M TeopeMut A6eid, CTPAaBENINBO Ha YKa3aHHOM OTpe3ke. W

180. Mycre S=(I-A)™' u lim A" =0, rre A — xBagpatHas maTpuua, ] — egMHMUHax

n=—00
MaTpulia. Pa3iokuTs MaTpuuy S B MATPUYHHIN DA IO CTEMEHAM A.

« Ilo ycnoBuio uMeeM

(I-A)S=1I,
OoTKYyIa
S=I1+AS, S=I+AI+AS)=I+A+A%, ... S=I+A+A*+ ... +A"S.
IMockoarry lim A™ =0, 10 lim A™S =0. Cregosarensho,

n—00 n—00
o]
S= E A »

n=0
181. Oycre S = (2I-3A+A*)™' u lim A™ =0, rne A — xBanpartHas matpmua. Pasnoxurs

Nn=+00
MaTpuuy S B MaTPUYHBIH pAf MO CTemeHIM A.

L | Hpencranuu MaTpHUY S B Buje
S=(RI-A)(I-A) "' =(I-A)@I - A =al- A+ 821 - A7,

rge «, § — HexoTOpHe YHcIoBHe Ko3ddHiueHTH. [[Ad HX onpepeleHus yMHOXHUM S cleBa Ha
I - A, a cnpaBa — Ha 2] — A. B pesyartaTe moxy4uM ToxKmecTso

I=a2l- A)+ A(I - A),

M3 KOTOpPOroc HaxoguM a =1, § = —1.
TaxuM obpazoM,
S=(-4"=L(1-A)"
=u-a7-3(1-3)
Hcnonpsys pasnosxxenus M3 Mpeqrfylero NpUMepa, OKOHYATENBHO MMOMyYaeM

T P D) B (B P

n=0 n=0 n=0

182. Horasars, uto ecum: 1) an 2 20;2) cymecryer hm Eanz =3, 10 ZanR" =8§.

n=0 n=0
4 B cuny ycnosua 2), uMeenm

oo N 00
lim Zanz" = EanR" + lim Z anz” =5,
2—R-0 x— R—0
n=0 n=0 naN41
OTKyIa .
N
S -—Z anR" = ay, (1)

n=0
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The
o0
ay = lim Z anz".
z~+R-0
n=N+1
N
Nockonvky maiee an 2 0, To anx > 0. Ilostomy u3 (1) cuemyer, yro 0 < E anR" < S.
n=0

Hocnen}{ee O3Ha4aeT, 4YTO NMOCIEOBATECABHOCTD (E aan) OrpaHM€Ha. Ho Tak xak ona ele U
n=0

o0
MOHOTOHHA, TO, B CUAY M3BECTHOM TEOPEMM, CXOAMTCA, T.€. CXOMUTCA YHCIOBOM psf E anR". A

n=0
TOrHa, o TeopeMe ABens, 6yneM MMeThb
lim anz" ZanR
z—R—0
n=0 n=0
Otciona, MpuHsB BO BHUMaHHe YCIOBMe 2), HalgeM
0
Sanr =
n=0
Paanoxurs B CTeneH}{oﬁ PAR QYHKUMY;
sin ¢
183. 5z~ / —dt.
B - n 2n
<« Pasnaras dynsumo t — ﬂ—‘ t # 0, B cremenxoit pax T = Z (;M;), >0, 1

HHTErpHpYd MOCAEeXHUH, NOdyHaeM

sin v ntl
f(z) = / —tt—dt=2(—l)"(2—n1—zl—)r2—m-)—!-, |Il < 00. P

° n=0

184. 5. IH/ tdt

< Koa(pqmuuemu Gn CTENMEHHOTO PAfa MONHHTETrpPalbHOM GYHKUHM HaMIeM M3 TOXecTBa

—1)"¢t? o
1= E LT?{T z a,1", RoTOpOE faeT cUCTeMy anreGpautecKHX YpaBHEHUH OTHOCHTENBHO Gj:

n=0 n=0

s k+1

ak(—l) + 1
0 =1, = .

n—k+1 n+1

k=1

o o 1 1 1
U3 31oit cucTeMH ypapne}mn NMOCIA€NOBATEABHO NMOAYHaEM Q1 = 2° a; = 12’ az = 5-4', HT. ..

TaxuM obpa3omM, HMeeM

z
. tdi z z z z
f(z)—/m—zlanm—z+f“ﬁ+§g+
0 n=
Tlockoasry dyHkuma ¢ : t — m,' tp(O) = 1, aHaIMTHYHA BCIOAY, 32 MCRIIOMEHHEM TOMKM

o0
t = —1, To pagHyc CXOMHMOCTH paga E ant"™ paseH egmunue. ClegoBarensHO, TakOH Ke PATHYC

n=0
CXOXMMOCTH MMEET K IMOJIYyY€HHOE M0CIIE HHTETPHPOBAHMA DA3OXKEHHe. P
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[Ipumenss nounennoe nuddepeHURPOBaHUe, BHUCIUTE CYMME CIEYIOMMUX PIIOB:

I
185 Z—'?-f-?—....

« [lauumit pap, cormacHo ¢opmyre Komu—Apmamapa, MMeeT paguyc CXOXMMOCTH, PaBHHIH
enuuuie. CormacHo m.5.5, CTeNeHHON pAA MOXKHO TIOM/IEHHO AMddepeHUMPOoBATh BHYTPH MHTEpBa-

1
ma cxomumocty. Ameem 1 —z24z% — .. = T |z] < 1. Orcioma MHTErpupoBaHUEM MOLyHAEM
T - IT + IT — ... = arctgz + C. Honaras apecy z = 0, HaxoauM, 4yTo nocrosaHHas C =0,
OxoHYaTelbHO HMeeM
3 5
z + z arctgz
T——+—— ... = .
3 5

3aMeTHM, 4TO B KOHI[EBBIX TOYKaX MHTepBalla CXORMMOCTH 3TOT Pap cxoguTcs. Iloatomy, co-
raacko TeopeMe ABens, cyMMa PAfia eCTh HEMPeprBHad (yHKuMA Ha oTpeske [—1, 1]. Tlockoasky
dYHKIMA T — arctg I TakKe HENPEDPHIBHA Ha 3TOM OTPE3Ke, TO NOCHEHEE PABEHCTEOC CIPABEMIHBO
TIpM BCeX T G[ 1 1. »

186. 1+ -+ ‘+....

| O'{enunﬂo, 3TOT PAN CXOMUTCH Ha BCEH MMCIOBOM mpaAMoit. O6osHayas uepes S(z) cymmy
NaHHOTO PANA, NOYIeHHHM AUt dePEeHIHPOBAHHEM €0 MOJIyYaeM ypaBHEHNS

S(z)+S'(z)=¢", S(z)-S'(z)=¢"".

Orcoga
S(z) = %( F4+e")=chz, |z|<oc.p

T z? z®

187°T,—2+§,‘3‘+'3’j+~"- 2

o [InddepeHumpys nouseHHO PR BHYTPH HHTePBaJIa CXOXHMOCTH, NONyiaeM %+§+ fr+ A
S(z), [z} < 1. YMuoxkas obe yacTy 3TOro paBeHCTBa Ha 22, £ # 0, ¥ nonbaysch popmytoit V, 11.5.4,
HaXOXHUM L (l-g)

S(:c):,—;—'-——z?—-. (1)

llpu z = 0 nonaraem S(0) = 15 (z = 0 — ycrpanuMas To4ka paspuiBa GyHkuuu S). HnuTe-

rpupysa (1), umeem

/ S()dz = 121 -z) +C. @)
Tak kak 1171_131 (1—’5+ 21?# ;— = 0, To u3 (2) naxogum C = —hm ~In(1 - z) =
Crenosatensso,
2 3 1-z
z oz T _} 1+=In(l~z), ecam z#0,
1-2+2-3+3-4+“'"{o, ecth =0, ®)

IIpu {z] < 1 310 paBeHCTBO rapaHTHPOBaHO TeOPEMaMM O BO3MOXKHOCTH MoulIeHHoro xugdepen-
LMPOBAHUA M HHTETDUPOBAHMS CTEMEHHOTO PAfa BHYTPH MHTepBaia cxopumocTu. [lokaxkem, 4To
¥ B KOHLEBHIX TOYKAaX MHTEpBaja T = %l 2T0 pPaBeHCTBO MPH HEKOTOPOM YCIOBMM CHpPaBEINBO.
ecTBuTEIBHO, MOCKONBKY PacCCMAaTPHBaeMEIi CTeMEHHOM pAN B TOYRax T = x1 cxonurcs, To,
Ha OCHOBAHMH TeopeMul A6exs, ero CyMMa IBIdercd HempepHEBHOM yHRUMeH Ha oTpeake [—1, 1].
Ecan sHavenue QyHEUMM B paBeHCTBe (3) cnpaBa B TOUEe X = 1 IONOXKHTh PaBHHIM €JMHMILE,
TO, KaR METKO BUIAETH, 3Ta DYHEUMA Ha cermente [—1, 1] Taxxke Gymer menpepmpoit. [loaTomy
OKOHYAaTelIbHO MOXeM 3allHCaTh

z z2 28 1+1%’ln(l‘~z), ech —~1<z2<0,0<z<1,
1-.‘+f3+-3.—+-.-= 0, ecln :—0,

1, ectn z=1p
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1.3 1-3-5
188, 14242252 Tt
tetiat traet
< Hti'rpyxﬂo npox;%pswrb, 4TO pafiMyc cxomuMocTH piafa R = 1. YMHOXas npoussoguyio
, 3
S'(z) = 7t 3320+ m3z12 + ..., |z] < 1, cymmpl manHOro paga Ha 1 ~z, T # 1, monyaeM
ypasnenue (1 — z)S'(z) = ;5(z). Obmee pemenne atoro ypasnenus ects S(z) = %, C =
const. Ilomaras ameck £ = 0 u yuurmsas, yro S(0) = 1, Haxomum C = 1. CregopaTenbHo,
1

S'(:r:) = \/—I—T—:’ ‘tl <1.

CxogMMOCTh PacCMaTPHBaeMOro pAfa B KOHUEBOH TouKe T = —1 NErKO YCTAHOBMTB, €CIH

BOCTIOJIBb30BAaThCA MPUMePoM 79; pacXORMMOCTh pAfia B TOUKe r = 1 cle;yer u3 nmpuaHaka layc-
ca. Takum obpasoM, cyMMa psifa, no TeopeMe AGeins, eCTh HempephBHas GYHKUMA Ha -1, 1[.

Tockonbky dyHRUHS T =7 Takske HeNpeprBHa Ha [~1, 1], To oxoHuaTenBHO MMeeM

z 1-3 , 1.-3.5, 1
1+ -4 — —_— .= ~1< .
+2+ .41‘ +2.4_61'+ — Tpu 1€z<1l. p»

IIpumenssa moueHHoe HHTErpHpOBaHHe, BHYUCIUTE CYMMEl PALOB:
2
189. z — 422 +92° —162* + ...
« O6wmit uneH 5Toro pafa uMeeT BUA an(z) = (—1)""'n%z". [losToMy M€rko MOKHO HaiTH,

YTO pajuyc CXORHMOCTH paga R = 1. Paagenus Ha z, £ # 0, cymmy S(z) naHHoro psga, a 3aTeM .
TIOMJIEHHO €T0 WHTEIpUpys B UHTepBane | — 1, 1], moxyuaem

/Siz)dz=z—2:r:2+3zs—4z‘+...+C=

2 3 4 ; 2 3 - z
=(I -z +1: —...)—£+I - ++C—(1—_+:—)-5-+C
ucdepeHuupys MoxyuyeHHOe PaBeHCTBO, HaxomuM S(z) = 2(1-z) |z} < 1,z # 0. Herpymno

(142)3°
BUIIETh, YTO OTPaHNueHHe T # 0 3eCh MOXKHO CHATH. P
190. 1. 20 +2.32* +3-42° + ...
« OBmuit wien pana uMmeer BuR an(z) = n(n + 1)z", mostomy
1
R —m 8 ———nv==1.

im {/n(n+1)

n=—00
TaxuM 06pa3oM, CTeNeHHON DA CXOMUTCA K CBoelt cyMMe nipu |z} < 1.
[TounenHo MHTEIrPHPYA PacCMaTpHBaeMED! pAX B uHTepBane | — 1, 1[ mBaxkmm, monyuaem

/d_::(/s(t)d’:>=z+zz+z3+..‘-—-c—'-l-+cz= z __.Cl.*.(;'z, 1)
z T 1-2 z

rae Cy, C2 — NOCTOSHHEIE HHTErPHPOBaHud, = # 0.
Ouddeperunpys pabencrso (1) IBaxms M yuuTHBadg, 4To 5(0) = 0, OKOHYATEALHO HAXOMHUM
2z
S(z) = a=as lz] < 1. »
Monp3ysach COOTBETCTBYIOMMMH Pa3iOXKEHHAMH, BRIYMCIHTh C YRa3aHHOH CTeNEeHbI0 TOUHOCTH
cregyomme 3HadeHUa ByHRUMHA:

. -5
191. sin 18° ¢ TounocThio MO 107°.
« Toneayach pasnoxenneM dbyHEUUH CHHYC B CTETIEHHOH PSJi, MOXKEM HallHCaTh

% ~1 n—1
n18° = gin & = SN A
S8 =an 35 = 2 Gn—1) 1051

n=1

Tax xax 37T0T pax AeH6GHNIeBa THNIA, TO OCTATOR p4Xa He NpeBHIMAaeT IO aﬁc;)m'moi nemx:ue‘
-5 L
NepBoro ¥3 OT6POMEHHHX yaeHoB. llosToMy, Kax CilefyeT M3 HEDaBEHCTB "—’;57 <10 ‘,< g%
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I8 NModyvYeHHd peayibTaTa C Tpe6yeMoi’i TOYHOCTRIO JOCTAaTOYHO B3ATH TDH 4YJ€HA Pa3NOXKEHHI.

Hmeem
. x z x b x?
sm_z___..__+.——_

4

x -5

—10 = 0,309017 ....
10 10 3110  5010° 10 + ) ! >

T 800 ' 12

192. tg9° ¢ Tounscrsio 10 1073,

(4)
< B cuay oue}um R: = LJ,Q Z)* < 0,0005 f(z) = tgz), mna nomyveHus nMpHOIHIKEHHO-
& \20

ro 3HaYeHHS tg = 75 C YKa3aHHOM TOMHOCTHIO NOCTATOMHO B3ATh BAa “JIe€Ha PAa3IOKEHHS (yHKUMH
TaHreHca B CTENEHHOW pax. AMeem

3 2
O te =r T )=
tg9° = tg 7 & 20+3 5 = % (1+1200> 0,158 ....»

T .1 . _
193. HCXOJI}I H3 paBEHCTBA E = arcsmn 5, HAHTH YHCIO T C TOYHOCTHLIO A0 10 4.

« Tlonp3yeMcs pasnoskenHeM GYHKUMH T +— arcsSin T B CTeNeHHoil pag (cM. npumep 167).

Nmeem
’ (2n - )M
”csm 272 + Z 23"+1n' Prrinl(2n 1)

HOCKOHLK}’ 4 OCTaTKa JaHMOIO pafa CpaBENJIMBa Ol €HKA

> (2k-1) < (2n + !

B = 2Bk+1EN(2k +1) T 3. 23742(n + 1)}(2n + 3)

k=n+1

M HepaBeHCTBO 6 ntt < 10™* BuImonHAeTCE NMpH 1 2 4, To IAS TMOMY4YeHHS MPUGIH-
p 325 F2(n41)(2n+3) p R y p

SKEHHOTO 3HAYEHHA YHCIIa % ¢ TpeGyeMoit TOUHOCTBIO HOCTATOYHO B3ATh MATH YIE€HOB YKa3aHHOLO
Pa3I0KEHHA:

r 1 1 3 5 35

-t —t—F ——F+ ——— =10,52359 ...,

6 2 + 48 + 1280 + 14336 + 72 -8192 :
OTKyma T == 3,1415 .... »

194. Tonsayscs dopmynok In{n +1) =Inn+2 ( ! !

.. ), waitm In 2
wmri 3y )’“m"“ i}

1n 3 ¢ TouHoCTHIO HO 1070

<« [Tokakem cHayana, kak IoXyyeHa sTa ¢opmyiaa. Pasmaras ¢ynxumu z — In(l + z) n
1 o
z + In ;= B CTeneHHHe PAAK 110 CTENEHAM T, 3aTeM CKIakBas MX B obmeit 061acTH CXORMMOCTH

|z] < 1, Haxoamm
14z ©
1 = —4—=—+...]. 1
T 2 2(’”'Fs'ks'k ) M

1
Tlonaras agecsy z = T TOAYHaeM ykazaHHylo popmyxy.

Haiigem Teneps coorBercTByOWME Yncaa k wieHoB pafa (1) Aas BEYKCIEHUS NPUEIMKEHHBIX
aHavenut In2 u In 3. C stolt Lenbo ouennM octatok Rji atoro psna.. Ameem

2 ) g2k+1 £2k+3 9g2k+1
= ———— e | € o—————
EHnriTnst ) S@mryasay

O1crona cnenyer, 470 eCIM T = -l- (n=1), 10 Rk €107, Haumnas c k = 5, a ecu z = % (n=2),
10 Rp € 107°, Haumnas ¢ k = 3 TaxuM o6pasom, -

11 1 1 1
m2x2 (§+ st 125 TTa0s T 177147) =0,69314 ...,
11 1
m3~o,69314+2(§+ﬁ+m) =1,09860 ... .»
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195. C nomompm pasnosxeHHit TOTLHTErPaNBHAIX DYHKUMHA B PAAKI BEIYMCIUTD C TOHHOCTHIO
mo 0,001 cremyloumue MHTEr pahl:

1 . +oo 1
- = d
a) /e =* dr; 6) /e: dz; B) /#;3’ r) /z’ dz
0 2 2 o

« a) llonesyscy pasnoxenueM I, 1.5.4, Haxogum

0

= E (_:!)n 2", |z} < o0,

n=0

OTKYHa
1

W f: -1
¢ = n!(2n + 1)

° n=0

llonydenHstit pag Teit6HUIEBa TUNA, MOITOMY €CIU OAS HAXONKTEHHMA MPHOIUMEHHOTO 3HAYEHMA
HaHHOro MHTErpalla B3sTh k 4leHOB pEfa, TO MOTPEMHOCT He Nper3oiaeT (k + 1)-ro wieHa ps-
ma. W3 aroro ycioBus HaxoguM HyskHoe uucao k. Hmeem
CrenoraTeasHo,

1
[T < 0,001, otkyma k 2 4

1

e 1 1 1 1
Mle b —— = 0,747 ... .
/e dr =1 3+10 42+216 0,74

0

y 1
6) Iloasaysack dopmynost I, n.5.4, ¥ pasnarad NoAHIHTErPaltbHylo GYHKLKIO NO CTENMEHAM T,
1 o0

nonyyaeM ez = Z E'T’ [z| > 0. MHTerpupys 3TOT pAX MOUNEHHO, KMeeM
n=0

4

/e:dz—2+ln2+2( )T-:_IW’T

2 n=1
OrpaHuuuBasich k WIeHaMH psAma, HaXORUAM
4
1
/e:dz~2+ln2+2( )_(n_-}-—i)—'z—;
2

U3 ouenku ocratka papga

o

1 1 1 1 1
E n{n + 1)12n (1_ '2—5) < (n+ D)2 (n+1) <1+ ) + 22(n +2)(n +3) + ) <

n=k+1

1 1 1
... ] 0,0
<(n+1)!2"+l(n+l) <1+2n+4+(2ﬂ+4)2+ )\0, 01

ClIeRyeT, YTO N4 MOXYMEHUA pesyAbTaTa C YKa3aHHOM TOMHOCTHIO HYXHO B3aTh k 2> 3. Taxum
obpa3omM,
4

~ 6
/e: dr~2+0, 93l+ + + 6608 = 2,834
2

{wau 2,835 ¢ u3GHITROM).
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§ 5. CTenenHne paanl

2 MO3TOMY NMOJEIHTErPAlbHYIO (byﬂxumo pasjiaraeM Mo CTEMNEHAM — . Hmeem

B) mech = 2
3y-1_ 1
1+ = (1+ ) Zza(n+1),|z1>l,
n=0
OTKYH2
+00
/ i —Z(3n+2 284

Mockonnky pan deibHKULEBa THMA, TO IJIA MOJY4EHHS pe3yIbTaTa C YKa3aHHOM TOMHOCTBIO HOCTa-
1
TOMHO B3ATh YMCIO0 k IeHOB pAja, YHOBIeTBOpAIOlee HEPaBEHCTBY TG < 0,001; pemras

1. CnegoBaTennHo,

ero, Haxonum k >
400
dz 1 1
C= oL =0,118 ..
14z 8§ 160
2
(wam 0,119 ¢ HabuiTROM)
r) IlpeacraBads mogmHTerpaibHyl GyHKUMIO B BUAe T° = e*™% y pasjarag ee B CTeleH-
T kad " In"zx
HOM paAf mo cTermeHam zlnz, z > 0, MoxeM Hanucarh z° = ~——. Huterpupys sror pan
n=0
TIOYJIEHHO, TIOIYYaeM
1 w
/z’dz: E —/z"ln"zdz.
n!
0 n=0 0
Wnrerpupys no vactaMm, uMeeM
1 1
m _ n
Inn= | z™"In"zdz = ~——— | 2" In" ' zdr = — Inn-1.
: n+1 m+1
0
.., HaXolUM

0
Honaras B nony\lem{of{ pexyppeHTHoﬁ cpopmyne NocCJ/IefoBATEIRHO T = 1,2
2 n!
)2 Imo, ey Imn = (—l)nmlm

ImO, Im2 = W
=1 , OTKyAa Irm = (nt1)nFl

1
Iy = —
YT T myl

—1)"n!

—— 10 Ipp = m+1)“+1

— m
Tak kak Imo = fz dr = +}
0
1 o0 .
, -
Takum obpasom, fz dr = Ty
0 n=
Kak cnenyer us ouensu ocraTka psima
1
0,001,

<
Z (k+1 k+1 = (n+2)n+2 =

k=n+1l
IS BHMMCIEHMA JaHHOIG MHTerpala ¢ ToyHocThio Ko 0,001 mocraTouHo B34Th YE€THIpE MEPBHIX

YjieHa 3TOrO psfa. Toraa noayuum

1
P 1 1 1
/:c 23134 on =52 =0183 ... »
sinz,

196. Haiiru ¢ Tounoctsio o 0,01 IUIMHY XYTH ONHOW NONYBOJHEI CHHYCOMAH y =

0<z<1r
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« [Jnuna s yRaszaHHOM Tyr¥ BEIPRXKAeTCd MHTErpajoM

T

s=/ 1+ cos? zdz. (1)
o

IIpeo6pasoBuBas nonuﬂrerbanbﬂyxo GYHKIHIO K BULY

1
3 1 2
1 2 p oo _(1 - )
v 1+ cos —\/; +3c052z

. 1
H 3aMeyas, 4To —] cos 2z| < 3, PasaraeM ee B CTETIEHHON PAJl TIO CTEPEHAM 7 COS 27, MCTIONB3YA
dopmyay IV, n. 5 4:

V1+cos?z = \/' (1 + E 2n2::3—’—‘ DLt cos” 22) . (2)

W HTerpupys 3TOT pAR MOYINEHHO, OMYHaeM

”
-1
/\/1+coszzd:c= \/7 <1|’+E 22nn ";n I.;) ) (3)
0

rae
L4

In= /cos" 2z dzx. (4)
0

Ilounennoe MHTErpUpOBaHHe PsAfia 3leCh BO3MOXKHO, Tak Kak psp (2), no npusHaky Bemepmrpacca,

CXOJMTCS. PABHOMEPHO 10 T, a GYHKUMH £ > cos” 27 HenpepHBHH. WHTerpupys B (4) no vacram,

HaXOoHM
n

I.= %‘/‘cos"_1 2z d(sin 2z) = (n — 1){(In-2 ~ In),
0

otkyna I, = ’—’;:—lln_z, n € N\ {1}. Hockoxsky Iy =7, a I; = 0, To #3 NOXY YeHHO} PEKYPPEHTHON
¢dopMyTH HaxoAUM
(2n - 1)1

(2n )

Hcnonsays stor pesynbrat, u3 (3) u (1) oxoHuaTensHo UMeem

=3 (5 )

OueHNBag OCTATOK NOCJEXHErO pAMma:

~ (4n— 12— 1)1 (4k + 3)1(2k + 1)1 (4k + T)(2k + 3)
Z (4n)1132n(2n )11 32k+2(2k + 2)l(4k + )1t (1 + 9(4k + 8)(2k + 4) + ) <

Inn = T, Inppey = 0, neN

n=k41

1 1 1 5
<gm (5t ) =y
M yYMTHIBad, YTO aGCONIOTHAS NOTPEWIHOCTh NPH BREIMHCIEHHH JaHHOTO MHTErpaia He NOINKHA'

npesumats 0,01, YHCAO NEPBHX YI€HOB PAAa HAXOMUM H3 HEPABEHCTBA T 1072, Ero

3 5
2.5 -«
2 3.9+ N
pemenns k > 1

CaenoBaTensHo, 8 = r\/—%_ (1 + fg) =392....p»



§6. Papgu dypre 79

YnpakHeRRS A% CAMOCTOSTeXbHOH paGoTH

HaifTi paguycs CXOO¥MOCTH CHERYIONMUX CTENEHHEX PANOB:

ad n? = 1\n? o= n(nt3)(n+6)...4n
103. 2 (ntg1)™ (z—9)". 104. Y (inarcsin ;)" 2". 105. 3 SRl An

n=1 n=l

106. Esm—sm—. sinl-(z-1)". 107. E(""@"_"lﬂ( —3+419)".

n=1 )t (2n)tt
o0 n-1

108. 3 ,‘2 C2R+1((2k — 1)1)? ((2n—2k+3)|l)7(:,)2
n=1 0

0o (tgz)(™ l o0  (arctg(2sin 1)) (")l _
109. 2 ———==" 110, ) ——————— 1",
n=0
Paanoxcwrs B CTEMEHHBIE PATH IO CTENEHSIM = QYHKIUM:

—22 = "
113. z— e E -

n=0

111. z — sin® z. 112, z — Fﬁ‘iﬁ'

1 1 1

114. z — [In(1+ zt)dt. 115. z — [arctg(zt)dt. 116. z — fe"‘2t2 dt.
0 : 0

117. Tloxasats cnipaBexAMBOCTHL POPMYIH

2(e*4) = Ae*,

rge A — NMOCTOSHHas KBaJpaTHAS MAaTPHIA.
118. IIycrs A — xBagpatHas MaTpuua. [lonoxuM, no onpenereHHo,
= 2n-1 n
sinA= Y (-)"tE—, cosA= E > A
=1

2n—1)!"
( ) =

IloxazaTe, 4TO MaTpUYHEE PSXL CXOXATCH IS MPOU3BOMBHHX A.
119. Ilycts A — xBagpatHas mMatpuua. [loxoxkuM, no onpegeseHHIo,

In(l +A)= 55 =0 am 1

n=1

a’; < 1, T Gnk — dNMeMEHTH MAaTpUUH A, To pan (1) cxogurcs.
1

gk

Iloxasars, 4TO ecau

n,

»
I

§6. Pagm ®dypne

6.1. OcHoBHHe OonmpeneIeHn.
Onpenenernue 1. Cucmesa pynxyuti

;, cos Iz’ sm?, cosk#, sin£1-;-£, oy, z €[],

HA3IbIBAEMCA 0CKHOBKO L mpueono.ucmpuuccxou" cucmemoti. Sma cucmema OPIMOZOKGALHA KaG

ompeaxe [, I].
Onpepeaenne 2. Ilycme f € R[-1,I]. Yucaa

1 l {
ao =;—/f(z)dz, ap = %/f(z)cosk—?:‘—:dz, bk=%/f(z)sinb¥dz, keN,
e e ]

Hajsvieaomes xoshpuyuenmanu Pypve Pynxyuu f no ocrosnot nipuzono.uempuuecxoﬁ cucme-
ME.
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Oupenenenue 3. Tpuzonomempuuecxud psd

ao = kxz . knz
—-2—+§ (akcos—i——+bksm —T)

nasvieaemcs pados Pypve gynxyuu f. B uacmuocmu, ecau dynxyus f uemnas, mo ee pad

Dypre umeem sud
a = kxz
0
7*? /OO

pad Dypse Heuemnot Pyrxyuu umeem sud

Z by sin ¥7Z km:

Oupenenenne 4. Pynxyus f: [, I]—-» R nasvisaemcs xycouno-nenpepsisnoti na [—1, 1],
ecau ona wenpepsigna 6 xaxdoti mouxe z € [—1, 1], 3a uckmouenuen, 6vims Momxem, xoneunozo
uuCAG mouex, 20€ ONG UMEETM PAIPLIGHI NEPEO2O poaa

Onpepenenne 3. Pynxyus f: [, [] = R nasvisaemcs xycouno-znadxoti va {~1, I, ecau
3Ma PYHKYUR KYCQUHO—NENDEPHIGRG U UMEEM NENPEPBIGNYI0 NPOUIGOONYI NG IMMOM OMPEIXE, 3a
UCKMONENUEM, BbImMb MONEM, KOREUROZ0 YUCAG MOYEX, 6 XaXD0ti U3 KOMOPHIT NPOU3s0INAS uMeem
KONEuNblE 00HOCMOPONNUE NPedENbRDIE INGUENUS.

6.2. TeopeMm o paznoxerun B paf Dypre.

Teopema 1 (ocnoBuas). [Iycmo xycouno-zaadxas wa ompesxe [~I, I] dynxyus f nepuodu-
ueexy ¢ nepuodos 2l npodonmenas na ocrw uucroeyrw npamyw. Tozda mpuzonomempuuecxuti pad
Dypove Ppynxyuu f czodumces 6 xaxdoti mouxe T €] — 00, +00[ x 3nauenuo ;( (x=0)+ f(z +0)).

Teopema 2. Ecau das nenpepuisnoti u xycouno—zaadxoti na ompesxe [—1, [] pynxyuu f evinoa-

naemes pasencmeo f(—1) = f(I), mo ee mpuzonomempuuecxuti pad Pypve cxodumcsa pasHomepHo
HG 3MOM OTMPEIKE U CYMMG €20 PAsKaG nauenuw pynxyuu f Vz € [ 1]

6.3. O nuddepeEUHDPOBAREE H HETerPHpPOBAHHHE pafoB Dypshe.
Oycts f € C™[=L, 0 u (=) = f(), f'(=D) = F'(O), ..., ™ (=1) = f'™(1). Iycrs, xpome

T0TO, hyHKUMA f uMeeT Ha orpeske |-, [] kycouno-HenpepHEBHyIo NpouasogHyIO Nopsaka m + 1.
Torga: 1) cxoguTca YHUCAOBOH pag

3 ()" fd + oy

k=1

2) pag Dypbe Takolt DYHKUMM MOXKHO m Pa3 NOYIEHHO [ucbdepeHIUPOBATh Ha yKa3aHHOM
oTpe3ske.

Pag ®ypre unterpupyemoit no Pumany ua orpesre [—!, {] dyuxuun f MoxHO HHTerpHpoBaTh
TIOYJIEHHO Ha 3TOM OTDe3Ke.

6.4, Pasiaoxenne B pan Pypbe Mo APYTHM OPTOTOHANHERIM chcTeMaM. OpTOroHATBHNE
MONMHHOMEL.

1) HonnnHoMu Yebumesa Th(z) =
y , 1
¢ BecoBoM yHKUHeH T — 7-==2, T.e.

2"'1 cos(n arccos r) opTOroHaapHH Ha HHTepBaile | — 1, 1]

1—2

T,,.(z)T,.(z)d LA
Vi 22n—-1 "™

~1
rge

5mn={ 0, m#n,

1, m=n.
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2) Homuromut exanppa Pu(z) = z-+w' ﬂ;_::_x): OPTOrOHAILHH Ha oTpeske [—1, 1], T.e.

1

2
/Pm(t)Pn(z) dz = 1 Smn.

-1

x d n,~r -
3) Homunomur A6ens—Jlareppa Ln(z) = % _L:'_:_l 06IafaloT CBOMCTBOM OPTOTOHAIBHOCTH
Ha HHTepBaie |0, +-00[ c BecoBoi dynxumeit £ — e*. Takum obpasoM, nMeem

400

/ €™* Lin(z) Ln(z) dz = 6.

0

e‘ﬂ_de‘;_

4) Honunompt Yebrmesa—3Ipmuta Ha(z) = -+~ ONpeENeNeH  Ha BCeil YMCIIoBOl Nps-
MOJ M 14 HUX CIpaBe[JIMBa popMyna

to g
/e_THm(z)Hn( )dz-@&mn

0
Pasnoxurs B pag Pypre B yrkasaHHBIX HHTepBalax cilefyouue GyHKUMH:

197 fizrm A, ecmm 0<z <l

0, ecm I<z<2l ™e A — nocrosHnas, B uuTepsaie |0, 2i[.

< Kax BuauM, TaHHad PYHKIUHKA KyCOUHO-TIafKasg, IPH4eM To4Ka £ = | — TOYKa Pa3prnBa Nep-
Boro pofa. IlosToMy, cornacHo TeopeMe 1 o pa3noxeHuH, PyHKUMA f MoXkeT GhITHL MPENCTABIEHA
panom Dypre.
[lepuonuuecku (c mepuoponm 2!) npopomxas GpyHKUMIO f Ha BCIO YUCIOBYIO TIPAMYIO, NOCTPOUM
dbyHKUMIO
A, ecm 2kl <z < (2k+1),
lA, ecan z = ki,

6, ectu  (2k - 1)l <z <2k,

frize

rge k € Z.
CornacHo ykasaHHOM TeopeMe, dbyHKIMA f* COBNafgaer B KaXXAOH TOMKE T YMCIOBOH NPAMON
¢ ee cxopamumca panom Pypee:

. ao nrT . nTT
F(z)= > + E (a,,cos T + b sin —l—>,
rae
]

]
ag = A, an=%/f'(z)cos-———d:c—-/f smdz—?/cosgdz—o

TOIBRO MPH O < z < I y I<z < 2l. »
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198. f:z+s |z| B unrepnane | ~ =, xf.

4 ITa YHERUUS HENPEPHIBHA Ha |~7, 7] H MMeeT XyCOYHO-HeNpPepHEBHYIO MPOMIBOMHYIO BCIORY,
3a MckmovYenueM Touku z = 0. Ilepromuyecky (c nepuonom 27) mpomoaxus ¢ysruuio f Ha BCIO
YHCNOBYIO MpAMyIo, NocTpouM dynsumo f* : z +— |z — 2kx]|, ecan |z — 2kx| < 7, tne k € Z.
TlocTpoennad yHRIHML yOOBIETBOPSET TPeGOBAHUIM TEOPEMHl O Pa3IOKUMOCTH B CXONAIMMC K
Hewt pag Dypre.

ockoanky dyHrums f* derHas, 10 by = 0;

” ”
1 2 2 n
an = — /f(z)cos nzds = ;/zcosnz dz = ;_—n—z((-—l) 1), ay=m.
-

0

CrenosaTenpHo,
x
T 4 cos(2k + 1)z
f 5 ﬂ_; REFI) , =~00< < +0o0,
4 s(2k+1
T 0
flz)= =3- ﬂ_; Rkt ~r<Zz< TP

199. f:z v sinar » unreprane ] ~x, 7, a € R\ Z.

« Tlo manHo# ¢ynxuuu nmocrpoum odyuxummo f* : z ~ sin(a(z — 2k7)), ecan |z — 2k7| <
T, f*((2k+1)7) = 0, k € Z. I1a yHKUMA ABIIETCA KYCOYHO-TIANKOH NpK |T ~ 2k7| < 7. Kpome
ToTO, %(f'(zk —0) + f*(zx + 0)) = f*(z&), rme zx = (2k + 1)7 — TO4RKM pa3phIBa NEpPBOTO PORa

dynxuuu f*. IMosToMy dyHxumMO f* MoXkHo pa3liokHTh B pax Pypre, CXoALIHIUCS X HEH B KaXI0H
TOYKE YMCIOBOM IPAMOM.

B cuny neuerHocTH dyHxuuH f* kosdpdHLUHEHTH an = 0;

L4

2 [, . 2 (1)t
bn=—-/smazsmnzdz=—(—-5—)—2n-
T T n°—a

sinam, |a] # n.
0
Taxum ob6pazom, uMeeM

2sin ra nsin nz
fa)= Z( D= lel< o,

f(z 25m7ra2( 1n+1nsmn:2:’ o] < 7. »

200. 7:z — z » unrepsane Ja, a +2I[.
< Dyuruus

.. 22k, ecnn 2k+a<z<a+2k+1),
f 'IH{a+I, ecun z =2lk,

k € Z, mocrpoeHHas Ha OCHOBAHWM MaHHOH (YHKIUMM M COBNARAON(ad C Heil Ha UKTepBale |a, & +

2l[, aBasetcs 2l-mepHomuyeckol, kycouno-Taamkoit. Kpome Toro, B Tourax paspmiBa z = 2lk
BRITIONHAETCA PaBEHCTBO

£ (ax) = % (F (s — 0) + f* (25 +0)) = a +1.

MostoMy dynxuus f* pasnomuMa B CXOULIMilcd X Hell B KamJoi Touke z €] — 00, +0of pag
Dypse.
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anee, uMeem

a0 =2(a +1),
at2l a2l
/f I)COS—_dI_T/f(I)COSEZIEdI=%/zcosf%idz—::rsinf-?—?,
’ at2l ’
/f :c=]7/f( )sink—jidz_—%cosﬁ;'_a, EEN.

a

Taxum o6paszom,

ffiz)=a+l+ = E—-Sil‘l-—— a-1z), |z|< oo,

21 1 . ar
f(I).=a+I+-;E;smT(a—z), a<z<a+2.p»

PasnoxuTs B pan creaymoniyue nepuoauveckue GyHKLHUHU:

201. f:z > sgn(cosz).

« [lauHas QYHKUMA KYCOYHO~HENPEPHIBHA (TOUKM Pa3peiBa Zx MEPBOrO POAA YHOBIETBOPAIOT
ypaBHeHMIO CoSTx = 0) M MMeeT KYCOMHO-HellpepHEBHYi npoussonuylo f'(z) = 0 npu z # zx.
Kpowme Toro, dyHxuus f nepuogudeckad c nepuofoM 27 u f(zk) = ;—(f(:ck —0)+ f(zx +0)). Cae-
IOBaTelbHO, OHa MoXeT GEITH pasnokeHa B pag Dypre, cxogamuicad B KaKIOH TOUKE I YKCIOBOK
NPAMOMH.

YUUTHBAA YETHOCT PACCMATPHBaeMON QYHKLMM, MONyHaeM

bn = 0, ag = 0,
o ™ m
2 2 2 4 ™
an = — | sgn(cosz)cosnzdr = = [ cosnzdz — = [ cosnzdr = —sin—, n €N
3 3 T n 2
0 s
2

Taxum o6pa3oM, uMeeM

oo
sgn(cos z) Z—sm—cosn:c—%zgk cos(2k + 1)z, —o0<z< 40P

n=1 k=0

202. f:z > arcsin(cos z).

« HerpynHo mpoBepHuTh, uTO 3Ta GYHKLMA HeIpEPEIBHAa Ha BCEH MMCIOBOH MpAMOM M MMeeT
KYCOUHO-HETIPEPHIBHY IO NPOM3BOIHYI0 (oHa He MuddepeHUnpyeMa TOILKO B TOYKaX r = kT, rfle
k € Z). Kpome Toro, ona 2r-nepuoauueckas. CieroBatentHo, ee pij Pypbe CXOIUTCA K Hell B
Kak[IoH TOUKe T €] — oo, +oof.

[IpuHMMad BO BHUMaHME YETHOCTh JaHHOM (PYHKLMHM, HAXOXUM

. ks n
b, =0, ao=g- (I—z)d:c:O, a,.=Z (E—z)cosnzdz=—?-ulg, n €N
x 2 r 2 T n?
° o

Hraxk,

arcsin(cos £) = ——;Z (=1r-y 1) ) cosnz = :—2 coszil:z)lz)z, —00'< z < +00. B

n=1 k=0

203. f:z (z) — paccrosHue z A0 6mMKaiiniero Memzoro YMCHa.
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o OyHruus f — 4veTHax, uMelomad nmepyop T = 1; B 0CTallbHOM ee CBOMCTBa aHAaJOTHYHH
ceoiictBaM yHKUMM T — arcsin(cos z), paccMOTpeHHol B NpeAnAyieM npHMepe. loatomy

1 1

bp =0, ao=4/:cd:c=%, a,,=4/:cc0527m:cd:c=-(:l)——l néeN.

72p2 '
0 0
Taxum ofpasoM, MMeeM

2 = cos(4n — 2)7z
——Z;—(ZE-:T)T, I.‘CI(OO. »

00 .
204, f:z Za"ss?n’:c, la] < 1.
n=1

<« ocronbry

oSN NT
at ——

< tlal"la] Z nla"lz|

Tsinz| "’ | sin z|

v m’

sin ¢

To, COFIacHO NpUsHaKy BellepmTpacca, fanHENL AN CXOBMTCA PABHOMEPHO Ha KaKIOM OTpE3Ke,
He cofepxkaluem Touek r = kx, k € Z. Tax xax, kpoMe Toro, QyHKLUHIL T %ﬁ HenpephipHa

npu z # kw, To, cornacHo mn.4.4, yHruns f HenpepusHa npK z # k7.
AH3IOTHYHO MOXHO IOKa3aTh, YTO GYHKLHS

o . .
Y] anNCOSNTSINT — COS T SINNT
b A ad E «

sin’

TaKxe HempephIBHA IIPH T # kw. Kak caeqyeT us pasexcTs

o . 3" o™ sin nz
lim f(z)= lim % o’ — Yy 2L -

r—km T—km sin z z—km sin ¢
n=1

oo
3" na”cosnz

oo

= lim =22 —— Ena 1)(ntDE = g,

r—km cosz ks
n=1

z = kT — TOYKH YCTpaHMMOro pa3pHBa GYHKUMH f.
Taxum obpasom, epuonmyeckas GbyHRIUS

oz { f(z), ecam =z #km,
Bx, ecam =z =knm,

pasiaraercd B CXORAWMICA k Hel Bcony pax Dypre. Umeem

n

ffz)= Z siC; z(sin(n — 2)z cos 2z + cos(n — 2)z sin 2z) =

3
[}
—

nsin(n — 2)z

oo
_ _ 2 ,,smn:c _
pra +2§ a” cos(n l) =—a+a E-l +2E a” cos(n — 1)z.

sinz
=1

[\"/Js

o

n

[}
—

OTciofa HaxoauM

ad n o0 n
* o o o
f (I)—az_l +22:l_012 cos(n--—l):t:1 2+2a21_azc°s"z"

n=1 n=1
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205. dynrumo fizm z° pasnoxurs B pax Dyphe: a) Mo KOCHHYCaM KPaTHHIX 1yT; 6) no
CHHYCaM KpaTHHX gyr; B) B unTepsaie |0, 2x[. [lonpaysach 3TMK pasinoKeHHsMH, HallTH CyMME

PAXOB:
[+ 1 oo +1 [+ 1
ST St
n=

n=1 n=1
« B cayvae a) pynxumio f, paccMaTpuBaeMyio B CHIy YCIOBMS NMPKMepa TONBKO Ha OTpe3ke
[~*, 7], nepuonmuecku (c MepHomOM 27 ) MPONOMKHMM Ha BCIO WMCIOBYIO MpaAMyio. Torma momy4nm
HEeMPEPHIBHYIO M KyCOYHO-THagkyly ¢ynkumio f*, comamaioutyio ¢ ¢yHkuuedr f npu |z] < 7 u
pasiaraiomypocs B pal Pypsbe Toabko no kocuHycaM. [nst koapPHUUMEHTOB ap, by UMeeM

n

T m

27° 2 4
by =0, aa=%/z2dz=_7r_, an:;/fcosnzdz:(—l)"’?—, neN.

[TosTomy

(=1)"cosnz
~—————— npu Bcex £ €] — 00, +oo[;

fl

COS

~—————" roxbKo NpH [z} < 7.

x?
3

Jns monyyeHus pasnoxkeHMs B ciydae 6) GyHRUMIO T £?, paccMaTpMBaeMyio Ha MNHTep-
Bane |0, 7, mpomoMKHM Ha ] = 7, 0] HeyeTHEIM 06pa3oM, a 3aTeM Tak IOCTPOEHHYK (DYHKLHIO
NEPHOIUYECKH (C MEPHOOM 27) NMPOOIKUM Ha BCIO YHUCIOBYIO MPAMylo. B pesyipTaTe monyuum
GYHKIHIO

PR { |z — 2kx|(z — 2k7), ecau |z ~2kx|< 7,
’ 0, ecau = (214 1)m,

k, 1 € Z, onpenenenHyio BCIOLY Ha YHUCAORON NIPAMON M YOOBIETBOPAIOILYIO BCEM YCIOBMSM Teope-
Met 1, 11.6.2. Buuncaus kxospduuymnentu

T

_ 2 + 4 n
an=0, b, = —7;/1: sinnzdz = —( )" ;l—g((—l) -1),

0
MOXXeM HamHucaTh

f(z) = Z (2_7'(__1)"*“ + _4_((_.1)" — 1)) sin nz, |z| < oo,

n nd

Ms

1( )"t 4 1rn3(( nH" - )) sinnz, 0Kz <.
n=

Haxonen, B cayvae B) mo ¢yuxuuu f : z > 22, 0 < £ < 27, CTPOMM 27T—TIEPUOAMYECKYIO

dyuxumo f*, cosnapaiomyio ¢ dynkumeit f : z + z° Toapko Ha MuTepBaie ]0, 27 M B TOuKax
paspuBa 1 = 2kx, k € Z, papnywo 27°. Torga gas xoacbHIUMENTOB @y U by dyHEIMH f* uMeeM

L 2 2
_1 . _1 * _1 2 _ﬁ
ao—W/f(z)dz—;/f(z)dz—;r-/z dr = 3
g 5

anziff'(z)cosnzdz /f (=) cosn:cd:l:——2
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~ 2

by = l/f'(z)sinnzdz: —l-/zzsinnzdz = _4_1r’ neN
1 4 n
S 0
CuenosaTteabHo,
47° = cosnz = sinnz

* —

f(z)—T+4Z — —4#2 s 2] < oo,

n=1 n=1
4x? =\ cosnz =\ sin nz

2 — — —

‘= 3 +4Z 3 412 - , 0<z <27,

n=1 n=1

1 2 = (—1)"+!
=5 Y E—-
1 n=1

Ms

[onarast B cy4ae a) £ =7 ¥ 1 = 0, NOIy4aeM COOTBETCTBEHHO

n

2
m
1z ananunaz TOYJI€HHO 3TH JBa CXONALIMXCH pdaa, HaXOoaUM

2

F i
—~ (2n - 1) T8

Tloasaysact dopMysiaMu cosz = —-(z +2),sinz = 2—(z — %), the z = €%, 7 = ¢™*% moayumuts
pasnoxenus B pag Pypre caenyomux cbyHRUMIL:

206. z ~ cos’™ z, n € N.

« ITonpaysace yxasaHHEMH dopMylTaMH, a Takke opMyiaou 6uHoMa Heorona, MoxeM Hamu-
catb

2m 2m
1 _\2m 1 - 1 ..
cos®™z = Z—"T(z 47" = - E Chn 2™ = i3 E (cos2(m ~ k)z + isin 2(m — k)z) =

k=0

2m m m
1 -
=£; E Cx . cos2(m — k)z = g:—r:‘"--f-zz'n—_l E CP* cos 2kz.

k=0

31ech MEl BOCIOIB3OBANUCH ToXAeCTBOM CF = CZ,',’:"", a TakKe YETHOCTBIO QYHKUMM T —
cos 2kT M HedeTHOCTHIO DyHKUMH T — sin2(m — k)z. B

07. oo — 3502 _
2 :“_-’I—chos:c+qz"qI<1

« IIpyMenss yrasaHHHe B NpeqHAyueM npumepe OPMYJIB X pasiaras gaHHylo pobb Ha
MpoCTEUNINe, NMOTYyHaeM
gsinz _ 1 1
1-2gcosz+¢2  2i(1—gqz) 2i(1—g¢7)

Hockoasky |gz| = |¢Z] = |g} < 1, T0 cnpaBemmMBE pasnokKeHUs B CTEMEHHEE PANH YHKIMIH
gz (1—gz)™! u gz~ (1 —¢Z)~" no crenensaM qz u g7 cooTBeTcTBeHHO. HMeeM
. 1 oo oo
gsmz — 2 nen o oany __ n e
1—2qcosz+qz—2izoq (= z)-Zq —Zq sinnz. b
n= n=0

208. z —In(1 - 2gcosz +¢%), Jg| < 1.

« [Iuddepenuupys RaHHYO PYHKUHIO N0 T M MOAB3YACH NPENHAYIIMM Pa3ioKeHHEM, HOTY-
YaeM

o0
(In(1 — 2gcosz + ¢*)); = 22 q" sinnz,

n=1
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OTKYIa
0 qn
= _ § :_
In(1 2¢cosz +¢°) = -2 cosnz + C.

n=1

Ilonaras agecy z = 7, HaxomuM

In(l+gq)=) g;—(—l)"“ +C.

n=1

Orciona, » cuny dopmyant V, § 5, caenyer, yro C = 0. Hrak, oroH4aTeanHo moxydaem

R n
In(1 —2qcosz +¢°) = —ZZ%cosnz. >

n=l
209, Pasnoxurs B pan Pypbe HeorpaHMYEHHYIO TepHoUyecKyo dyHruIo f : £ — In [sin %1
4llycte 0<eSz~2kn<2r—¢,tme € >0 u k € Z. Torna crenenHo# pan
had n
z
—_ 1
> 8
n=1
e z = €%, CXOMUTCA TIPH BCeX YKa3aHHHIX .
aree, nokaxkeM, 4To
. 1-2zY
l.nsm%\:Re(hl =), mi=0 2)

JeMCTBHTEABHO, 110JIb3YACh U3BECTHEIM PaBEHCTBOM

_ |1—cosz
- 2

u mpepcrasieHdeM w = {w|{cos ¢ + isin ), rme w — HeXOTOpoe KOMIIEKCHOE YMCIO, (¢ — €ro
1
apryment, Re In w = In |w|, noxy4aem {moxoxus w = 3(1 -~ z))

1-2 1—-cosx . T
ti5) 10y 5 .

YTO U Tpe6oBanoCh OKa3aTh.
Taxum o6pasom, ucrions3ys dopmyay (2) u paznoxenue pyHrumu z — —In(1 — z) 8 pap (1),

HMeeM
sin = |_-m2-RgZ—=—m2 Zws"’

n=1

.z
Sin -
2

Tak kak YHCIO £ MOXKHO B34Th KaK YTOJHO MadHM, TO OTCIO[a CIEAYEeT, YTO MoAyHeHHOe pa3io-
JeHHe CIpaBeIMBO TIPK BCexX I # 2kx. P

210. Pasxoxurs B pang Oypse dbyuzumo f: z r—»/ \/ ctg Idt L£z<

< Hpouanom{u bynguuy f, pasHas
z' z
(n]oce 3| -1 ]un 5[}

1
'o
fizmg

1
T2
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ABNSETCH 27 -TIePHONMYECKON (byHKIMel U Ha uHTepBanax 0 < |z| < 27 Moxer 6nTh NMpeNcTaBleHa
panoM Dypre. [[eHCTBUTEXLHO, HA OCHOBAHMH MpENHAYHIETO NPHMEPA HMEEM

. Iz m"COS"’L:I:
lnsmil——InZ—Z N sk, kEZ
n=1

o0
z|_ (-1)" cosnz
In cos = ——InZ—Z———n——, z# (2k+ )x.
n=1
Tlostomy, ecin z £ kx, k € Z, To
oy 1 N 1- 1-(=H" _ cos(2n — 1)z
f(z)-22:1 " cosnx = Z —

Wsrerpupya noiy4eHHHH psl HOWIEHHO, HAXONHM

f(e) = /Z cos(2n - Z 511(12(12111._—11

0 n=1

211. Kak cremyer mpomoaxuTh 3agaHHYIO B MHTepBaje 0, %[ HENpEPHBHYH YHKUKD f B
o
uHTepBal | — m, %[, 4To6H ee paanoxenue B pan Dypre umeno sux f(z) = Zan cos(2n — 1)z,
n=1
-r<z<7?
4 Ilockoasky bn, = 0, To dyHkuMs f — weTHasi, T.e. €€ CIELyeT MPONONKHTL B MHTEPBal
] — =, 0] 4ernrM o6paszom. [lanee, zameyas, YTO B 'JAHHOM Pa3lIOXEHMH OTCYTCTBYIOT WJEHHI
G2r, COS 21T, 3aKTIOYAEM, YTO

a2n=;2r—/f(z)c052nzdz=0, n €Z.

Pas6buBas 3TOT MHTerpa: Ha IBa MHTerpaia:
T E . T
/ f(z)cos2nz dr = /f(:c) cos 2nz dz + / f(z)cos 2nz dz
0 0 z

1 1
M MPOM3BOIA 3aMEHYy: B NTEPBOM HHTErpale £ = 5(1r — ¥), a BO BTOpOM T = -2-(1r+ y), noiydaeMm

™

]f(z)cosandz:til—)-i/(f(; )+f( ))cosnydy 0,

0

HINH
0

]f(:c)cosandz:-(-%)n‘/(f(%+%)+f(%—%))cosnydy:ﬂ
0

-

OTciona ciexyer, 4To
T

JGs(G-2)) o=

T.e. hynxmus ®:y - f (-’,‘,£ + ’21) +f (; - fzi) aBIgeTca HeueTHoi. OnHako pynxuna P odesmno,
YerHasx, mosromy P(y) =0. .
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Hrak, momxuo 6mry f (%) = -f ("—;l) , [yl < * Mam, ecu BepHYTRCA K MepeMeHHON T
no dopMyite z = %, fix-z)=~- f(z). CaenoBarempro, rpadMk Tak MOCTPOEHHOH QYHELMH

RoJkeH GHTb CHMMeTpUYHWM OTHOCHTEIBHO MpAMOi Z = 0, a TOMEK Z = £ JOKHM GHTH
IleHTPAMH CHMMeTpuy ero Ha MuTepbatax |0, #[ u | — x, 0 coorsercTBenHo. B

x x
212, ®yuruno fizr—z 5% PA3ICKUTL B HHTEpBaJe ]0, E[: a) Mo KOCHHYCaM
HE4eTHEIX AYT; 6) Mo cHHYCaM HEYETHHIX AYT.

<« 2a) PaccmoTpum 27-mepuonmueckyio dyHkuMio f*, koTopad B MHTepBate | — «, x{ onpene-
J4€TCA caenyomuM obpaaom:

f(=), ‘ecxm

0<z< 3,
P f(-xz), . eciau -;% <z <0,
’ (z-7)(z—-3), ecmm Z <<z,
(z+1r)£z+§;, ectn -m<z< -3

OyeBusHo, mocTpoeHHas (GYHEUHSA HeMpepHBHA B KakAOH TOUKE I MHCIOBOM MpAMON U HMe-
€T KYCOYHO-HEeNMpepHBHYIO MpousBoguylo. Kpome Toro, oHa 4yeTHa M ee xoadduunentn Dypre
d2n, n € Zg, paBHH HYIIO, TaK KaKk

™ ™
azn = %/f'(z)cos 2nzdz = %/f‘(z)cos 2nzdz =
- 1]

™

T 2 T
T (-2-—:5) cosZ_n:cd:c+;/(:c—1r) (I—E) cos2nzrdz =

s
2

il
NS
o\.NH

K Kl

2
2 n T 2 n T ‘ —
= ;(—1) /y (E—y) cosZnydy+;(—l) /(y— E) ycos2nydy =0
0

o
(3neCL HCIOJIB30BANNCH MOACTAHOBKY: I = § —yuHzr= % +y).

Takum obpasom, dynxuns f*, conamaomas s untepnane |0, 125[ c dyHxuuen f, MoxeT BHTHL
Ppa3noxeHa B pax Dypbe TOALKO 0 KOCHHYCaM HEYeTHEIX Ayr. MMeem

bp =0, azn_y = %/f'(z) cos(2n — 1)z dz =
o

z
2

=% /z(%—z)cos(Zn—l)zd:+/ﬂ(z—r)(z—g—)cos(Zn—l)zdz =

¢
2

N 2 4 (-1
—-—m(l‘}';m), ﬂEN.

Paznoxenus byurumit f* u f uMeroT BUA

ff(z)= —2”z=:1 (5;1_1_—1)2 (l + % -(-%;1_—)1)) cos(2n — 1)z, |z| < oo,

f(z) = -.2"2=:l (2n _1_ N (1 + rl(tg;z-l-? 1)) cosn—1)z, 0<z< ;
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6) Ilockonsky- B pasmoxenuu Pypbe JOMKHHE OTCYTCTBOBATH KOCHHYCH, To dymriusa f*, co-
BIafaomad B MHTepBate |0, %[ ¢ GyHEUMeH f, HedeTHa. Kpome Toro, no ycnoBuo, goakHo GHITH

x H "
bgn=%/f'(::)sinandz:;zr-/f'(z)sinandz+%/f'(::)s'm 2nzdz = 0.
[ [} ;

1
Ipoussens Bo BTOPOM MHTETpajie 3aMeHy T = ;(7 — y), a B TpeTbeM I = %(w + y), moxyuum

o =B [ (1 (5-) -1 (543))moner=o,

0

B0 [ (5-2) -1 (549 o=,

-

HIH

3 aByx nociefHUX paBeHCTB HaXOXMUM
bon = 3(—1)"+1 (f' (1—2) -f (£+2))sinnydy=0
g 2 2 2 2 ’

o

OTKYRa ClefyeT, uTo PyHRuus y — f* (E - %) -f* (12'- + %) verHad. Ho Tak Kak oHa eme M
HeYeTHa (MTo OUeBUHO), To f* (% - %) = f* (% + %), WM, BO3BPAMasiCh K NIEPEMEHHON T, MOMKEM

samucats f*(z) = f*(x — z). [eoMeTpHyecKH 3TO PaBEHCTBO 03HaYaeT, 4To rpadHk QyHxuuH f*
B uuTepBate |0, %[ CHMMETPHUEH OTHOCHTENBHO MPAMOH £ = 7.

Takum 06pa3oM, 115 MOCTPOEHKS Tpadbuka GYHRUHK f* ¢ yxa3aHHRIMM CBOMCTBAMM CIEfyeT,
BO-TIEPBHIX, TPahuK PYHKUMH f 3€pKaAbHO OTOGPABHTH OTHOCHTENLHO MPAMOH T = % B HHTEpBal

10, =[; Bo-BTOpHIX, Tak NMoMy4eHHEIH B HHTepBaie |0, # TpadMk GpyHKUMH f* 0TOGPAa3UTH HEUETHHIM
06pa3oM OTHOCHTENLHO ToukM ¢ = ( RaK-UeHTpa CMMMETPHH Bcero rpaduka B MHTEpBal | — 7, 0.
Toraa ans xoadbdunuertos Pypre moxymum

20 = an =0, b2n =0,

bon—y = %/f'(z)sin(Zn —l)zdz =
0

z (er- - z) sin(2n — 1)z dz + ;2‘_- (% - :c) (z —7)sin(2n — 1)z dz =

i
AT
o\.nlﬂ
NI*\.:

2(-1)" <1+ 4(-1)" ) nEN.

T o1y *(2n—1)

CnemopaTenso, paaroxeHve QYHKUMH f* HMeeT BUI

o 2=1)" 8 ,
Fly=Y ((Zn —7 + 7 = 1)3) sin(2n — 1)z, »

n=1

213. ®ysumima f anrunepHomuueckad C mepuomoM x, T.e. f(z + x) = —f(z). Kazoit
ocoGeHHocThIo ob6aagaer pax Pypbe 3T0M hyHEUMH B HHTEpBaAKNE | — 7, x[7
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< Hpennonaru, yro gaxHad QYHRUMA pasiiokuMa B pAN ®dypbe, C yHETOM €€ AHTHIIEPHOLH Y-
HOCTH, NOdy4aeM

ao = -—/f(z)dz————/f(r+1r)d:c -%Tf(:)dw—ﬂm

OTKYHla crenyet, 4To ap = 0.
Nanee, naxomum

T " 2r
1yt [
an = % / f(z)cosnzdz = --11; / f(z + *)cosnzdz = g——lz:——’/f(“)ms“’ dz = (-1)""an
- - o]

(smecw Mu wcnomp3osanu pabenctso f(z +27) = f(z)). CnemoaTeabHo, azn = 0. AHaJOTHiHO
yCTaHaBauBaeM, 4To by =0, n €N. »

214. 3uax xosdduuments Oypre a,, b, uHTErpuUpyemoit dyHxunn f, MMewllel repHOR

27, BREIMMCINTS KoapduuneHTRr Dypbe Gy, by, n € Zo, “cMemenHow” dyHkuuM z — f(z + h),
h = comst.

< YYUTHBag 27-TIEPHONIMYHOCTD M MHTErpHpYeMocTs byHkuMK  — f(z + h), umeem
w+h
Gn = ~ / f(z+ B)cosnzdz =~ / f(t)(cos ntcos nh + sin ntsin nh) dt = an cosnh + by, sin nk,
- —1r+h
w+h
bp = - / f(z +h)sinnzdx = ] / F(#)(sin nt cos nk — cos ntsin nh) di = b, cosnh — a,sin nh,
- —1r+h
n€N, G =ao. »
215. 3uas xosdduuments Dypbe ag, bn, 7 € Zo, uuTErpHPyeMoit dyHKIMM f ¢ MepHomOM
27, BRUHCIUTE ko duimenth Pypre Ay, Bn, n € Zo, dynxuuu Crexiaosa

z+h

1
falg)= o7 | f(&)d¢
5 |

[o.s]
g + Za,. cosnz + bn sin nzx ~ f(z)
2 n=l
27 -TepHONMYECKON MHTET PUpYeMoit GYHKIMH f, cOracHo M.6.3, MOKHO NOMIEHHO MHTEr PHPOBATS.
Moaromy, uHTErpHpYS ero mouxenHo 1o ¢ B Mpefedax oT £ — b 10 T« b, noaydyaem

< Pax dypre

(=]
ao Qn . bn . . _
3—+ E— (;’;smnhcosnz+ Esm nhsin nz) = fu(z).

Orciona HaxoguM Ag = ag, An = ——smnh B, = —sm nh. »
Paanoxurs B pax Pypre no nommouau I-Ieﬁz,unena
216. f:z 2% 2€]-1,1]

<« Mcxonum u3 o6mero npencrabaenus byHnruun pagom dypre:

z* =Ea,,T,,(a:), )

nz0
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rge an — ro3dpduunenTn PDyphe, nogaexamue onpenedeHuo. I HX BHYMCTEHHA BOCHOIb3Y-
. 1
eMci CBOMCTBaMH OPTOFOHAJBHOCTH NMoluHoMoB Ye6nmesa B uutepsate | — 1, 1[ ¢ necom T
-—

YMHoxMB 06e yacTH paBeHCTBa (1) Ha BecoByIo (PYHRUMIO M NpoxHTerpupoBad mo = €] — 1, 1[, B
CHIy YRa3aHHOTO CBOMCTBA M HEYETHOCTH PYHEUMH T ~ I°, MoAYYUM do = 0. [lanee, yMHOXUB

obe yacTu paBeHcTBa (1) Ha 1\/';‘4_3_); dz, m € N, u ripounterpuposas no z €] - 1, 1], naitnem
-3

1
22T (x) g = Xom
\/1 — 22 z= 2m-1"

&g BHYMCAEHMA MHTETrDaja BOCHOMb3YeMCH ABHHIM BHpaeHMeM nomuHomos UefrimeBa M
NpOM3BeNleM NOJCTaHOBKY arccosz = {. Torga momyuum
om g, ecti m#ELl m#3,
Gm = —-—/cos3 tcos(mt)dt ={ 7, ecan m =1,
1, ecaw m=3.
Taxum ofipazoM, z° = %Tl (z)+ Ta(z) Vz €] -1, 1. »
217, fiz -zl z €] -1, 1L

4 Kax u B npennigymem npumepe, npeacraBigeM makHylo dyHxumio B Buge f : z +— ag +

Ld
1

3" 4,Tn(z). TlocaenoBaTensHo yMHoKas 06e YacTH 3TOrO PaBEHCTBA Ha i M HHTErpUpYy4 1O
-

n=1

z €]—1, 1], a Takke yMHOKAR Ha %ﬂ; M MHTerpupys no z €] -1, 1{, monyuaeM (nons3yscs npu
-3

3TOM CBOMCTBOM OpPTOTrOHAJIbHOCTH HOIIHHOMOB):

|z|dz __2 zdz 2

m \/1—:52‘ T’

= / |z] cos(m arccos z) = ———/lcostl cos(mt) dt

VI=12
T
7
2m/ cos(mt) dt 2m/ t cos(mt) dt > me ™
= -— [ costcos(m - — [ costcos(m = ml €0s ——
T J T 27-1__—"?5-, m;él.

M

Hrak, npr |z| < 1 uMeem
k+1

2 o
t7 ; Tzk(z) >

|zl =

=I|ro

Paznoxcuts B pax Dypse no noaunoMau Jexangpa Gbyurimm:

218.

fizem 0, ecan -1<z<,
: 1, ecak 0<z<]1.

< Mmeen f(z) = i i Pi(z). Hostomy

k=0
1
1 /Ph(t) dz:
'o .,‘.(«,y .
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1 .
2k+1 [ 1 df@® 1) gp 21 dk=1(a? — 1)
=% J PR dF TR dg |

1
4 = % / £(z)Po(z)dz = % keN.

d""l :2_1 k 1
Ocraercs. BEIuMCIUTS ——ﬁl—.x—)—

. Ouesupno, npu awbom k > 1 B Touke = 1 210 BH-
0

paXkeHHe paBHo Hymio. [l1% BEIMHCIEHUA 3HAaYeHMs ero B Touke r = ( BocnomsayeMmcs Gopmyiroi
6unoma Hriorona:

(k=1)
((I2 _ l)k)(k-—-l) - (Ek: CL(—I)lzz("")) -

i=0

gk
E (1)} @k —20)(2k — 21 = 1) ... (-20+ k+ 2" (1)

Hs sToro cooTHoeHUs crefyer, uTo ecln k — MMcIO yeTHoe, To Npu T = 0 cymMa (1) paBHa
Hymi0; ecan k = 2m + 1 — uMCIIO HeveTHoe, To B Touke T = 0 cymma (1) paBHa

Cothi(=1)"2m(2m - 1) ... 3 2.

Taxum o6pazom

_ (4m +3)(-1)™(2m)!
2m+2ml(m 4 1)!

m € Zo.

CuepoBaTensHo,

fe) = % Ny (CO"@m gm0

22m+2ml(m + 1)!

219. f:z |z npu |zj < 1.

« Kak u B npegrymem npuMepe, 3anuieM

z):iak}’k(r), ax = g"fi-l'/| | Px(z
k=0

IIpn k = 2m + 1 uMeem 82m¢41 = 0, Tak Kak B 3TOM clIyvae NMOOHBIHTerpaldbHas QyHKUHA
neverHas. [Ipu & = 2m nopguHTerpanbHas GYHEIMA YeTHA, NOITOMY

1
! _ 4Am+1 d*™m (2?2 - 1)
G0 ==, O2m = z pr dz =

2 22"‘(2m)!
0
_ am+1 < d2m—l'(22 _1)2m 1 _ dzm-z(zz __1)2m !') _
7o 2m)! T | e N
im+1

= 22"‘(2”&)!((:2 - 1)2111)(27»—2)

Aﬂwor!;'mo NpogelaHHOMY B NpHMepe 218 MoxeM 3amMcaTh

((2? = 1™ D g = (=)™ O (2m - 2)1.

=0
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HT&R, OKOHYATECIBPHO HMEEM

_ f: (=) (4m + Dom =2t |, ) >

2™ (m — 1) (m +1)!
m=1
Pasnoxuts B pag Pypre mo noaunomam Jareppa Ln(z) npu z > 0 caenyiomue pyHELUMM:

220, f:z e

« TIpencrasum ¢yHurumio f B Buge f : z +— z anLn(z) ¥ McrodB3yEM OPTOrOHAJIBHOCTH
n=0
noannoMoB Jlareppa Ha z > 0 ¢ Becom e~ *. [Ipn n > 1 nonyuum

400 4o
n n_-—=x
an = /e_z(H")Ln(z) dz = % / e'“*i—(%-—)dz =
o 0

R e i1

n! dzn—t

+°° n-—1 —I
0 T

0

I'Iponomxa.x HHTETDHPOBAaHHKE 10 HaCTIM, HaXOOUM

=_/ n —(l+o):

IIpuMenss x mocrefHeMy HHTerpany TakkKe METOX HMHTErPHPOBAHHA MO HacTAM, NOCHE R—TO
mara noixyyaeM

400
a” —(14a)z a”
Ap = ———— e dr = —————— n€N.
T (e / (1+a)m+1
0
IIpuHMMas BO BHHMAHMe €Ile, YT Go = H-;a’ OKOHYaTedbHO UMeeM
1

f(#)= ,,Z% (l—ila)—nLn(z). >

221. fiz— 2z 21
4 Hmeem
4+

ao = / "¢ " dz = n!,

0
oo k~1/ k_ —zx
- / S K Gl PR

ag =

+o0 P

l o dk(zke—:) s — l_ zndk—!(zke—:) +

dz* TR dz*-1 dzk-1
[+] [+]

-k n(n-l)...(n—k+l)/ "—"'dz———( ~an~1)...(n-k+1), 1< k< n.
Ecau xe k > n, 1o a‘;. = 0. Taxum o6pasonm,

f(z) ‘ E( 1):, H((n) il >
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Pazmoxurs B pag Pypre mo moxunosam YeSumesa—3pMura crenymomue hyHRIMM:

222. f:z»—»{ -i: 2:%

« Hanumewm ncroMoe pasnoxkenne B BHAE

Zaka 2),
k=0
rae
+00
1
ak=j—2—_r-/ 5 f(z)Hi(z)dz = \/_/ T Hi(e)dz + —e / T Hi(z)dz,

ao=0, keN,

[Moas3aysach ABHEM BEpaxeHHeM noauHoMoB Hi(z) M NPoM3BOAS B MEPBOM MHTErpale 3aMeHy
T Ha —r, moay4yaeMm

12

_1a(oH 7"’*(‘*'7)@: Uy (.5 )‘* )

V2r dz* V2T

z=0

z2

(k=-1)
1 BRIYMCIEHHS BHpaKEeHUT (e_T) pPaccMOTpUM DYHKIHIO % : T — ¢ 2 .Bags mpo-

=0
M3BOTHYIO, 3aM€YaeM, 4TO oTa (YHKUHUK yA0BIeTBopseT AupdepeHuMaIsHoMy ypabHenuo u'(z) +
zu(z) = 0. [Ipumenss r sTomy paseHcTBy dopmyay Jei6HHuia, nonyHaeM

n-1
@)+ Y CEe®u(@)"H =0,
k=0 )
Honaras agecs £ = 0, umeenm peryppentHyio bopmyay u™(0) = —(n—1)u(*"2)(0), n € N\{1}.

Tockoneky u(0) =1, u'(0) = 0, To orcioga Herpymno moayunts w2 (0) = (—1)'(2l = 1), 1 € N,
@+ () = 0.

Taxum obpasom, ecan k = 214+ 1, To azi41 = (—1)"“\/%(21 -1)1eNa = —\/g; ecnu
xe k=2, To az = 0. .
CrenobaTelsHo, OKOHYATENBHO MOMXKEM HAMHKCATD

0

_ (=t
flz)= gmﬂuﬂ(z). >

223, f:z izl

4 Kax u B npeaupymen npumepe, HMeeM

400
BN R L Rt S T e
Gk = Var /2(6 ) dz = e (e ) , keN\{1},

_ (cDiEr- )
= P

400

/ e i
V2

[ .

azi-1 =0, an

leN,

|zje” 5 d =

ﬁl“

1
v 21'

8\.'5'
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TlosToMy pasmoxkenme npeacrasisercs B nlme
- (=)@t -2)
|$|.—\/_ Z 1_2(1_1'\/—H (1-') »
224. f:z v e™*,

4 Buuucanm ko3 PHIUMENTH Pa3TokKeHHs

HHTerpupys no yacram, nolyyaem

+oo o _an(k=1)

1 22\ (k-1) 22
ay = —— | e™* ("2 4a | e e T dr |,
Ver
—0 o
WIH ag = adg—. [lolarast B 310l pekyppenTHoOM opmyne k = 1, 2, ... W IpHHUMas BO BHHMaHHe,
410
+oo 400 _a_z +oo
- - = 3
\/ 21r
-0 -0
noxy4yaeMm

42
ak=e2a", k€.
Takum o6pasoM, OKOHYATEIBHO HMeeM

YnpaxHeHES {14 CAMOCTOSTENBHOR paGoTH

Pasnoxurs B TpHroHOMeTpHYecKHiT PAR Pypse cnenyxomue byHRUHH:
120. f:z+— 2245,z €]~1,5. 121. f:z —sin7’z, z €] -1, 1[.

1

122. f:z + sgnsin 2z, ze]—;,;[ 123. f:z — cosz, £ €]0, 1].

124. f:z—cosz, z € {2, 3]. 125. f:z — arcsin(sin2z), ¢ €R.
126. f:z — €™ “*“(cos(2z — sin z) + 2 cos z cos(sin £)) — cos z.
127. f:z— e~ “**(s5in(2z — sin z) ~ 2cos z sin(sin z)) +sin z.

+ o0
128, f:z+— E e""‘(""")z, a>0, z€R. 129, f:zv—»sinzln(Zcos%).

n=-—o0

T
130. f::c»—»cos:cln(2cos§). 131. f::r:v—»fle"'2 dt,z €)=, x[.
0

z

132. frze [ 22041, 2 €)1, 1]
0

§ 7. CymmmnpoBanne psfoB. Bruncienne
onpeieJIeHHLIX MHTErPAJIOB C IIOMOMbIO PSAAOB

7.1. HemocpepcrBeHHOE CYMMEpPOBAREE,
IIyctes TpebyeTca mMpoCyMMHMpPOBATh CXONAIIHKCE PAX

o

Y tn, wn €L B ¢

n=ml
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IpencraBaseM 4n B BHAE 8 = Un4] — Un, TAE Ung1 = Sn + v1, (Sn) — NocaemoBaTeabHOCTh
YaCTHYHHIX CYMM RaHHoro paga. Torma, ecin lim v, = v, TO

n—oo

o0

E tUp = lim Sp = vy — 1.
=00

n=1

B tom cayuae, xorga o6muit uneH paia MMeeT BHX

1
U = ——————, . ER(C),
Anlntl --. Cngm
THE @ntk = an + kd, k =0, m, d = const. To
1 1

U = —_—
md Brlntl --. Enpmel

7.2. Merox cyMMEpoBaHMS PA0B, OCHOBABHHI Ha TeopeMe AGens.

Tycrs pan (1), n.7.1, cxonutca. Torma ero cyMMy MoXHo HaMTH Mo ¢dopMyne

0 0
. n
E tp = lim UnZ .
z—1-0
n=0 n=0

7.3. CyMMupOBaHAe TPHrOHOMeTPHYECKHX DANOB.

0
n iz
E Upn2 , 2==e€ ,

Ecnau cymma cTenenHoro papa

n=0
usBectHa M pasha C(z) + 15(z), To
o0 o0
Euncosnz = C(z), Eu,.sinm: = 5(z).
n=0 n=1

Yacro 6HBaeT MOAE3HHIM PAX

o0
¥4
E—;: z, Inl=0,

cxomamuiica npy |z{ € 1, 3a HCkMoUeHHeM ToukM 2 = 1.
HalTu cyMMH pAIOB:

1 1 1
225. 1-2-3+2-3-4+3-4‘s+""

« HerpynHo BupmeTs, uTo 06IMHA HIEH 3TOTO PANA U, PaBEH ml)—(rﬁ'ﬁ’ rxe uucna n, n+1, n+
2 06pasyT apMdMeTHUYECKYIO TporpeccHio ¢ pashocTeio 1. [losroMy, coraacho 1.7.1, moxyvaem

n—0o0

1 .
=2 sma e Ty = Am
n=

N N U = n. H L 2 lim o= =1
e vp = —3 "(”_H),lm = 2,1a,. =n. Hotar kak v = —¢, a "h_x’noov,. =0,To S=3.p»
1 1
226, — - — 4 -~ ——+....
1.2 2-3+3-4 4-5+ "
4 O6muit WwieH DaHHOro PANA Un = % CnegoBaTenpHo, O MPU3HAKY CPaBHEHMA, PAX

a6CoOTPOTHO CXORMTCH, MO |tin| ~ -3— TIpK 7 = co.
Paccmorpum crenennoit pan

ki n+l

f(2) = X;——n(f. s
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OtoT pan aGCcoMOTHO CXOTHTCA MpH |£] € 1 M, Kak ;OGO CTeMeHHOH PAN BHYTpH HHTepBala
CXOTHMOCTH, HMEET NMPOU3BOTHYIO
o
n
T
= E —=ln
n
n=1

NHTerpupys o6e 4acTH MOIY4YEHHOro PaBEHCTBa, HaXOMUM
fz)=(01-2)ln(1-z)+z+C.
ockonsky f(0) =0, To orciona crenyer, uro C = 0. Urax,
f@)=(1-=z)ln(1-z)+=.

Kax Bunum, 3ageck BoaHe MPUMEHUM MeTO, CYMMMpPOBaHMus pifoB Abena (cm. n.7.2). TlosTomy
HMeeM

e £ 51

S O™ S L e - = 22—
2 means i AT = x__-H_O((l z)ln(l —z)+z)=2ln2~1. p
n= n=

n
227. 2 (n+1)(n+2)(n+3)

« [lpeacrapass QaHHEIH CXONSI{HHUCS PAX C MOMOLBIO METONA HeONpeneaeHHHX koadduLmneH-
TOB B BHJE paaHocm HABYX CXOASIIMXCH pxnon'

x
n 1
§= E (n+1)(n+2)(n+3) 22 n+2 )(n +3) —EZ_: n+1) n+2)

NpPHUMEHIEM METOJ HEMOCPENACTBEHHOIO CYMMHpOBaHMA. [[ad Ka)KAOro M3 OBYX NMOCIENHUX PAROB
HMeeM

N

.5 ey = (D4 (D) o+ (e ) =

n=1

N
dn > ermers — i (G5 + G-D+ -+ (7 -7r)) -2

1
CrenopaTensHo, S = el g

= 1

« [Ipec6pazoBuBas YacCTHUHYIO CyMMY Sn pAfia kK BHILY

n n n m n+m
1 1 1 1 1 1 1 1 1
5"—;,72(;-?:,:)—;(; rklm)-;@r z>’

nojiy4yaeMm

1 1 1
229. o tya s tEe o

<« Tlpusons maHHmIt pax K BHAY

1 1 1 1 1 1
E((ﬁ"ﬁ)’L(ﬂ—Z-_s)"'"‘)fis’

rge S — cyMMa paga, pacCMOTPEHHOro B NpHMepe 226, modyyaeM

1 1 1 . 1
1-2-3+3-4~5+5-6-7+"‘ —ln2—§.>
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230.§:n211
n=2

« [Ipeo6pasoprisast pag x BHILY

=~ 1 = 1
S_an—-l— n(n+2)
n=2 n=1

3
M HCTO/IB3YA peayabTaT MpuMepa 228, Haxomum, yTo 5 = 7. P

231. ann‘l

< Paanarax o6IIHit YieH pAga Ha NpocTHe KpobH, HaXO@UM
-1 (1 1 ) 1 3

m2(n+12  \n a+1/ n2 (17
Mockonsaxy
n(n+1) 7’ nz " 6’ (n+12" 6
n=1 n=1 n=1
TO -
2n—-1 2 2
=7
an(n+l)2 37
n=1

= 1
232.2;55;:37.

« [Ipepcrapasgs vacTuyHyo CyMMy S, pAfa B Bufe

2 /1 2 L 1 1 fladg
2G-S G- (- 2
Sn Z(k 2k+1) Z k 2k+1+2k Zk

k=n-+1

= k=

H nosp3yAch GopMyaon 1+ %+ +% =Inn+C+en, €n — 0, n — 00, HaxoguM S = lim Sy =
n—c
21-n2). »

233. }: "+1

| )J,'mpqxepeﬂuupyx CTEeNeHHOH Psx

= (22)"1! .
BT e

n=0
MOYJIEeHHO, MoJyyaeM ;
o0
+1_n
n+1)2"g
(2:ce2')’ = E ——-———( )' ,
-l
n=0

OTKYHa, NMojarag r = 1, HaxoguM

234.%° 1
D
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« O6muit yxen psaga pasilaraeM Ha NMPOCTHIE APOGH:

1 3 3 1 1
RCT NIy o i P Y e S R P YA
1 =3 1 1 1

Tt T It d) T AR At R

CyMMHUpys pARH

=1 3 w1 o= 1 -
D [ Ok S MEEDSL S i

=1 n(n + 2)

’

e

‘II'
—=_1-
6

OKOHYaTelIbhHO HAXOOHM

- 1 __7r2 39 >
;nZ(n+1)2(n+2)2 416
(=1)"n_
235. 2 )

L | BaMe‘laa, YTO 3HAYeHHE CTEIIEHHOIO pdAda
1 n 'Zn+1 1

( 1" 2n+1 ( ln 2n (
Z (2n+ 1) Z Tany 2 (2n+1 5(“05:_511”) 2] < oo,

npu £ =1 coBnagaer ¢ JaHHKIM YHCIOBHIM DA/I0M, HMeeM

2(2n+1)‘ (cosl-—sml)

236. 2 oy + -
< Paanarax npobn m Ha TIPOCTHIE, MOXKEM HAIMCATh, YTO
i( 1)nznl Z(lnn—l Z(lnn+2—
n4n—-2 n~1 33 n+2
n=2 n=2
1 2 3
—‘-—1n(1+a:)—§—z-—( ln(1+t)+a:-——§—+3> 0< |z} < 1.
Orciona, npuMeHsis TeopeMy Abensi, HaxoguM
(=)= 2 5
==ln2-—.p»
22n2+n ' :-.1 ozn2+n—- T 18
n=
237 Z( 1) (2n + 1) 2".

n=0
< l'IpenCTannxs RAHHHI PAX B BHAC CYMMH JIBYX CXOQAIIUXCH DANOB:

S(z) = 2(2 L' ’"+Z((‘2:2, le) < oo,

M 3aMeYadq, YTO CyMMa BTOPOro paja panua CO8 T, BHIMMCIAEM CYMMY IepBOro psfa

fz) = Z ((2n = z¢(2),

. Umeem
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e
oo
_ (_l)nnIZn-—l
p(x) =) G D)
n=1
WHTerpupysa MOUIEHHO 3TOT PAX, HAXOMUM
z
g 2n-1
T n—-t T
)dt=—=Y (=1 = - ,
0 n=1
oTkyma ¢(z) = —% sin z — Zcosz. Cruenosarensno, f(z) = —Z(sinz + zcosz), a

&

2 T .
S(z)=(1-+ cosz—-2-81nz,|z|<oo.>

238. Z e
| Hycn, z > 0. Tlonaras z = y°, uMeen
e 2 n * 2, 2n
n‘z n‘y .
— —_— =S
> @2n+1)! Z(2n+l)! u51(v),
n=0 n=1
n2 2n+
rae Si(y 2 (2n+1), . MHTerpupya 10T pAN NMOUJIEHHO, IToTydaeM
4 ad 2n—1
y ny y
Si(t)dt =<2 —_==8 . 1
0 n=
e
> 2n—1
ny
S =
=) (2n+1)!
n=1
AHaJOTHYHO HaXOIUM
¥ o0
1 " 1 :
= - ———— I — -_— . 2
/Sz(t)‘“ 22;(2n+1)! 75 hy — ) @
0 n=

Iuddeperunpys o6e qacTu papercTsa (2) no y, HaxomuM dynxumnio Sz. TouHo Tak xe Haxo-
muM pyHRuMo S; U3 ypaBHeHus (1). OxoHyaTeanHO HMeeM

Y 1 shy/z
S(z)=§m=z<(z+l) \/\é_—ch\/;), z >0, S(0)=

(sameruM, 4TO B Touke z = 0 mpaBad 4acThb 9TOH GOPMYINHI, Ha OCHOBAaKMM TeopeMH AGend, paBHa
eé npeAeNBHOMY 3HaYEHHIO NP z — +0).

TIpu z € 0 BEIMOTHAEM aHaJOTHYHBE BHKIANKH. B pesyibraTe MPUXOMMM K TaKOMY OTBeTy:

oo

S(I):Z%:i((z+l)%{-cos —-I),I(O, S(0)=0"

C TIOMOILIO TOWJIEHHOTO mucddepeHUHPOBaHUA HaliTH CYMMY PSOB:

( l)n—l 2n
239. Z n(2n—1)

n=1

ne=l
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« [Inddepenipys RaHHBIH PIR NOYAEHHO [BAKAH (B HHTepBaJe CXOMMMOCTH CTENEHHOH PAX
MOXHO MOYIeHHO I depeHIMPOBaTE Tn6oe YUCIO Paz), HAXOAUM

f”(:) = ZZ(_l)n—l :2(11-1) -

n=1

Izl <1

1+ 2%’
Orcioga MociaeoBaTeNbHAIM MHTETPUPOBAHMEM TI0 T ABaKIbl NOMYYaeM

f(z) =2arctgz + C1, f(z)=2zarctgz —In(1 +z°) +Ciz + Ca.
Tlockonsky f(0) = f'(0) =0, o C; = C; = 0. CreposarensHo,

x (_l)n—11.2n 2
Zl "2n=1) =2z arctgz — In(1 + ).

ITockonbky mAHHEIN CTEMEHHOM PAX CXOMMTCA Ha KOHLaX HHTepBalla CXOAMMOCTH T = =1, To,
COrIaCHO TeopeMe A6ens n HEeNpPEPHIBHOCTH HPaBOi’( YacCTH, MOXeEM YTBEpPXIaThk, YTO INOCIETIHEE
COOTHOLIEHUe CTpaBefauso npH |z| < 1. »

240. i (_?linlll’_zi

n=0

« O6o3Havad cyMMy aToro pana vepes S(z), |z| < 00, M MHTEr PHPY4A PA MOYIEHHO, MOy YaeM

/S(z)d:c =i’”

n=0

2n41

+C=:w:’2 +C.

Iuddeperuupys no £ ofie 4aCTH ITOTO paBEHCTBA, HAXOAUM

2
S(z) = (1 +25%)e”, |z|< . P>
Hcnonssya Meton A6ens, HallT CyMMH CIELYIOWMX PAAOB:

1 1 1
241. 1_Z+7_E+”"

4 PaccMorpum crenennon pag

Jlerko Haittu, 4TO OH cxommrcsa abcomiotso mpu |z} < 1. [Jazee BumMM, yTo B Touke T = 1
CTeNeHHOM PAX COBNAJaET CO CXONAmMMMES (B cHiy mpH3Haka JleHGHMLa) TAHHEIM YHCIOBEIM PATIOM.
CrepoBaTensho, no TeopeMe A6end, 6yaeM uMeTs

1 1 1 .
l—z+7—1—0-+ -x_].l..rln_OS(:z:)
Ocraercs waittn S(z). Mucpdpepenimpys pan mouitenso, noxyvaem
- 1
J — n_3n _
S'(z) = 2(-1) = lel<t,
OTKyfa
dz 1 14z
Siz)= | ——= arct +C
=) /1""-‘3 RGETES) \/- 5 \/_

Nockoasxy S(0) =0, 10 C = 7"- CrepoBarensHo,

S(z) = —atr ucg =
\/——_z+—~/' Tt

IlosTomy oxoHYaTeabHO HaxomauM 1 — ;+ ;— ;%+ e = %ln2+ VR »
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1-.3 1-3.5
42.1-14L13
2 2t 72 7%

| Hocxonbxy npu |z| < 1 cnpaBemauBo pastoxenue (cM. dopmyny IV,§ 5)
_l (-1) (Zn -1 5,
oatyh o 3 I,

M KaHHHIH YUCIOBOM pAf, B CHily NpuaHaka Jei6iuia, cxoqurcs, 10, no Teopeme Abens, noxyyaem

1.3 1-3.5 . -l 1
-3 tig-rasto =m0 =0
11 1.3 1
243‘1+§'§+2 15t

4 CxopuMmocTh 3Toro psAfa nokasaHa B npuMepe 167. Tam sxe MBl MOXYYMIN pa3NoxKeHHe

Zn - 1) prios
z+2 I 2n+1)-arcsma:, lz] €1,
M3 KOTOpOro cienyer, uro 1+ ;— §+ ;;'-5-+ el = ’2-1 [
HanTi CyMMH CleiyiomMX TPUTOHOMETPHECKUX PSAHOB:

x -,
2 4 4 Z sinnr
w
n=1
< PaCCManMBaeM 9TOT pAN KaK MHMMYIO YacCTh CTEIIEHHOTO psina

z_z__ ( ) z=¢% 0<|z|<m,
o 1-2

rfie nox In z monnMaeM Ty ero BeTBb, X% koTopoit In 1= 0. Torxa Gynem HMeTH

S(z):i-s-i-nn—ni=1mln(l

! )-—arct ! =
-z gt K

z
n=1 gz
x (t T . T 3'—;—5, ecan 0<z<m,
= —Sgn g—)—a.rcg(tg—): o
2 2 2 —12—1, ecmn —w <z <0.

Mockonsky dyuxuus S 2r-nepuomuyeckas u S(kx) = 0, k € Z, 10, MCnONB3ys MOCIETHUH
pe3yIbTaT, MOXEM HalUCATh, YTO

S(z) = { .Qb'—lz)ii, ecmn  2kw < z < 2(k + 1),

0, eciu = 2kx.p
o
n COSNT
245. ) (-1) g
n=2
4 PaccMaTpuBag pap Kak JeHCTBUTENBHYIO YaCTh paia
an—l’ e", —r<zsT
n=2

MO’KEM 3anHUCaTh
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IIpu ycrosun, 4To z # —1, NMOCAETHUN pAN NMPEACTABIALEM B BHAE CYMMH NBYX CXOTAIIMXCH
PsnoB:

> =i ET Y CT o (s - - RO,

n=2 n=1 n=.'§
CaepopateasHo,
0
(=1)"cosnz 1 z In(l+42) 1 ( 1 . ) iz
e =—Rel|zln(l14+2)+1~->—-"—-—2}=={1—->cosz —sinz e ~1.
Z n? —1 2 (1+2)+ 2 z 2 2 ! 7
n=2
3aMeTuM, 4To orpaHHueHHe €'> # —1 3hech MOXHO CHATh. [lelCTBUTeNBHO, eciM €'F = —1,
o0
1o cosnz = (—1)". Ipu sToM monyuaeM 4uucroBoi pan E ;fl_—l, PaBHHIH % (cM. mpumep 230).
n=2
Kpowme 1oro, ecan cosnz = (—-1)", 10 % (1 - %cos T — z5in z) = %. Hrak,
0
Z " cosna 1(1 -l-cosz—zsin:c)
2 2

n=2
Yz € [-—‘A’, 1I’]. Hanee, B CUMIYy ZW-HCPHOJIM‘{HOCTM CYMMH 3TOr0 pAfa, 3HaYeHHUd NOBTOPAIOTCA. P
0
246 Z cosnzr
. YRR
n=0

« Jlerxo HaxomuM, 4TO

oo}
cosnz :
E —— =Re E 2 =Ree® =Ree ™8 % = ¢« cos(sinz), |z]< . »
n!

n=0 n=0

Haitru cyMMul crenyiomux pagos:
= (=1 2m
247. Z —(—2—11—5!—-—(21)
n=1

« [Tuddepenuypys sToT pan mo r ABaxAH (B MHTepBale cXogUMOCTH |z| < 1) M yMHoxas
BTOPYIO NPOM3BOAHYIO €ro Ha 1 — £°, mocile HekoTOpHX NpeoGpa3oBaHuii pAnoB nonyyaeM mudde-
peHUManbHOe ypaBHEHHE OTHOCHTENLHO MCKOMolt cyMMEul S(z) paga:

(1-2%)8"(z) —z5'(z) -4 =0.

Npouspons B HeM 3aMeHy HE3aBHCHMOTO NEPEMEHHOTO I TO hopMyle t = arcsin z, NPHXOTUM K
ypaeHenuio S"(t) = 4, u3 koToporo HaxoauM

S(t) = @4+ 1t + C2, €, C2 = const..
Tax kak S(0) = 5'(0) = 0, To oTciona noayyaem
$(z) = 2(arcsin 2)*, |z| < 1.

Hertpynso naiiti, yTo uncaoBoit paj
i (@ =Y 4

A\ Udr L2 IV LS

(2n)!

n=l

ABASIOMMIACE 3HAYEHHEM [aHHOTO CTENEHHOro paia NPH z = 1, B cumy npusnaka [aycca, cxo-
ourcs. A Torfa, mo TeopeMe AGens M Ha OCHOBaHMM HENPEPHBHOCTH byHMEUMH z — 2(arcsin z)?
Ha cermMexte [—1, 1], MOMKEM YTBEPKAATH, YTO S(z) = Z(arcsm z)? mpu |z| 1. »

]

1!
248. =5 TErET T EIET T T
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o« IIpexne Bcero ycTaHaBaHBaeM 061acTh CXOAMMOCTH. [In4 sToro, saMeyas, 4T0 OGMMI YXeH
PAM On = oy +2) Nerey ik # —k, k € N, Haunnaga c Hexoroporo JOCTaTOYHO Goanoro HOMepa
MMeeT OTnpejleTeHH It 3HaK, MpuMeHseM npusHak [aycca. Hueem ——+—- = 1+

an

B CHIIy TIDHBEeHHOro NpHU3HaKa, CIeyeT, YTO PSR CXOMMTCH TOIBKO NPH T > 1
Haitnem Teneps cymmy S(z) manHoro papa. C 3Toif uenbio mpefcTaBuM oGmMiA YlIeH pPsla B
sule

n(nﬂ) Orclona,

_ 1 n! _ (n+1)! n
an_z—l((1+z)(2+z)...(n—1+z) (l+z)(2+z)...(n+z))’ eN\ {1,

¥ BHYMCIHM YaCTHYHYI0 CyMMY Sn(z) paccMaTpuBaeMoro psna:
1 1 2! 3!
S = -
n(z) z+l+z—l((l+z (l+.c)(2+z))+

! _ ’ 4!
+ ((1 T2+ (1+1:)(2+z)(3+1:)) +

- ( n! _ (n+1)! )) -
1+z)2+z)...(n-14z) (A+4+2z)2+1z)...(n+2)
1 (n+1)! _ 1 (n+1)an
Tz-1 @Z-)(1+2)2+2)...(n+z) z-1 =z-1
Ilockoabky pan CXORMTCH, a 4iIeHH PANA IOJOXKHUTEIbHE M MOHOTOHHO yGHIBAaIOT, TO, B CH-
ny npumepa 13, cnpapengnuso cootHomende lim (n + 1)an, = 0. IlpuHumas ero BO BHHMaHKe,
noy4aeM "

S(z) = lim Sn(z) = —1—1 z>1p

N 00 r—
= ]
1
249, & ! 22 ... TIPH YCIOBMH, YTo Zz > 0, a 0 M pa _——
a2+r+az+zas+z+ Py ’ > 0 an > an:lan
n=
PacXonsIiunCs.
« Ilpencrapnas o6muit uieH bn(z) pana B Buge
ai1a2 ... Gn
b z)= - =
»(2) (a2 +z)(az +z) ... (@nt1 +7)

_ l a1az ...0n - 2182 ... Gn4l n
Tz ((a2+z)(a3+z)... (an+z) (a2+72)... (a,,+1+z)>’ €N\

HaXOJHM YacCTHYHYI0 cyMMy Sn(z) maHHoro psma:

a1 1 Cilaz a1a2a3
Sp(z) = b ( -
(=) az+z+z( az+z (az+:)(a3+z))+
( 16203 1628384
(

az +z)(as +7) (az +2)(as +z)(as +z)) Tt

+ a1G203 Gn _ G142 Gn41 -
(a2 +z)(as+z)...(an+2z) (a2+2z)...(an41+72)
a + _1_ ( did2 @182 ... Gn41 ) . neN\ 1.

_a2+:|: T

a2+z  (a2+z)(a3+12) ... (an1 +7)
Tax kax
( a2G3 -.. Gn4l _ 1 < 1
ﬂ'z+z)(a +z ant1 +1) =
AT ) (2 () TR

q=2
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H PAN C NOJOXKHUTEIbHBIMH YJA€eHaMH MOXKET PaCXOMHTLCH TOABKO K GeCROHe“[HOCT", TO
. aiaz ... Gnti
lim . i

N0 (az +I)(Gs +I) vee (an+1 + .'L‘)

Caemoparensno, S(z) = lim S.(z) = 51-1 >
n =00

=0.

2 . 4

250, —= z AN
1—:2+1—z4+1—13+

« IlpencraBnsas 4acTH4YHyIO CyMMy psfa B BUfe

1 1 1 1 1 1 1

Sa =-( - ) ( - ) (——————-))=

(2) 2(1—1 14z + 1—z2 14122 + + 1-22" 14"
_l( 1 +( 11 )+( 11 )+
T2\1~-z 1-22 14z 1—z* 1422

" +( 1 1 ) 1 )_
1— g2 1+z2n—1 1+I2n -

1 1 1 z’ z zzn-l 1
_5(1—z+1—12+1-—z‘+1~—za+“'+1-:':2" T 14z )
nonyvaeMm
1( 1 2 1
‘9"(I)=—2-(l—I+Sﬂ(I)—l-—I2n+1 “1+I2n>|
OTKyIa
1 1 2"
Sp(z) = - - .
@) =1 - T3 1o
Tostomy, ecnnt |z| < 1, 1o lim Sa(z) = ;2. Ecmx xe |z| > 1, 10 lim Sa(z) = 1=.
n=—e0C L md > o)

CremoBareabHo, CyMMa paia

=, ecm |z| <1,
1—1;, ecn [z| > 1. »
n+l

= x

« PaccmartpuBas wactmunyio cymmy Sn(z) pama

z? 1 z
5= iy (rs * e

2 n-1
+ o A Fo+ il
(z2+z+1)(z3 +22 +2+1) A+z+...+z7DN(14+z+ ... +27)
M 3aMedvas, 4TO

it __l+:4;+...+:p;"_1 1+z4+...42"*
Q+z+22+ ... +zD14+z+ ... 42" 14z4+...42" 14z4... 4270
"E‘N\{l})
nonyyaeMm
22 14z+4..+z"" z? 1—z"
Sn(z) = = .
(1-z)* 1+z+ ... 427 (1-z)2 1~z
Orciona crenyer, uro ecau |z| < 1, 10 S(z) = lim Sa(z) = (—‘-:’—’—)—,- Ecax xe |z| > 1, To
N0

S(z) = lim Sn(z) = 7=5y7» TRe S(z) — cymma paga. »
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C MOMOIIBIO Pa3I0XKeHUS MOTKHTETPaIbHOM PYHRLUMM B PAN BREIYMCIMTE CAENYIOLIME HHTETPa-
AR

1
In(z++1+z2
252. /—(-—'——dz
T
« Tlpu |z] € 1 cripaBenauBo pasmoxeHue

)*(2n — 1)iz?7H1
ln (” 1+’2) _I+Z 2n)!!(2n+1)

(cM. npumep 168). Paspeaus mounenHo stoT pag Ha z, £ # 0, ¥ NPOMHTEr pUpPOBaB €ro B Ipefenax
or 0 mo 1, moayuum

0 n=1

/ (z+m) i 1"2n—1)

1
253. /zp—l In(1 —z%)dz,p> 0,9 >0.

« [JaHHHH HHTErpax, BoobIe ropops, ABIAAETCA HECOBCTBEHHBIM, IOITOMY
1 l—eq

/.1:1”_l In(1—-z%dz = lim "7 In(1 — z9) dz.

€1 —+0
eq—+0 €
Hockonsky mpu 0 < £ < 1 crpasegauso pasnoxenue In(l — z%) = — Z #, TO
) n=1
1meg
P TP (] — g, )90 4P x qn+tp 2 (1 — e, )ItP
Ip_lln(l—zq)dzzzel (1-e2) =Z € “Z( )™ _
L n(gm+p) —n(gn+p) £ ulgn+p)

3ameuad, 4yTo 06a CTENEHHHX pAMla CXOOATCA NpH €1 = €2 = 0, Ha OCHOBaHMM TeopeMH AGens,
uMeeM

1

~ had q hd (1 - = 1
P 11 1_ N d _h (EI) 1_ P ( = - ——
/I n(1-a%)ds uﬂoa,,Z: n{gn + p) ‘2—'+0 e2) Z n(gn +P Z"(q”‘*"’)

° n=1 n=1

254. /m:-ln(l—z)d:c

« C noMomsi0 OJHOKPATHOIO NMpPHMEHEHHS METONa MHTETDUPOBAHML MO YacTAM IPHBORHM
TaHHEI MHTErPal K BULY

1

1 1 1
/ln::-ln(l—:c)d:c:—/ln(l—:c)d:c-—/ln:cd:c+ zdr (1)
(4] (4]

11—z
(4] V]
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Cuurad, 4ro 0 < &) € z < 1 — &2, 3anMUCKHIBaeM COOTBETCTBYIOIIHE Pa3NOKEHHT B CTeNEeHHHE

PARHL:
z" _ — (1-2)" Wl-z) = (1 —z)*!
n’ lnz——z R —-Z n

1 n=1 n=

NgE

In(l - z) =~

n:

Ilocxonsxy
1 l—eg

Inz-In(l-z)dz= lim Inz.-In(1 - z)dz,
ey —+40
0 e3—~+0 P’
T0 3 (1) MOMTEHHRIM MHTET PHPOBAHUEM CTENIeHHHX PAROB, HA OCHOBaHMM TeopeMil Abeis, Toiy-
yaeM
1

oo
. 1-— €2)n+l _ En+1
Inz -In(l —z)dz = lim —(-———————-1—+
/ ( ) e —+0 Z n(n+1)
0 e3—+40 n=1
oo o0 o0 o«
(1—e)"t! —ept? S -(1-g)" 1 1 x>
=2y N S 2-L »
+Z n+]) +Z n2 Zn(n-{-]) an 6
=1 n=1 n=1 n=1
400
zdr
25 [ 2
0
« Tomaras t = ¢72™% moyvaeM OfMH M3 MHTETPANOB, BEIYMCICHHHX HAMH B TpEIHLYITEM
npuMepe:
4+ o0 1
zdr 1 Intdt
€2ms — 1~ 4x2 1—-t’
0 0
IToatoMy uMeeMm
40

zdz 1 Y
e2"s — 1 24°
[}

256. Pasnoxuts Mo LENHM MONOKHTENBHHM CTeleHsM momyts k, 0 < k < 1, momumit
3MLIHITHYECKHH MHTerpal MepBoro poa

- / __dy
V1-k?sin? ¢
« Tockoasxy k%sin® ¢ < k? < 1, To Bo3MokHO pasnoxkenue (cM. dopmyny IV, §5):

- 1Y
! =1+ Z On =Dt an gon g, (1)

iy @)

xR0
—1) . —1\t )
B cuiy ouenxu kz"%?— sin®" ¢ < %k"‘ < k*" u cxopumocty papa Y k**, pan (1) cxo-
n=1
AuTCA paBHOMepHO (1o mpH3Haky Belepmrpacca) mo ¢. Kpowme Toro, unenn paga (1) ssasiorca
HENpepHBHHMH PYHEUKAMH, TIO3TOMY, 110 OTHOMY H3 CBOMCTB (hYHKUKOHANBLHHX PANOB, PACCMa-
TpHBaeMEIt QYHKLMOHANLHEI PAl MOKHO NOYIEHHO MHTErpuporaTh. MMeeM
m

2
F(k) = _+z (2212;)}3‘ k"/sinzncpdcp.

[}
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"

Z . o = (an—1)1
Orciona, MOAE3YSCH PaBEHCTBOM f sin®® pdp = Gnji» OKOHYATENLHO HAXONHM
0

-] (2 1 2
n n— 2n
r =5 (03 () )+
Hoxasars paBeHcTBa:
1
=+
1
257. / dr 1
I.‘E nﬂ
0 n=1
« Hockounbky
1 1
dz _ / =) g
zl
0 0
e
(@) = zlnz, ecmm 0<z <1,
PLZI=1 si =0,

TO

1 1 1
dz = (-1)" =
7= LS vera=S 5 [ree
o 0 n=0 n=0
OTKYJa, Ha OCHOBARHUM NMPKMepa 195, r), moayvaeM HYXXHYIO Q)opmyny. >

258.

Pid

. ectu n €N
e " cos(sinz)cosnzdr = { p! '
2%, ecank n=0.

4]

« Paanaras pynxumio z — ¢ cos(sinz) B pafi, HaxoZHMM

€°°* * cos(sin z) = Re (¢F) = Z = coilkz,
k=0

e z =¢e'* =cosz +1isinz.
[ory4eHHHH PAR, B CHIy MpUaHaka Beliepmrpacca, CXOMUTCE PaBHOMEDHO Ha BCEM YMCIOBOMN

TpAMOK M GYHKLUMK I > coskr HenpepHBHE, TO3TOMY PSR MOXXHO NOYIEHHO WHTEIPHPOBAThH
BMecTe ¢ byHKUMER Z > cosnz. Hmeem

2r
/ €“**” cos(sin ) cos nz dz = Z /cos kzcosnzdz = —|, ecmn €N, u
n!
2 I 2r
. 1
j €“* % cos(sin z) dz = 2 T / coskzdz =2x. »
° k=0 °

BrruscanTs unTerpaann:
”

259. / rsmnzx dr.
0

1—2acosz + a?
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< Ilycrs |a| < 1. Ioasaysace npumepoM 164, HaxomuM

”
Tsinz
I= T = "~12 sin nz dz.
/1—2acos:c+012 /2 i
o

Hockonrky dyHkuuy z — zsinnz HelnpepuBHH Ha [0, 7] M PYHRUMOHAILHEIA pAy Cipasa,
B CHIY MaXOPAaHTHOTO TpH3Haka Beilepwrpacca, paBHOMepHo cxofuTcs (3meck Ia"_lzsin nz| <

7|a|*™" u pan 5~ la|™™* cxopmrea), To paccMaTpHBaeMENk PAJ MOKHO NOYAEHHO MHTETPHPOBATS.
n=1
Nmeem

f: 1)+ 1_{ Zhn(l+a), ecm a#0,

T, ecniy a=0.
Oycts |a| > 1. Torna, npeoﬁpaaonmnax MOJBIHTErPANLHY IO YHKLUUIO K BUAY
rsinz
a?{a=? ~ 2a~tcosz + 1)
¥ NOJIB3YACH MOMYUeHHHM BHIIIE Pe3ylLTaToM, MOXeM 3alUCaTh

1=11n(1+l), laf > 1.
a a

Ilycte a@ = 1. Torpna MCXogHEI HHTETPaJ MMeEET BHL

mw

td
N
tgt
0
Dyuxyua
1, eciy t=0,

f:t— ~)  €CIH 0<t<325,

™
s ecau t= 7

-
o

S

HeNpepHIBHAa Ha OTpe3Ke [O, %] CaenoBaTelbHo, OHa MHTEIpUpyeMa, T.e. JIOCIEIHMH MHTETpal
MMeeT CMBICT.

-1 n41 .
Kpome Toro, pag E L—%‘—— B CMIy Npu3Haka Jlen6Huua, cxonutcs. I[losToMy mo Teopeme

n=1
Abens
* )n+l

o= = ”Zt};{“‘

n=l

=rln2.

Ilycte o = ~1. Torma uuterpan

™

I=%/ztg-§-d:¢:

[}
¢ z 27
PACXOIHTCA, T2k Kak Ztg 5 ~ T—— MpU T — 7.
TakuM o6pa3oM, OKOHYATEILHO HOMyYaeM
Iln(l4a), e -1<a<0 mm0<agl,
I=¢ 7, ectn a=10,
n 1
Zln (1 + ;) , ecan |af>1.»

260. /ln(l —2acosz + a’)dz.
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« IIycre |a] < 1. Torna, nonbaysack pesyiasraTroM npuMepa 208, noxyuaeM

" 0o n ki
I=/ln(l—-?acos:c+az)dz=—22%/cosnzd:c=0. (1)
) n=l

Hycte |a| > 1. B srom cayuae, mpeo6pa3oBHBai 3HayeHHe MOJXBIHTEr PATBHON (DYHKUMH X BMIY
In(1 — 2acosz + a®) =2In|a|+In (1 - Z—cos:c + 0—1,-) H MONB3ySCh paBeHcTBOM (1), HaxomuMm

I=2xIn|af.

Nlycte o = 1. Toraa, no teopeme Abeis, MOKeM HamUCATh

In(2(1 — cosz)) = —22 50_51_125’ T # 2kr.

CrnenoBaTelbHO,
cosnz
asl = - =l — =-2 11
Tja=1 /ln(Z(l cosz))dz zl;l’lgo/ln(Q(l cosz))dr = m /2
0 e

3amevas, 4TO, IO MpU3Haky [IMpuxie, PAd, CTOSUIMN TION 3HAKOM IOCIEIHErO UHTETpala, PaB-
HOMEPHO CXOJHMTCH, a QYHKIUM T — COS NI HENPEPHIBHEI, BHIMOIHAEM MOIEHHO HHTET PUPOBAHUE:

sin ne
Ilaz1 =2 lim —
e—+40 n
n=1

Taxk xax E}:—,"—”—I < <3 Mpax E CXOAUTCA, TO, O MaskopaHTHOMY Npu3Haky Beitepmitpacca, pan
n>1
5 M paBHOMeDpHO (1o Mapametpy €) cxoaurcd. Kpome Toro hm sin ne = 0. CrenoBarenbHO
9 )
nzl1 —+0
IO OXHOMY M3 CBOMCTB PaBHOMEPHO CXOIAUIMXCA PAXOB, MOIyHaeM

0 .
Ila=s =23 lim T2 =0,
e—+40 n
n=1
AHaJoruyHo ycTaHaBauBaeM, 4To [la=—1 = 0;
OxoHYaTEIBHO UMEEM
7= 0, ecin |o| <1,
~ ) 2xln|al, ecam lafj>1.»
HaitTu cyMMEI CllefyI0IIMX MaTPUYHEIX PSAIOB:
o0
A" A 1 2
261. 5_2(3_"_?_)/1:( 1
n=0
o0
< Tockonsky Y, B* =(I—B)™ ' npu | B|< 1, 10
n=0
oo o0 s n -1
A" A A2n A2 A2
Y= () =97 Z =2 (%) =U-%) -
n=0 n=0 n=0

3ameTumM, uTO B cIyvae nepporo psaga B = lA ul| Bll= % I All= %\/12 +22412412= g' <1,
a B C1y4ae BTOporo —B = Tz ul||B ”— = A? ll= -;-\/12 +42 422 412 = g < 1.

Taxum o6pasom,

(4 (-7 (-5)
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Buumcass obpaTHize MaTpHIK

a= G|

D e

o 11
262.S=Z(n+l)A",rneA=<i i)
n=0 3 4

<« Tlockoasky

oo [+<] 2
§=) (n+1)A"= (ZA") = ((I- A1,

2 13
(72)2 _sa i by
35/ ~ 245\ 1 L)

YupaxkHeHRS II4 CaMOCTOSTENbROE paGoTH

Wi

Hawtu CyMMH CAelyIounx pxnon
n+42
133. E-——————( s 134 E g 135, E(n, o

136. E 2. 137 E n’e™™, £ > 0. 138, E n,(m)

s . 2 ~-
139. E Lenz 140, E o 14 E m)ﬁ(;nm sin(2n + 1)z.

C HOMOIHLIO paS:’IO)KeHHS[ noanTerpaanon q;)yHK].l}{P[ B PSAA BRIYMCIHTL CIERYIOHN[HE HHTErpa-

xs1 (B npumepax 145—148 A — nocTosiHHad MaTpHUa):
1

142. ferf (z)dz, rne erf (z) = %fe"z-dt — HHTerpal BepOATHOCTEH.

+ o0
143. fsx Ydz, rpe si(z) = — f ot g HHTErPaJBHEA CUHYC.

L]

1
144. fsin(sin r)dz. 145. fe’“z dr, A = —A.
4] 0
" L
146. [sin(Ayz)dz, A* = A. 147, [ cos(Ayz)dz, A* = 1.
o} 0

1 .
148.len(]+Az)dz,A=( s @ 'C‘.’s“’).
: —cos¢ —sing



I'nasa 2

HAunddepennnaibHoe UCUUCTEHNE
()YHKIIMM BEKTOPHOI'0 apryMeHTa

§1. Ilpemen dpyuxunu. HenpepuiBHOCTB

1.1. Mpenex pyHEDHH.

. Iycrs umcioBas dyHkuus f onpefenena s obnactu E\{%o}, rne E CR™,a 2o = (2}, 3, ..
T,,) — BHYTpeHHSs WIH NpefenbHad Touka obmacty E.

Onpenenennme 1 (Teiine). Pynxyus f umeern npedea (npedeavroe snauenue) npu & — o (6
mouxe Tg), ecau cywecmeyem wucao A € R maxoe, umo das npouseoavroli nocaedossmeatocmu
(zn) snauenuii ¢, € E\{zo}, crodawetica x mouxe To, coomeemcmeywwas nocredosamensrocms
(f(zn)) 3nauenuti pynxyuu f cxodumcax A.

IIpu sToM umcno A HaseiBaercs npedesos @ynxuuyu f TMPH T — Fo, YTO 3aNMUCHIBAETCS

im f(z)=A, wm f(g) - A npu T — o,
[

L}

T

Wi
Im  f(z1,...,2m) = 4,
:,::g
o gl
WK
f(z1, ..., Zm)—= A mpu =z =3, e — .

Omnpepenenne 2 (Komu). Pynxyus f umeern npedea npu € — To, ecau cywecmeyem maxoe
uucao A, umo Ve > 0 3§ > 0 maxoe, umo V& € E, ydosaemeopswwur ycaosuw 0 < ||z—xo|| < §,

20e

le = o]l = (2, 20) = /{1~ 2202 + (52— 23R + .. + (&m — 7",
BLINOANACINCA HEPGBBERCME0
() - Al <.

O6a onpepexenns npenena (leitne u Komu) sxsupanentHH.
1.2. HenmpepwBHOCTSH.
Iyers f: D—=R, DCR™, a2 €D.

Onpenenenne. Pynxyus f nasvieaemcs Henpepuisnoli 6 mouxe Ty € D, ecau evinoansem-
ca 21060€e U3 IXE6USARERMHBIT YCAOS UL

1) Ve > 0 36 > 0 maxoe, umo |f(2) — f(20)] < €, xax moavxo || — %o]| < §;

2) daz npoussoavroll nocaedosamenvnocmu {(zn) anavenuti 2, € D, crodawetica x mouxe Zo,
coomeemcmeywuas nocredosamenvrocme (f(2n)) anauenuti pynxyuu f crodumes npu n — oo
K f(:l:o);

3) :Iin: f(2) = f(20) uau f(x) — f(2o) = 0 npu £ — 2o — 0;

=0

4) Ve >0 3§ > 0 maxoe, umo
f(8(=o0, 6)) Clf(20) — ¢, f(@a) + <[,

UAU, YO Mo Xe camoe,
f : S(ZO) 6) —’]f(zo) -& f(zo) + 5[’
2de S(Zo, §) — omxpwimeiti wap s npocmpancmee R™ ¢ yenmpom 6 mouxe o 4 paduycos §.
dyHruus f Henpepusua B 06xacTH D, ec oHa HempepHBHA B KaXJI0# TouRe obnactk D.
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1.3. PaBHOMEpHAS HeIPEPHBHOCTS.

Onpenenenne. @yuxyus f: D — R, D € R™, naavieacmca pasroMepro-nenpepoienot 6
obagemu D, ecau Ye > 038 > 0 maxoe, ymo Yz € D A Yy € D, ydosremeopsiwwmuz ycroeuw
llz - ¥l < 8, svinoansemes nepasencmeo |f(z) ~ f(y)| <e.

Teopema (Kautopa). Ecau ynxyus f: D - R, D C R™, nenpepuisna e sauxcnymoii 02pa-
Huuennoti 06aacmu D, mo 0NG PaeHOMEPHRO-KEnpepuisna 6 smoti obaacmy.

1. Moxasars, uro gas dbyuxunn f(z, y) = -y
T4y
lim (lim f(z, y)) =1, lm (lim f(z, y)) =1,
z—0 \ y—0 y—~0 \z—0

B To Bpems kak lim f(z, y) He cymecTByerT.
—0
y=0
« Umeem

lim(limz_y>=lim£=l, hm(limz_y)=lim:-—=—-l.
z—0 \y—=0 T+ ¥ 0T y—0 \z—0 Z + ¥ y—0 ¥

11 2 1
IlockoasKy TOCHEROBATENBHOCTH (Zn, Yn) = (;, ;), (zh, yp) = (;, ;) cxondrcs K touke (0, 0)
TP 7 — 00, & COOTBETCTBYIONIME TOCAEA0BATENEHOCTH 3HaYeHHH BYHKIUI CXOAATCA K PA3AUIHHM

npefeiaM

f(zm yn)=0_’0) f(I:u y:n) =

ERTRHEIS
!

Qo

npy n — o0, To npefea lim f(z, y) He cymectsyer. B
ut]
22y?
2297 + (z — y)°

Lim (lim f(z, y)) = lim (llm f(z, y)) =0,

2. Mokasars, ¥ro Kas QYHKLMH flz,9) =

z—0 \y— y=—0 \ z=0

TeM He MeHee lim f(z, y) He cynxecrnyer
z—0
y—0

« PaBeHCTBO NOBTOPHHEIX NpeENENOB CAEQYET M3 TOI'O, 4TO h'n}) f(z,y) = 0, im f(z,y) = 0.
y— z—0

To, uTo RBOMHOM Npemen He CYMIECTBYET, CIEAYET U3 TOTO, IO MOCIENOBATENBHOCTH (Tn, Yn) =

11 1
(;, ;), (2n, yn) = (— "?.') cxogsarcs k Touke (0, 0), a COOTBETCTBYIOMME NOCIENOBATENLHOCTH

3JHayeHMH rbymcnuu CXOOATCH NPU N — OO K PAIIHYHHM NPENEIbHEIM 3HAYCHUAM:

1
f(zmyn):n_l“_’ly f(ziny:\)=-—'—_’0"

A
nd 2

+ 3‘1"‘

1
nd

.1 .1
3. Iloxasats, ure mas dyuxuun f(z,y) = (z + y)sin ;smi’- o6a TIOBTODHHIX Npeneia

z—e0\y—0

lim (hm f(z, y)) " limo<lin})f(:c, y)) He CYIIeCTBYIOT, HO, TEM He MeHee, CyIecTBYeT lim f(z y) =0.
y—=0\z—

y—-f‘
« Ilycts y # ~—, n € N, Torna ysm L £ 0. QueBnmHo, NMOCIENOBATENLHOCTU (zn) = (M)
(zn) = ((—470%17) CXOEATCA K HyM0 MPH n — oo. [Ipu 3TOM COOTBETCTBYKOmME MOCIENOBa-

TeXBLHOCTH 3HAMEHMIl byHELMM (f(zr;: ¥)) = (0), (f(zh, y)) = (y sin -) NPy n — 0O CXORATCS

K pasnMYHHIM MpeReIbLHEIM 3HavenusM. Caenosarenanno, hm f(z, y) ne cymecrnye'r Ananoruuno
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yCTaHaBAMBaercs, YTo lim f(z, y) TakxKe He cyuectByeT. Y3 aToro BeiTexaer, 4To 06a MOBTOPHHX
y—0

1

npefena He cyumecTBylor. Onnako u3 Hepasercrsa 0 < [(z + y)sin < sin —;— <lz+yl <zl + gl

CNpaBeNIXBOro NPH MO6HX z # 0, y # 0, caenyer, 4yto0

1 1
. mlanl) oo
lim ((z+ y)smz sin y) >

z—0
y~—0
2zy
4. CymectnyeT au npegea im ——— -
=0 22+ 32’

y—0
1 1 1 ]
4 DTOT TIpeen He CyIL[ECTBYET, Tak Kak IIOCHEN0BATEILHOCTH (Tn, Yn) = (—, —) Az, yn) =

n’ n

101
(;1—, ;7) cxoggrcd k Touke {0, 0) nmpu n — oo, B T0 BpeMsA KakK COOTBETCTBYIOINHE MOCIENOBATENb
HOCTH 3Ha4eHHH GYHKUUH CXONATCA K Pa3NU4HEIM NPENeNbHBIM 3HaYeHHIM:

2 2

nZ ' s
f(znvy")=£2"_’1: f(zlmyn/=—1~n_1‘_’0
Z aztoas
TpU N — . »
2_
. Yemy pasen npemea dyukuuu f(z,y) = z°¢ BHOJIb 11060T0 Myva I = tcosa,
5. 4 P f 2g=(="=w) 6 t

y=tsing, 0 <t < +oo, npu t — +00? MoxkHo 1K 31y PYyHKUUIO Ha3BaTh 6ECKOHEYHO MAlOH TIPK
£ — 00 K Yy— ool

4 O6osnauuM F(t, a) = f(tcose, tsin a), Torza
2 2 :
F(t, a) = t2 C052 ae—t cos® attsin cx) 0 s o S 2.

Econ o = :tl;-, 10 F (t, :t%) = ( u, ciegoBaTenbHo, F (t, ig) — 0 mpu t — +00.

ud .
Ecau xe a # +5, 10 cos’ a # 6 u t* cos® @ —tsinw — 4oc npu t — +o0. Torma, Mo MpaBuIy
Jonutans, noayuaem

2
¢ N 2t
lim F(t, a)—cosahm —————— =c0s ¢ lim — =
[—+oc +oo gt?cos? a—tsina terd 00 (%COSZQ — 8in a) et?cos a—tsin a
— 2 :
=cos’ @ lim - = 0.

t— 40 (C052 o — 2‘_‘,&) €r2 cos? a~—tsin a
2t .
MNostomy lim F(t, @) = 0 npu 106Hx o .
t—+4oc

DyHruns f He aBAAeTCS 6€CKOHEUHO MATOM IPH T — 00 M § — O, TIOCKOIBKY NPH Tpn = 1 —

+00, Yp = n® — +00 TMoMyUaeM paBeHCrBo lim f(zn, ya) = lim n2e~("*=) = lim n? = +00,
n—00 n—od n— oo
NIPOTHBOpeYallee ONpeeleHHIo 6ECKOHEHO Maloil BeTHYHHEL. P
6. Hajitn lim (lim fz, y)) " limb (Hm f(z, y)), €CIn:
y—b \ z—a
24P . z¥ :
a) f(z,y)= ;T*—’ & =00, b=o00; 6) f(z,y):m, a = +00, b = +0;
Ty
B) f(z, = sin —o a=00,b=00; T ._——t =0, b= o0;
) flo ) =sin 7, o= oo ) fe9) = g o= 0=

n) flz,y) =log (z+y), a=1,b=0.
« 2) IIpu z #0, y # 0 uMeem

24,2 2= 2, .2
nm(umﬁﬂ im 250 o dm (i 2 — 1o
F—00 \ ¥ :2+y‘ z_.nzo y—]-]go i_+y 0, g]in;o ::]in:o z2 4 gyt y—-oo] 1.
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6) ®Oyuxuns y — ¥ HenpepwBHa Npu y > 0 (T cYMTaeM MOCTOTHHHM), TIOITOMY ljxino ¥ =1,
y—

TP TIOCTOSHHOM 3Ha4YeHMH § > 0 QyHRuus z — zY HenpephBHa MpH Bcex r > 0, moaTOMY
lim z¥=+4oo.

Tt 00
Hom;syacs TMONYYE€HHHMH DABEHCTBAMY, HaXOIHUM

. , zY 1 . . zY
lim lim ==, lim lim =1
z—4c0 \y—+0 1+ ¥ 2 y—=+0 \z—=400 1 + ¥

8} IIpu xaxmoM GUKCHPOBAHHOM T (YHKUUS HEMPEPHIBHA 11O ¥, €CIH |y} > 2|z|, a mpH BcAKOM
Ivl

(UKCUPOBaHHOM y — HenpephiBHa Mo z, kak Toabko |z| > . IlosTomy
. . 7T .. Tz .
lim sin =0, lim sihn —— = lim sin T =
y—>00 2r+y z—00 20 +Yy  z—oo 2+ :

CuepgoBaTensHo,

lim { lim sin ik =0, lim { lim sin b =1
z—+00 \ y—oo0 2z +y y—=00 \ z=00 2z +y

r) Mpu dukcupoBanuomM ¢ # 0 hm le = 1, nosToMy, B CHIy HempepHBHOCTH TaHIEHCA,
noxyyaem h_{r;o —tg 1+:y =0.

. t
[lycts Teneps y durcuposanHoe. Torma, noasaysacs teM, yTo Lim —5;“ =1, uMeeM
z—0

tg 2y
lim f(z, y) = lim Al(l+zy)” =1

T— 1+xy

Ha ocHopanuu sTux PaBEHCTB HaXOOHM

. zy |\ . Ty
li lim —t =0, lim —t =1
b’ (y-r.%o Ty g l+zy) "y (ll-rﬂn Ty g l+zy)

n) Hmeem f(z,y) = log,(z+y) = M £>0,z+y >0,z # 1. Wz nenpepusHocTu
sorapupMuvecroit GYHKLUMYU CIERYeT, YTO

y—t

y=0 Inz  Inz

z—1 y—0

CaepoBateabHo, lim (hm fl=, y)) =1,
Mockoasky

lim In(z+y) | +oo, ecin —-1<y<0,
z—1—0 Imz | —o0, ecan 0<y < +oo,

In{z+y) [ -0, ecam —-1<y<0,
x—140 Inz | +oo, ecam 0<y< +oo,

In(z+y) _ _
1191 2 =1, ecmy=0,

TO limlf(z, ¥), a BMeCTe C HUM H lin}) (]m} f(=, y)) He CylLeCTBYIOT. P
T— y—0 \z—

Hastru cnepywmue noiMHHe Npenent:
7 . z+y
° smeoo z? —zy+y"
y—o©
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« TlomB3yach oMeBUIHLIM HEPABEHCTBOM I° — 2y + y° > 7y, nomyvaem (mpH z # 0, y # 0)

z+y z+y 1 1
0g < — 4
Slzt-zy+9?| T | 2y |I+h|
Otcropa crenyer, 4To
. 1 1
<l m () -
— 00 —_— e
im0 |22 — 2y y? 2= \ |z ]
s 4y _
Taxum 06p330M, :ILIIclao m =0.p»
y—o0
2, ,2
8. lm L1V
izt ty
< [ycts £ # 0, y # 0, Torxa
2, .2 2 2 2 2
°+y z y z y 1 1
0 = < - —_——— —_— 1
<z4+y4 zl+y4+z4+y4\zi+y4 1:2+y2 ()

1
[Tockoabky hm ( =5+ ) =0, To, MoAB3YACH HepaBeHCTBOM (1), 3akmovaeM, UTO

y?
pims
2, .2
z
m —4—-+-L4 =0.p
ImE Tty
9. lim sinzy
z—0
y—a
<I/ImeeMs"'%—M y, vy # 0. Tak xax hrn s"‘:” =linl1)1':—’=l(:cy=t,a¢oo), TO
t—
g—.a.
lim 222 = Iim ¥~ lim y = a. »
=0 Z t—=0 ¢ y—a
y—a
10. lim (22 +y?)e~=tY),
Z=—+400
y—too

« [Joan3ydce aieMeHTapHEIM HePABEHCTBOM

(s+y) 2 y2 2 y2
-z y = emes—— — —
(I +y )e ez+y + ez+y < et + e!l’

CripaBefauBHIM IIpx = > 0, y > 0, moxyvyaem

2 2
0 Lm (22 +4%)e ) < lim (E— + y_) =0.
T—+o0 z—4oo \ €7 ey
y—+oo y—+oo
Orcioma lim (2% +y2)e~ ¥ = 0. p
i

z?

. zy

1. o (Ty) :
y—+o0 .

< W3 04eBUIHOTO HepaBeHCTBa 52 +y? 2 2zy cremyer, uto ﬁ”;,— < Iostomy 0 <
2

q NI~

. 1 = . Ty _
(,2+y:) < (2) — 0 npu z —~ +oo0. OTcioma BuTERAET, YTO ;P.Tm pren =0.»
y—+oo

12, lim(2? 4 yz)=°ﬂ°
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1,,2,.,2\2

<« 3 nepanencrs z°y* < (2" +4%)%, 12 (a2 + PV 3 (22 + )= )
mpu 0 < z2 + y? < 1, u u3 10TO, YTO

, ClIPaBeIUBEIX

1 242 1.2 . L2l
.lim(zz+y)(t+y) lim t1° = lim ¢4 "' =1,
z—0 t—40 t—+0
y=0

. 2,2
BuTexaer paBenctso lim (z2 +y2)* Y =1. p

z—0
y—0
1\ o
13. lim (1 + —) ty
z—»co z

<« B ciuay HenpepHIBHOCTH TOKa3aTeNBHOM W MorapudMuueckoi hyHKUHH, uMeeM

g (143 )I}=e.>

im — ===t
—1 2 2
h Ve +y
« [onpayscy HENMPEPHBHOCTBIO TOTapUPMHIECKOM PYHKUMH H TeM, 4TO lim \/_2 +y2=1#
-1
e
0, moryvyaem
. In(z+e¥) In2
Lim ( ) = —

z—1 2 2
Y +y

15.110 xaxuM HampaBIeHMAM @ CYUECTBYET KOHeMHHIH Mpelen:

=In2 p»

—z ) 2 .2 | )
a) lim e+*+v*;6) Lim e* ¥ sin 2zy, eciuz = pcosy n y = psin p.
p—+0 p—+ o0

a) Koneynmnit npegen

cosp
Lm fz¢2+v2 = lim e »
p—+0 p—~+0
3
CymiecTByeT Torja, kKorma cosp < 0, T. e. ecau 3:— £e¢ g ?"
6) Hmeem
. 2— 2 . .
lim & 7Y sin2zy= lim gPleos2¢ g in(p” sin 2¢).
p—+o0 p—+00

Hockonsky p* — +00, a p = sin(p?sin 2p) — orpa}mqe}maﬂ GyHEKLHMA, TO Npened OyaeT KoHed-
HBIM, eclid cos 2¢ < 0 mnuu sin2¢ = 0. B nepsoM ciayuvae ; <e < - 3” Tﬂ <p< 1}, BO BTOpOM
= O pe=x.p

Haﬁm TOYKY Pa3phBa CIEXYIOWUX bDYHKLMI:

1
16, v = ———r.
V2 +y?
<« Oynruusa (z, y) — £° + 4 HelpepHIBHA TIpH BCeX T M Y Kak MHOTOMIeH 0T £ M y. Ilo
M3BECTHOM TeopeMé O HENPEePHBHOCTH CyNEPIO3MUMH HENpepPHBHLHX GyHRUMi, (z, y) — (z*

1 .
¥%)72 ~ TakKe HENpepHBHAax DYHKUMA TIpH BCeX T ¥ y, KPOME TOYKH {0,0), rme sHaMeHaTess

1
(= + y2)2 obpamaerca B Hyas. CaegoBareasto, (0,0) — Touka GeckoHeuHOIO paspiBa. B
z
17. u= 228
3 + y3
< locroasry vYMCOMTenp M 3HaMeHaTelb — HeNpepHBHHE (YHKLHH, TO KaHHAL yHRIUS
MOXeT MMerb PaspHB IHIL B TOYKaX, TJie 3HaMeHaTenhb 2 +y ofpantaerca B HyJb. Pentax
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ypaBHeHnue 22 + 3® = 0 oTHocHTensHO ¥y, HaxomuM y = —z. CleloBaTenbHo, BYHKIUS UMeeT
Pa3pHBH Ha NMpAMOK y = —z.
Mycts 20 #0, yo #0 u zo + yo = 0. Torma
t+y _ 1 _ 1
- 3 3T o 2 _ 2 72— g 7
SR TAY T oy nonnty
3nauut, ToukM mpAMoil y = —z (2 # 0) — TOUKM yCTpaHMMOro paspiiBa GyHkuuu u. Ha
COOTHOLIEHUS
T+y . 1 _
220 3+ 4 gm0 22— 2y + y?
y—0 y—0

crenyer, uro (0, 0) — Touka 6eckoHeuHoro paspkiBa. P

18. Tokasars, uro dyHruUA

2z
flo) =] Fag LAV AO
0, ect 24 y° =0,

HeNpepRIBHA MO KaXIOM U3 [ePeMEHHHX T M Y B OTHENBHOCTH (NMpH (PUKCHPOBAHHOM 3HAYEHHMH
ApYyroi NepeMeHHOM), HO He IBISETC HENPEPHBHOM N0 COBOKYMHOCTH STHX NEPEMEHHBIX.

o [Iycrs y # 0 u zo — no6hle PUKCUPOBaHHEIE YKCTa. Torga

. 2zy 2z0y
hm = l]m = —a—
oy f(l', y) smzq T2 + §2 zg + 92

= f(zo) y)*

Ecan xe y = 0, 1o npu mobom zo # 0 lLim f(z,0) = 0 = f(zo, 0). Haxonen, ecin y = 0 u
T—Tp
7o =0, TO ]intf(z, 0) =0 = f(0, 0).
T—

Takum o6pa3oM, NPH KaXToM (DURCUPOBaHHOM y byHKUMA f HeNpEepHBHA IO NMEepeMEHHOH
z. Beugy cuMMeTpuM GYHKLMM OTHOCHTENBHO T M ¥ NpH M060M GUKCHPOBaHHOM T DyHKUMS f
HENPEPHIBHA II0 IEPEMEHHOK Y.

Onnako byHRUMSA f He ABNAETCA HeNmpepHBHON MO COBOKYIHOCTH TepeMeHHHBIX B Touke (0, 0).

. 11 2 1

[eitcTeuTeNBHO, 06€ NOCIENOBATENLHOCTH (-';, ;) H (;, ;) cxofsrcs Ipu n — oo k touke (0,0),
a COOTBETCTBYIOIME MM IOCIEIOBATENLHOCTH 3Ha4eHUH DYHKLUMM CXOOATCH [IPU Nt — OO K Pas3iuy-
HEIM IpeJeTbHHM 3HaYeHHAM:

2 4
1 1 nZ 21 wZ
foa)=te=r 1) =g
n?

»
} 1 1 1
non Tt + 7

o)

19. Toxasars, yTo GyHKUMA

1:2

¥
f(zi y) = I‘ + y2
0, ectn 2+ y2 =0,

, ecin zX4y?#£0,

B Touke (0, 0) HenmpepHBHa BIOJAb KaXAOIC dy4a = tcosa, y = tsina, 0 < ¢t € +o0, mpoxons-
WEro Yepe3 3Ty TOYKY, T. €. CYmECTBYeT ﬁusf(tcos @, tsina) = f(0, 0), onHako 912 PyHRLMSA He
=
SBIgeTCcs HENpepHBHOi B Touke (0, 0).
o Pneem
tcos® asina
lim f(tcosa, tsina) = im ———————.
=0 it ! ) t—0 2 cost o +sin’ a
Hockombry f(tcosa, tsina) =0 npu a = %"—, k € Zg, To NPK ITHX FHAUEHHAX o

}i_l.l‘l)f(tcosa, tsina) =0 = f(0, 0).
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Ecmu 0 < a < 27, a # "—;r-, k€N, 1o t*cost o +sin®a > 0 u t? cos* o +sin® @ — sin® & > 0 npu

t— 0. Cnenonarenbﬂo,'lir% f(tcos e, tsin ) = 0 = f(0, 0). Taxum o6pa3om, Broas MOEOro NiyUa,
t—

npoxopsamero 4epes Toury (0, 0), pyHruua f HempeprIBHA B 3TOH TOYKe.

To, uro pyHKUMA f umeeT paspuis B Touke (0,0), clenyer us Toro, YT0 MOCIENOBATEMIBHOCTH
1 1
(;;, ;3) cxomutca k Touke (0,0) mpu n — 00, a

1

1IN

tim £ (%, 5) = lim 2 = 2 #£(0,0).
n—-oo-r-‘-;-}-—

n~—00 n’' n? T

20. Hccaenosats Ha paBHOMEPHYIO HETPEPHIBHOCTS MTHHelyIo byHkumo f(z, y) = 2z —3y+5
B GeckonewHoit mrockoctit R? = {(z, y) : |z| < +00, [y] < +0a).

« Ins n06s1x Tovek (21, §1) ¥ (T2, Y2} 6ECKOHEHHOM TIOCKOCTH R? umeem
Vf(z1, 1} ~ f(z2, 32)| = |2(z1 — z2) = 3(y1 — ¥2}} € 2|21 — 22| + 3]ys — y2|.

Mycts € > 0 — npousBombHO 3ajanHoe “wcao. Torfa MpM ycroBuH, uTo |21 — 22| < £ =6,
11 — 2] < ;— = 6, cripaBennyBo Hepaberctso | f(z1, ¥1) — (22, y2)] < §+ % < &, M3 KOTOPOTO, 110
ONpefleeHuIo, CllellyeT PaBHOMEpHas HeNpPepHBHOCTL dyHkuMKu f na RZ. p

21. HccremoBaTh Ha PaBHOMEpHYH HEMpepHIBHOCTB B miockoctH R? = {(z,y) : |z| <
+00, |y| < +00} dynrumo u = /2% + 2.

< [ns npoussonsHoro & > 0 u mobux (21, y1), (22, ¥2) € R® umeen

\/I?+y?-\/z§+y§i=

lu(z1, 1) — u(z2, g2)| =

_ lm = m2) (@1 + 22) + (41 — 12) (31 +92)] < |z1 — z3]jz1 + 22| lo1 — wa2llys + 92| <
VI + i+ 2+l Vi ++Vei e e el e+

+ +
lzll |Izl |y1|+iy2| = |21 = 23] + |91 - 2] < %+ % _

KaK TOABKO |21 — zz| < £ =34, |y1 - y2[ <f=6.

<o - n|l——=—F=

CrefoBaTensHO, NIO OTpPeNeleHHIO, DYHKUUA % PABHOMEPHO-HelpepHBHA B MIOCKOCTH R2. p
N T
22. Bypmer an dynxumus f(z,y) = sin -1——12—-—1—[; B ob1actH z° +3° < 1 paBHOMepHO-
HenpepuBHON?

4 Oyuriua ¢+ (1 - z° - y2) HeTpeprIBHA NPH BCEX 3HAYEHHSAX T M Y Kak MHOTOYMAEH OT T
u y. Ilo TeopeMe o cynmepnoanliuu HenpepHBHHX QYHKLUHUI, TaHHAL QYHKIMS TakKe HENMpPEpHIBHA
TIpM BCeX 3HAYEHMUAX £ W Y, YIOBAETBOPAIOMMX HEPABEHCTBY z° + y° < 1.

[TokaxeM, 4To B 3TOil 06MACTH MaHHat YHKUMA HEpaBHOMepHo~HenpepuBHa. C 3TOH Lembio
BO3bMEM JIB€ MOC/IeOBATENLHOCTH

M, = (zn, yn) = \/1—21—cosa, 1——21—sma>
-(z,.,y,.)— ﬂl—l ~cos, -

n €N, 0 € o < 27, npuHanzexamue o6IacTH onpenenenua tdyurimuu. Hocronrxy p(Mn, M,) =
\/(In~$n)2+(yn—yn)2 = ‘\/1 - —- \/l - '1+_4

|sm 2n7T — sin (2 + 2n1r)| =1 npH Bcex n, TO RAA £ E]O 1{ He cymecTByeT uncxa §, y‘laCTBlell(ero
B ONMpefeleHHH PAaBHOMEDHOH HEMPEepHBHOCTH. P

sma ,

— 0 mpu n — 00, a |f(Mn)— f(My)| =
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.z " "
23. Jaua byuruus u(z, y) = arcsin ; flBnsercs 1M aTa QYHRLUUS HENPEPHIBHOH B CBOei

obnactu onpefenenus E?7 Byner au dbyHKiua u paBHOMEPHO-HenmpepHIBHOI B obnactu E?

« O6nacts onpenenenus E ompegensercs nepasencrsamu |z| < |y|, y # 0. B aToit o6xactu
YHKUHS ¢ HeNMpPEpHIBHA KaK CYNEPNO3HUHI HENPEPRBHHX hyHKLHH.

Onnako MaHHas GYHKUMA He IBIAETCA paBHOMEPHO-HEMpEpHIBHOM, Tak Kak JUJIA MOCIeNoBa-

. 11 11
TeasHocTell (M) = (;, ;), (M7) = (;, —-;) CIpaBeIMBO COOTHOUICHHE

1 1)? 1 1\ 2
o= [ (G 2
p(Mn, My) e B P n
NPH 1 — 00, @ PACCTOAHME MeXIY 3HaueHUAMH (GYHKUUH B COOTBETCTBYIOIMX ToukaX |u(My) —
u(M;,)| = |arcsin 1 — arcsin(—1)| = 2arcsin1 = 7 He MoxeT GHTb MeHbIIE YHCIa 7. B

1
24. TioxasaTh, 4TO MHOKEeCTBO Touek paspHBa GyHRUMM f(r, y) = zsin v ectn y #£ 0, u

f(z, 0) = 0, He aBAAETCA 3AMKHYTHIM.
« Nycrs y, = ey I = ;’:—:—“1, Ifle To — IPOM3BONbHOE (PHKCHpoBanHOe 4Yucuo. Torma

NOCIENOBATENLHOCTb (In, Yn) MPH T — 0O CXORHMTCA K Touke (zo, 0). M3 coorHomenns

nli_’moo f(zn, yn) = nl:n:o ln-ion sin W(-l—-;ﬂ-)-

=zo # f(Zo, 0) =0, 2o #0,

caenyet, 410 (o, 0), 7o # 0 — Touka paspuBa (yHkuMM f. A M3 HepaBeHcTBa |f(z, ¥)| =
|z sin i—I < |z| crenyer HenpeprsHocTs dyHxuun f B Touke (0, 0).

Takum 06pa3om, MHOXKECTBO TOMEK pa3pHBa GYHKUHM f 3amomHser cILioumib ock Oz, 3a MC-
kimoyeHneM Touku (0, 0), koTopas sBaseTcs NpeleNbHOM TOUKOH atoro MHoxectBa. CrnemoraTens-

HO, MHOX€ECTBO TO4€eK Pa3pHBa GYHKLMH [ HE CONEPKUT BCEX CBOMX NMpeJelbHEIX TOUEK, a [TOITOMY
He ABJIAETCA 3aMKHYTHIM. P

25. Tlokasats, 4To ecnu GyHRuUMS f B HekorTopoy o6nactd G HenpephIBHa 1O MepeMeHHOH
T W PaBHOMEPHO—HENPEPAIBHA OTHOCHTENBLHO I II0 IEPEMEHHON ¥, TO 9Ta YHKIHA HENpepHIBHA B
paccMaTpHBaeMoi 061aCTH.

« [Tns npou3BoabHEIX ToUYek (Zo, Yo) ¥ (Zo+Az, yo+Ay) H3 061acTH onpefeneHus HyHKIMM
f nMeem

{Af(zo, yo)| = |f(zo + Az, yo + Ay) — f(z0, Wo)| €
< |f(zo + Az, yo + Ay) — f(zo + Az, o)l + |f(zo + Az, yo) — f(zo, 30)|. (1)
CornacHo paBHOMEPHOH HENMpepHIBHOCTH GyHKUMM f OTHOCHTENBHO T IO NepeMeHHoM y, Ve > 0

381 = é1(e, yo) Taxoe, 4To, ecnu |Ay| < §;, HepaBeHCTBO

[f(zo + Az, 3o + Ay) — f(zo + Az, w)| < -;- (2)

CIpaBeNauBo N MO6HX zo + Az u3 o61acTy onpexeneHud dyHruuy f.

Hanee, B cuny HenpeprBHOocTH yHKIMH f IO ITEpeMeHHOM T, ANA yKa3aHHOTO paHee € > 0
b2 = b2(e, zo, yo) Taxoe, uTO

|f(zo0+ Az, 30) = f(z0, 0)] < 2, 3)

ecmn {Az| < 8;. Ilycrs 6§ = min{éy, 6;}, Torma npu |Az| < 6, |Ay| < § nepapencrsa (2) u (3)
Gynyr srmonnennr. Iostomy mpu [Az| < 8, |Ay| < § us Hepasencts (2), (3) u (1) crenyer, uTo
|Af(zo, y0)| < €, a 3T0 U o3HAuaeT HempeprBHOCTE hyHRUMK f B TouKe (o, yo). P

26. [orasars, uTo ecau B HexoTopoit obdactu G dyHKUML f HEMpPEPHBHA 110 NepeMeHHOM
H yROBRETBOPAET yCIOBMIO JIMImMIa MO NMepEeMEHHOM ¥, T. €.

{F(z, 1) — f(z, w2)l < Lly1 — w2,

rae (=, n) €G, (=, ¥2) € G u L — nocrosnHad, To 3Ta (PyHKLUL HEMPEPHBHA B JaHHOH 06IACTH.
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« Tlockonsxy dynkuus f ymoBiIeTBopdeT yclIoBuio JIMIIIHIA MO MepeMeHHON Y, TO AL Npo-
u3BONBHOTO € > 0 M moBHX Touek (Zo, yo) ¥ (T, y) u3 G uMeeM

1f(z, ¥) = f(zo, 90)| < |f(=z, y) = F(=, yo)l +1f(=, y0) — f(zo, yo)| <
< Lly = wol + 1f(z, o) — f(zo, o). (1)

B cuny HenpepriBHocTH byHRUMH T+ f(Z, Yo) B ToUKe Zo, MOXKHO yKazaTh Takoe 61 = 81 (¢, To, %0),
YTO NpH |T — Zo| < §; HMeeT MeCTO HEpaBEHCTBO

|f(z, 90) = f(z0, 30)] < . @)

U3 uepasencrs (1) u (2) npu ycuosus, uto |z — o} < 6, |y — yo| < 6, rae 6 = min (6, 55,
NoNy4aeM HepaBEeHCTBO
e €

|f(z, y) = f(zo, wo)| < Low+=
KOTOpPO€ HOKA3LIBA€T HeNpepHBHOCTH GyHKIMK f B moGoi Touke (:co, yo) eG.»

27. Tycts dbyukuus f nenpepsisua 8 ofnactu G = {(z,9) : e <z < A, b < y < B},
a TOCNIENoBAaTEIbHOCTh BYHKLMH 1 — ¢n(z), n € N, cxogurca paBHoMepxo Ha [a, A] u ymo-
BreTBOpAeT ycaosuio b € ¢n(z) € B, n € N. Jloxasath, uTo nociegoBaTenbHOCTh hyHKIHI
Fu(z) = f(z, ¢n(z)), n € N, Tarxke cxomurca paBHoMepHo Ha [a, Al.

« Tlockonpky dyHkumsa f HenpephlBHa B 3aMkHyToH ofiact G, TO OHa paBHOMEPHO—HeMNpe-
pHIBHa B 3Toil ofaactH. CiemoBaTensHo, Ve > 0 38 = §(e) Takoe, YTO HEPaBEHCTBO

\f(z,4) = f(e, y") < (1)
cripaBegnuBo fas Beex T € [a, A u ¢, ¥ € [b, B], RoToprie yIOBIETBOPSAIOT HepaBeHCTBY |y’ —
y"| < 6. B cuny paBHOMepHO} cxomuMocTH Ha cermenrte [a, A] nocaenoBateasHocTH (pn(z)), Y6 >
0 (B Tom uKcae ¥ fas 6§, ykasanHoro srme) IN = N(5) takoe, 4To {@nip(c) —pn(z)| <6 Yo > N,
¥p > 0 u Vz € [a, A]. Tlonaraa B nepabenctBe (1) y' = @nip(z), ¥ = @n(z) (Pnip(), pnlz) €
[b, B]), mo1y4aeM HepaBeHCTBO

=g,

1f(z, eris(z)) — f(z, on(2))l <,

cipaBefinBoe Vo > N, Vp >0 u Vz € [a, A].

Takum o6pasom, MoclegoBatedbHOCTh Fn(z) = f(z, pn(z)), n € N, cxomuTcs paBHOMepHO Ha
cermenre [a, A]. »

28, Tycts: 1) dynxuua f nenpepusua B obmactv R = {(z,y) :a <z < A, b < y < B};
2) yHKUMA ¢ HeNpepHBHa B MHTepBale |a, A[ M UMeer 3HayeHUd, NpHHaIexKalUMe HHTEPBATY
1b, B[. Hoxkasats, uro dyukuusa F(z) = f(z, ¢(z)) nenpeprisua B uHTepBaie Ja, Al.

« Ilycte (zo, yo) — mpomssonbHas Touka M3 obnactu R. Ha HempeprsroctH byHKumu f B
ob6mact# R BeTexaer, uto Ve > 0 36, =61 (e, zo, Yo) Takoe, UTO

If(z) y)_f(zm yO)I <€1 (1)
ecan |z — o] < 81, |y — yo| < 6.
O6osHaunm ¥ = ¢(z), yo = @(zo). U3 HenpeprsnocTy byHKUMH ¥ = () Ha nHTepBae |a, A
BHITEKAeT, YTO QA ykadaHHOTo Brme §; 362 = 8,(6;) Taxoe, yroO
lo(2) = e(z0) = |y — 3ol < &1, 2
ecu |¢ — zo| < 82. CuenmomaTensno, ua HepaBencts (1) u (2) u u3 Toro, uT0 3§ = @(z), y €Jb, B,
ecau z €]a, A[, BHTekaeT HepaBeHCTBO

(2, ¢(2)) = f(zo, (z0))] <&,

CpaBelMBOE NpH |z — %o| < § = min(éy, ;) u okasmBalomee HenpepHBHOCTS GyHRIMU F(z) =
f(z, ©(z)) Ha unrepnane Ja, A[. »

29. Tiycrs: 1) dbynxums f HempepusHa B o6mactn R = {(z,y):a <z < A, b< y < B}; 2)
yHEIMK £ = ¢(u, v) K y = ¥(u, v) HenpepusHu B o6mactH R’ = {(u, v) 10’ <u< A, V' <v<
B'} ¥ uMeloT 3HAYeHHA, NPHHANTERAIMME COOTBETCTBEHHO uHTepBataM Ja, A[ u ]b, B[. Mokasars,
4ro dpynrums F(u, v) = f(¢(u, v), ¥(u, v)) Henpepmsna » ob6xactu R'.
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« Ilycts (w0, vo) — mpomsBonbHas ¢uxcMpoBaHHasd Touka M3 R', a zo = ¢(uo, ), yo =
#(uo, vo). M3 ycnosus 1) spreraer, uro Ve > 0 3o = a(e, 7o, yo) Takoe, uTo
[f(z, ¥) = f(ze, wo)l <&, (1)

eciu |z —zo| < 0, |y~ yo| < 0. U ycaosus 2) cremyer, uTo g4 ykasaHHoro BHmle ¢ 36 = §;(a) =
8(e, 1o, vo) Taxoe, uro mpH |u — up| < § u |v — vo| < § crpaBenNMBH HepaBeHCTBa

lo(u, v) = (uo, vo)| <o, |9(u, v) — ¥(uo, vo)| < 0. (2)
W3 nepasencts (1) u (2) HeNOCPEeNCTBEHHO ClENYET, YTO
[£(¢(2, v), $(u, v)) = f(¢(uo, vo), $(8o, vo))| = |F(u, v) = F(uo, vo)| < ¢

npH |u —ugl < &, |v — vo] < &, T. e. urO DyHKUML F HempepmiBHa B Touke (%o, vo). [lockoaexy
(uo, vo) — mpomsBonsHas Touka U3 R', sakmiouaem, yro dynruus F HenpepmsHa B obractu R'. »

YnpaxHeHEA 118 CAMOCTOATENBHOR paboTH
1. Iloxasars, uto dyurums (z, y) — Az® + Bz’y + Czy® + Dy, (z, y) € R?, umeer B Touxe

(0, 0), Mo MeHBWelt MEDE, TOT e MOPANOK MANOCTH, 4TO ¥ p = (z° + y?)2
2. Morasare, YTo Mag MOCNENOBATEILHOCTH Gnm = n, m € N, umeem

n—m+0,5"*
lim (h.m anm> = lim (lim anm>,
=00 n-—00 n-—0o0 T} == OO
TeM He MeHee Lm anm He cymecTmyer.
Moo .
3. [TokasaTs, 4TO /IS MOCHENOBATENBHOCTH Gnm = ==, 0, m € N, nBoitnoit npenex im anm
i~ 00

m—oo
CYL[eCTBYeT, B TO BpeM4d Kak

lim (h.m anm)¢ lim (hm a,,m>‘
m—00 \Nn-—+o00 n—o0 \Mm—od
Buxcﬂu'rb, CYHIECTBYIOT JIH CIELYIOLIME NBONMHEIE npenemﬂ
4. lim 22ipshim g o tendtem o Jim —ZCOS‘

n—oo In(n3)+In2m" n—oo 1—tgntgm’
m—00 m— 00 m—-oo
24yt —
7. Ilokasars, uro dyuxuuu f(z, y) = s 9 g(z, y) = m CTpeMATca K HyJo, eCly

Touxa (z, y) cTpemutcs k Touke (0, 0) Broxb Mobok MpsMoit, Tpoxonameit Yepes Touky (0, 0), Ho
3TH QYHKLHH HE UMEIOT Npefena B TOUKe (0, 0).

Haityn npepenn:
1

—_ N 2 2
M 9, hn:)(l +zi4 . 22)it ot e 2 =(2, 22, ..., Zm).
z—

z—0

y—0
10, lim Saritth lim £%y°
= .11 L =y
Am e TAe 2 (z1, ceey Tm), @ > 0. 11 lim z%y%e
y—0

C nomompbpo “e—§&” paccysxaenuit ZOKas3aTh HENPEPHBHOCTb CAELYIOUNX DyHKIHIL:

12. f(z,9) = /1422 + 42, (z,9) €R’. 13. f(z,9) = VT +e™, (2, 9) €R’.

14. [Jokasats, uto ecan dbyukuus (z, y) — f(z, 3), (z, y) € R?, Hempepriana mo xax0it nepe-
MEHHOH £ M Yy B OTAEIBHOCTH M MOHOTOHHa TIO OJTHOM H3 HHX, TO OHa HENPEPHIBHA 10 COBOKYTHOCTH
NepeMeHHBIX.

15. UccnenoBaTh Ha paBHOMEPHYIO HENPEPHBHOCTD B B2 dyHENMO
- 2 7. 1 2, .2 =0
VvV Z4 +yésin m, 4+ y° #£0, f(O, 0) 0.

16. [lorasars, wro dyurums f(z,y, z) = sin(z? + y° + 2°), (¢, 9, z) € R®, we gpngerca
PaBHOMEPHO—HeNDEPHEIBHON B NMPOCTpaHCTBe R°.
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§2. YacTHHEe Npou3BogHEe B AU PepeHInaIIn
Q)ymcmm BEKTOPDHOr'0 apryMeHTa

2.1. YacTHEe NPOH3IBONKENIE,

[Iycts dynruus ¢ — f(x) onpepeneHa B o6sactu D npocrpancrea R™; {e1, ez, ..., em} —
CTaHmapTHHH# 6a3KMc 3TOro MPOCTPAHCTBA, & Lo = (z?, 29, ..., :z:?,.) ~— To4ka obxactu D.

Onpenesnenne 1. Pasnocms f(2) — f(20) nasvieaemcs noansik npupawenuek pynxyuy f
6 mouxe 2o, & f(zo + (z; —z?)ej) — f(®0), =T, m — uacmnvis npupawienuex pynwxuuvy f
no nepesenmotli T; 6 Mouxe To.

Onpepeaenne 2. Ecau cywecmeyem xoneunviti npeden

flao+(zi—ahes) - flm) . W

lim

z;—a® z; —1°

i 3 J

Mo oK HaIvieaemcR vacmuoti npoussodoti Pynxyuu f 6 mouxe To no nepemennot r; u 06ona-
uyaemes

5%(30)’ unu f;.(2o), wan D;f(2o).

Dynruns f uMeeT B Touke Lo YaCTHYIO IPOM3BOIHYIO f;j TOTMa ¥ TOALKO TOrja, KOTfa B aTOH
TOYKE CIPABEAIMBO PABEHCTBO

f(zo + (zj — 77)e5) — f(=0) = (:—;(%) + a(z;, %)) (z5 ~ 23),

rae o(z,, To) — 0 npH z; — 7.
2.2. Judpdepernupyemule pynrmun,

Onpenenennme. Pynxyus f: D — R, D CR™, nasvisaemcs duddepenyupyenoti 6 mouxe
2o € D, ecau noanoe npupauienue gynxuuu f 6 amoti mouxe Moo npedcmasums 6 sude

f(=) = f(20) = L(z — %) + a(z, @o)l|2 — o, (1)
2de L(z — %) = Li(zy — 21) + Lo(z2 — 23) + ... + Ln(zm — z?,.) — Jaunetinoe omobpaxenue
npocmpancmea R™ 6 R, a a(z, 2o) — 0 npu £ — 0.

h1
h2
lpu sroM Beawuuna Lh = Lihy + Lyhy + ... + Lnhp, tRE A= | . ~— TMPOU3BOILHHIH
hm
BeKTOp mpocrpancrBa R™, HasuiBaercd duddepenyuaros gynxuuts f B Touke To H 0603HaYaeTCH

df(%0), a MaTpMua THHelHoTO oTo6pakenus L : R™ — R HasmBaetcs npouseodwoti ynxuun f B
Touke Xy ¥ oGosHavaeTcs f'(%o).

Tlonaras B (1) 2= 20 + z‘,’- €;, IoJy4aeM PaBEHCTBO
(2o + (25 = 23)e;) ~ £(20) = (L + a(s;, 20)) (25 — 23),
M3 KOTOpOro, B CHAY NYHETa 2.1, crepyer, yro L; = %(zo).
CrepoBareasHo, Aias nuq)(pepemmana df(zo) nony4aeM GopMyIy
d
df (20) = (zo Yhy + —-(zo)hz + o4 2L (o) @)
Tm ,
wim, ecnu hj = 7 — 20 = dz,-,
_ 9f af af
df(ze) = 9, (x0) dz1 + B_z;(zo) dza+ ... + azm(zo)dzm,

a mas npowssogHoi f'(2) — pasenmo

re) = (L) @) .. gLe). @



§ 2. YacTHbe mpoR3sofune A AR depernuann PYRKIHHE BEXTOPHOTO aprymenra 125

Teopesma (mocraTouHoe ycnoBue mubdepenuupyemoctu). Ecau ¢ynxyus f umeem o
OXPECIHOCIU MONKY To YACTHNbIE NPOuI6odNLIE %L.(z), j =71, m, nenpepuisnvie 6 mouxe Zo,
mo ona duddepenyupyema 6 3moti mouxe. ’

Ecmn dysruus f nuddepeHunpyeMas B KaxgoH Touke obmacth D, To oHa HaskiBaercs dud-
depenyupyexoti 8 ob6aacmu D.

2.3. YacTHHE OpPOH3BOHEE CA0XHOR GyAXOUK.

Ecau ¢pyuxuus f : D — R, D C R™, nuddepenurpyema B Touke ¢ € D, a pyHruMH
pi : G — D, G C R*i = 1, m, UMeOT daCTHHe NPOU3BOOHHE B Touke £ € G U £ =
(Qﬂl(t), @2(t), [ERR) ﬂam(t))) TO

2%:’7“’—)(0 :i( )‘;f:(t), k=Tn, t=(t,t ..., 1) (1)

2.4. [uddepennupyemMue oTo6paxeHns.

Onpepenenue. Omobpaxcenue f: D — R™, D C R™, nasvieaemcs dugpdepenyupyemvin 6
mouxe xp € D, ecau npupawenue f(x) — f{o) omo6pawceuus f & mouxe 2y npedcmasumo 6 sude

f(z) - f() = A2 — 20) + o=, zo)]|z — 0],

2de
Ay An ... Ain T —3‘1)
Az — @) = A2y A ... Aam T2 — 13
Ant Anz ... Anm Tm — I?.,,

— nunetinoe omobpaxcenue npocmparcmea R™ 6 npocmpancmeo R™, g a(z, 20) — 0 npuz — 2.
8 .
Ecnu orobpaxenue f auddepenuupyemo B Touke Zo, To Ai; = ﬁ(zo) "
7

oh o
81:1 81:2 8::,,.
9f: 0 s
A=) 8z; 8z, %
Ofn 0fn O
81:1 31:2 azm

Ha3hIBAeTCA NPouseodnoli omobpaxenus f B ToUke Zo K obo3Havaerca f{zo).

Ecan o-roGpaxceHne f: D—R", DCR™, nuddepeniupyemo B Touke & € D, a oTo6paskeHue
g:G — D, G CR¥, quddeperiupyemo s Touke t€G U = = g(?),

(fog)'(t)=F(2)
HIM B MaTpHYHOM dopme

d(ficg) 8(fiog) d(friog)\. /3 3f ofi\ /9¢n g1 g1
-8t at; U Oty dz; 31z T Ozm || Ots B2 T Ot

O(faog) d(f209) 3(f2049) 8f2 8f2 8f2 ||'992 dg2 992
aty oty o Oty =| 6z, 6z2 = 0zm oty dt; T Otk

dfnog) 3(fnog) Ofnog) | \9fn 8fn Ofn [\ Ogm Ggm Ogm
oy otz o Otk dzy dz2 ' OTm oty o, T Bty

2.5. “hcme DPOEIPORELE B REGbepeRnBAIN BHICIUEX HOPAAKOB.

s HY‘;'"’ Q’Y"'W F: D — R, D CR™, yMeer yacTHHeE Mpou3aBoaHEle B HEKOTOPOil OKPECTHOCTH
20, 6 . )
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8 .

Onpenenenne 1. Ecau dynxyus Fx%(z)’ z € S(%o, §), umeem 6 mouxe Ty wGCMKY0
npouzsodxYw No nepemennod Ti, Mo ee HAILIBAWM Yacm KOl npouzeodnoli emopozo nopAdxa
uau smopotl uacmuoti npoussodnoti u oboanauawm

’f ”
——(zg) unu fr...(20).
aziazj( ) -“J-‘h( )

Ilpu aToM, ecau 1 # J, To YaCTHas NPOM3BOXHAS HAa3KIBAETCH CMewakHoti, AHATOTUYHO ONpe-
AENFIOTCA MPOU3BOTHEIE MOPALKa BEINIE BTOPOTO.

Onpeneneaue 2. Dynxyus f waswissemcs n pa3 duddepenyupyesmoti 6 mouxe o € D,
ECAU OHG UMEET 6 NEKOMOPOL 0XPECTMNOCIY Imoti MOUKY 6CE uacmubie npoussoduvie (n — 1)-20
nopsdxa, xaxdas u3 xomopsir ssasemcs Juddeperyupyenoti pynxyueti 6 mouxe To.

Teopema. Ecau dpyrxyus f deaxdvt duddepenyupyema s mouxe o, mo 6 3moti mouxe 6si-
ROAKKIOMCH PAEERCMEA

*f P f R
dz:0z; (o) = 3%3:‘,(30), L1=1m. (1)

13 aTol TeopeMH NToNy1aeM clefyiollee yTREPKACHUE: CHEUGHHER NPOUIBOTHAS N —20 nopdxa
af
iy Mt . bne=1n
‘ 9z;'0z? ... Oz’ ’
KE 3a6UCUM OMm NOPRIKA, 6 KOMOPOM npouzsodunocy duddepenyuposarue.

Onpenesenue 3. Juddepenyuaron emopozo nopsoxa (uru emopois Judpepenyuanon)
d*f dsaxdvi Jupdepenvupyesoti pynxyuu f rasvieaemes Juddepenyuan om Pyrxyuu T — df (z),
m. e. d°f = d(df).

AHanoruuHo onpeaensiorcs auddepeHuMannl 60ilee BRCOKOTo Hopsaka. Huddepeniman n-ro
nopaaka n pas gupdepeHuHpyeMon GyHRUUM f BRIYMCIsIeTCH Mo dopMyIe

] 2 ] n
af = (g1 + e+ - —h,,,) : 2
f 1, 1+ +— 25 2 -+ Bz f (2)
2.6, [IpomasogHas no HanpasnenEw. ['pagHent.

Mycts dynxuus (z, y, z) ~ f(z, y, z) M depentmpyema B obnactu D CR® u (2, yo, 20) €
D. Ecau HanpasneHMe ! 3ajaeTcsd HanpaBIfiOIUMK KOCHHYCaMH (cosw, cos 3, cosy), TO pous-
BOJIHAaA N0 HampapiaeHuio | BRYMCIseTcA N0 GopMyie

af _ of . of ?i
FTi 5;cosa+ 3y cos B + 32 €os .

Onpenenesue. [paduenmos gywxuuu f 6 mouxe (o, Yo, 20) HAILIBaEMCS sexmop, 060~
anavaemoiti cumeonosm grad f u umerowuti X0opduKRamMbl, COOMBEMCMBENNO PABNBIE NPOUIBOINBLIK
8f 8f of
327 By Bs SPINUCACHNBIK 6 MOuKe (%o, Yo, 20).

TarumM o6pazom,

of. of. of
grad f = =>4 ity J+a ==k,

NpHYeM B 3TOM CIyYae MOXKEM 3aIMCaTh, YTO —L = (a, grad f), rae a = (cos @, cos 3, cos 7).

Tpanyent ynxuun f s Touxe (za, yo, zo) xapax’repuaye'r HaNpaBleHie U BETUUUHY MARCH-
MaJIBHOTO POCTa 3TOH YHRUMM B TOURe (Zo, Yo, 20). CaegoBaTemo,

af)_ AN AN AN
().~ tmani=y[(3£) + (&) + (%)
Bexrop grad f B Ransoit Touxe (zo, Yo, zo; OPTOTOHAaZeH K TOH NOBEPXHOCTH. YPOBHS GyHRUHH

f, RoTopasd POXONHT Yepea TOUKY {Zo, Yo, 20

30. Haiirn fi(z, 1), ecan f(z, y) = z + (y — 1) arcsin \/—z;--
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« CornacHo onpenereHuio YaCTHOH NIPOM3BOXHOK, HMeeM

fi(z, 1) = lim f(z+h, ll)l—f(z, n

Tax kax f(z+h, 1)=z+h, f(z,1)==z, 10

’ . T+h-—
f,(z,l)—'llxm 5

31. Haitru £,(0, 0) u £,(0, 0), ecnu f(z,y) = ,3/zy. Apnsercs au aTa yHxumus guddepen-
uMpyemoit B touke (0, 0)7 )

h
7{-—-1.’

<4 KCXOIISI W3 onpeneneHusd 4YaCTHHX NPOU3BOOHHX, HMeeM

f;(o,o)=nﬂf(z»0)—f(0 0 \/.—_0

T 0 0’
£(0,y) - £(0, 0 ,/0—' 0_
fi(0,0) = 10.9) ) = lim
y-*O Y y—0 Y

[lna uccnenopanus mucpdepeHINPYeMOCTH KaHHOM GyHkuMM B Touke (0,0) samuimreM ee mpH-

© 1
pamlenne B 310l Toure: f(z, y) — f(0, 0) = 3Ty = a(z, y)\/2? + 42, e a(z, y) = ,3/zy7:2+=y;.
Tlockonsky L; = %‘Q =0,L, = ﬂ%@_ = 0, 10 ang auddepeHUMpPYeMOCTH HeobGXORUMMO,
4Tobn PpyHxuud (z, y) — a(z, y) 61ma Geckonewno Manoi npu /22 +y2 — 0, 1. e. npu z — 0
uy— 0. Hycrs z = %,y: 1;,'n,EN; oyeBugHO, £ — 0 ¥ y — 0 npu n — oo. Tak kax

1 1
TOCIENOBATENBHOCTD TOYER (;, =) TP n — 00 CTPEMHTCH K TOUKe (0, 0), a cooTBeTcTBYIOWAA

n V2
00, To GYHKUMS o He gBiadeTcs GeckoHedHo manoit mpu z — 0,y — 0. Tloatomy dynkumsa f
senuddepenunpyema B Touke (0, 0). »

32. Apnserca au guddepeHunpyemoit dyHKIHS flz, )= V23 +y® B Touke (0, 0)7
« Haxogum npoussogube

f;(oyo):ﬁﬂM%ﬂo’_(D:hmz:], f;(0,0)=ﬁmw=nm2=1,

=0 T y—0 ¥ y=0y

3 .
. 11
HM MOCTEXOBaTeNIbHOCTh 3HAYEHHUH (YHKIUMH (a (;, )) = (ﬁ) CTpEMHUTCH K +00 TPH n —

Mpencrasum npupauenne pyuruun f B Touke (0,0) B BHge

f(z,9)-5(0,0) = s\/ 3+ 4 =z4y+ (Vs B4y -z y) = £2(0, 0)z+f!:(0: 0)y+a(z,y)\/z2 + 9%,

32313
2otyd—z—

HOCKOJIL]C)’ NOCIeNOBaATEIbHOCTh

@ 2)= (F5) < (B2). e

"He ABNeTca GECKOHEMHO Maoh mpx n — oo (1. e. mpn £ — 0, y — 0), To a(z, y)y/2* + 42 #
o(y/z2 +9?) npu £ — 0, y — 0 u yueums f nenuddepenumpyema s Touke (0,0). »
l
33. Hccuenovats Ha muddeperumpyeMocts B Touxe (0, 0) dynrwmo f(z, y) =e 5747 pu
2+ >0 u £(0,0)=0.
<« Kax ¥ B npeprinymem npuMepe, HaXOAHM YaCTHHE NPOHIBOAHEIE

£2(0,0) = lim f2,9-50.0 _ -;; o

z s—-O 3

£1(0,0) = lun———L—:”” 109,

v-o !I
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Ha 'roro, yro npupamenne GyHEuuK f B Toure (0, 0) npencrammo n BMJE f(a:, y)— £(0,0) =

= - 2 e =1 - — =
e 2+y2 oz, y)\V/z2 + 33, e a(z,y)—me +v e p’,a Ze p’ 0 npu p

/22 4 y? — 0, HemOCPENCTBEHHO ClrenyeT, YTo dyHxuus f aucdepeHuupyema B Touxe (0,0). »

34. Toxasats, uto dynxums f(z, y) = \/|zy| HenpepriBHa B Touxe (0, 0), MMeeT B 270l TOUKE
obe YaCTHEIE MPOUIBONHEIE f,(O 0) u fy (0,0 ) OfHaKo He ABiIfeTcA ANddepeHUUpyeMOi B TOUKe
(0, 0). BriscHuTs noBefeHue npouanon}mx fz u f, B orpectHoCTH TouKH (0, 0).

« Tlonpaysce onpefeneHHeM YaCTHHIX MPOMIBOMHKIX; HAXOXUM

F1(0,0) = f(z, 0) — f(0, 0) - lim iz 0| o,

:-0 z z=0 x

£1(0,0) = lim 1QO=FQ 0 _ pp VOB

y-0 y y—0 Y
Ilockoapky
[ VITY
A£(0,0) = V/lzy ’2”2\/%: OV,
2 +y
roe
1
Vizyl 11 Ve 1
a(z, y) = 22, wa (1, 7) — Lo,
V2 + 9 nn ERE)

To dyukuus (z,y) — oz, y) He aBigerca GeckoHeuno Maiol mpu /22 +y%> — 0. Orcoma
crenyer, uTo dyHxuus f Hemuddepenuupyema 8 toure (0, 0). Hs coornomenus Af(0,0) =

v/ lzy| = 0 npu z — 0, y — 0 cremyer HenpepuBHOCTh byHKUMH f B Touxre (0, 0).
Hs pasencrea fi(z, y) = 1\/1 ‘sgnz npu z # 0 u ToroO, YTO hm f,(n,, n) hm .£ =
n-—

+00, cremyer, 4TO NPOU3BORHas f; HeoTpaHK4YeHa B oxpecTHocTH Toukk (0, 0). D70 3akmoueH#e
CTpaBeNIUBO M NI NPOH3BOMHOK fy. P

35. Ooxasars, uto dymxums f(z, y) = pr +y 71 ECIH 22+  #£0u f(0, 0) = 0, Tepnur

paapuiB B Touke (0, 0), oMHako MMeeT YaCTHEIE MPOX3BOJHHEE B ITOM TOUKE.
o (1 1
4 13 cooTHOmEHMI (;, -n—,) — (0, 0) (mput n — o)

1
. 1 . wE
lim f(._’ _17) = lim _l_rf__
n—oo nn n—0o —-s~+

crenyer, 4To GyHKuUME f TepnuT paspus B Touke (0, 0).
Tonpaysace onpeneneHHeM YaCTHHX NPOM3BOIHEX, HAXOTHM

ﬁ(o,o):mw im 2 =0, £1(0,0) = m_y)__il‘l»ﬂzﬁm2=o,,
0 z z=0 % y y—0 Yy

———zy——, ecly :c2+y2 #0u f(0,0) =0, 8
/22+y2 .

oEpecTHOCTH ToukH (0, 0) HeIpepHBHa X MMeeT OTPaHHYEHHbE YaCTHHE NPoH3BONKKE f; U fy,
onHako HeuudpepeHimpyema B Touxe (0, 0).

« Ipn 22 + y* # 0 GyHRUMA f HeNpepHBHa Kak aneMeHTapHas. W3 oueBnaHoro HepasencTBa

T~

36. Toxasars, uto Qynxums f(z,y) =

1zy] . lzyl ; =0=
[f(z, 9)} = iv—ai—zl < 3; H M3 TOTO, 4TO 115)3; = 0, nonydyaeMm ll_n})f(z,—y) =0 = f(0, 0).
y—-0 y—0 :

Taxuum o6pasom, GyHELURS f HenmpepuBHa B Touxe (0, 0).
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Hnmeem

fa(z,¥) =

’. zz+y2¢0 f;(0)0)=hm;.(z’0)—-‘f(oi) h'_mg=0,

22y
\/,;2 +92 S22+ ! 20 T 0 T

2
I
fi(z, §) = —ee ~ —2 , B2+ #£0, f5(0,0)=0.

\/Iz + 32 \/(Iz +y2)?

O1ciona, noab3ysck HEpaBeHCTBOM

;’254!!,,_2 < %, ybexcmaeMcs, 4To
file i < \/_'L_y v \/'_17 <3 e i<
T. €. YTO yKa3aHHbIE IIPOUIBONHEIE OTPAHHYEHHL.
3anumem npupamenne pysxuun f B touke (0, 0) B Bupe Af(0,0) = -—;\/_1_7 = afz, y)p,
rge ofz, y) = - 'fy, ,p= \/zT-{-—y_z- . Jlerro y6eauTeca, YTO BYHKUHS o He ABIAETCH GECKOHEUHO
Mauoit npu £ — 0, y — 0, a mosToMy dyHruua f HemuddepeHuupyema B Touke (0, 0). »

1 Jecmn 22 4+y2 £ 0 u f(0,0) =0,
2+y2

MMeeT B OKpecTHocTH Touku (0, 0) npoussomume fi u fy, KOTOpHE pasphBHH B Touke (0, 0) u
HeoIpaHUYEeHH B 1106011 OKPECTHOCTH €e; TeM He MeHee aTa pyHKuMA nuddepeHUHpyeMa B TOUKe
(0,0).

<« Ecan 22 + 4 # 0, To YacTHEIe NpoM3BONHEE f. U f, HAaXomUM, Moab3yACh GOPMYTaMU H
npasuaaMu AU depeHUUpoBAHUSA:

2 o fi(z, y) = 2ysin ! 2 o5
1y ity Bpgg WA G e T e e

Ecau xxe £ =0 u y = 0, To nMpousBogHLe f;(O, 0) u f;(O, 0) HaXomMM, HCXOLA U3 UX CIeYIOEro
OINpenefeHus:

le

37. Moxasats, uro pynxums f(z,y) = z° +y%)sin
y T

fa(z, y) = 2zsin

2 .
f z,0) - (0,0 . T7sin -3
£00,0) = tim B0 70,0 e
.‘t—-O z z—0 x
aHaJOTM4HO HaxopuM, uto f,(0, 0) = 0.
IlokaxeM, YTo “acTHLle npouaBonH:le f; M f, paspHBHH B Touke (0, 0) M HEOTPaHMYEHE B
mo6oit ee okpecTHocTH. C 3TOi 1eNblo BHOEpeM NOCNENOBATENLHOCTE (Zn, Yn), CXOASMYIOCS K

touke (0, 0), u Takywo, 4TO COS 11—5- =1,T.e 11—5- = 2nx. [lycts, Hanpumep,
zntyn z5+yn

In =

1 1 eN
— =——=, né€N
amr T 2jarn
Iockonbky Zn — 0 ¥ yn — 0 MpU n — 0O, TO MOCAENOBATENBHOCTD. TOHEK (Zn, Yn) TMONMafaeT
B mio6yio okpectHocts Touky (0, 0). Ilpu sToM cooTBeTCTBYIOMAA MOCIENOBATENBHOCTD 3HAYEHHH
dyuruun fi{zn, yn) = —2/n7, n € N, crpemutcs ¥ —oo. CrelioBaTensHo, YacTHasA POH3BONHAL
fi paspusHa B Touxe (0, 0) u Heorpa}m‘{eua B mo60o# €€ OKPECTHOCTH. AHaXOrMYHEIE BHIBOIH
CpaBeJIMBH ¥ OTHOCHTEIBHO fy.

ITocronnxy f,(O 0) = f,(0, 0) =02 npupamenue Af(0, 0) mpencTasumo B Bune Af(O 0) =

(z* + y*)sin o5 z,“, = pa(p), roe afp) = psmﬁ — 0 npu p = /22 +y? — 0, To byHruua f
muddeperupyeMa B Touxe (0, 0). »

3 3
38. Mposepurs papencrso -a—:c-g; = b—y%, ecau: a) u = :c":; 6) u = arccos -3

4 a) Aueem

du _ 2 y*a1 &y du 3 8%u 2
— =Yz yi-1 = = 29z¥ 2 = yg¥ 2
3 vz = 29z (l+y l.n:c), = 2yz Inz, 3oy 2yz (1+y"Inz).
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& _Bu_
= , CTtpaBe[lIMBOE IS BceX Touek (z, y)

OTcola HeNMOCPEICTBEHHO CENYET PaBEHCTBO &~ 3y = 8y5s
B 06/TaCTH oNpeneneHHs CMEIMAHHEIX IPOU3BORHEIX: 0 < z < 00, —00 < Y < 00,

6) AHaxorMuHoO NMpeJBIAYNIeMY HAXOOHM CMEIIaHHEE NPOU3BOTHEE
ou 1 2 L 62u z 3 du z 3 2 2 -1 3211 I 2
— = —=(zy—z°) 2 z°) 2, —=—(zy’ —z 2 = —~(zy—z
30 =~ 3%y )’ayaz Ty ),3y 5(zy y)’azay 7(zy=7)

=3
2

u y6exxgaeMcsa, 4TO OHM PaBHH B 061acTu ux ompepexenus: 0 < f < 1.

OTH NPHMEPH HILIIOCTPHPYIOT YTBEPKACHHE G PaBEHCTBe HENPepHBHHX CMEWIaHHBIX IIPOM3-
BOIHEIX, OTTHYAIOMIHXCH NMOPAMKOM MX BHYHCIECHHL. P

22
o _ gty

39. Dycts f(z,9) = zyzz_*_ 2’
vz(0, 0).

<« IIpu =% + ¥ # 0 umeen
) 2_42 427y . oy 4%y
falz,9) =7 21y + 1y fy(z y) =25 i R P BN

Ecan £ = y = 0, To npoxssonuste f,(0,0) u f,(0, 0) HaXoEUM HeMOCPEACTBEHHO M3 UX
ONpefieNeHns:

f;(0,0)=1im f(z’o)_f(0’0)=li 9___0, fl( ) hmf(ory)_f(oio)

z =0 I y—0 Y

ecmn z° 4 y* £ 0, u £(0, 0) = 0. Tlokasars, uro f1,(0, 0) #

=1im-0—=0.
—0y

HOJIBS)’XCB 3TUMH 3HAYCHUSAMH, HAXOIUM CMeELIaHHEI€ NIPOU3BOIHHE!:

! - f! —y .
700, 0) = tim 2@ O = SO0 _ =V _ )
y—0 Yy y—0 ¥y
! 0) — ! 0.0 3
Fir0, 0 = 1 BODLOD i 22y

Otcioma y6exmaemcs, uto f7,(0, 0) # f(0, 0).

JameTHM, YTO B TOYKe (0 0) He anom{axorca TOCTaTOYHEIE ycnonua PaBeHCTBA CMEIAHHHX
npousBogHuX. B caMoM nente, npu z2 + y° # 0 Haxomum

, 1'2— 2 81‘2 2
zl!l(z; y)=f;,:(z:y)= y <1+( : 2 )

z?+y2 I2 +y2)

Hockonek nocnenona'rens}{ocu M,. = 5 -1— cTtpeMutcs K Touke (0, 0) nmpr n — oo, H
P P

lim f7(M.) = im f (M) = a’+1 1+ (——r) , TO CMeIIaHHEIE TPOU3BONHEIE TEPHAT pas-
=00 nn—+00
puis B Touke (0, 0). »

40. Cymecteyer au f,(0, 0), ecn f(z, y) = z72j-yy7 mpu 22 +4° #£0 u f(0,0) = 0?
2 a
< Tpu 22 + 3* # 0 umeem fi(z, y) = %’g_ﬁl. MMonrsysce onpelenexueM IIPOU3BONHOM,
HaXOIuM

£10,0) = tim LEO =00 _ 0 O g,
x~0 T -0 I
Mockonbky npemen
2 3

o

=}

i 20,8 = £0,0) _
y—0 Yy y-.o Y
He CYmIeCTBYET, TO TPOU3BOOHAL f;’y B TO4YKe (0, 0) TaxKe He CyI[ecTBYeT. b

41. [oxasats, uTo ecan anddepenumpyeMas dyuruns (z, y, z) = f(z, v, 2), (z, y, 2) € G,
YROBIETBOPAET yPAaBHEHUIO
Lo 8f  of

—_ . 1
2tV 3, f, , (1)
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TO OHa ABASETCA ONHOPONHOM YHKLHEH CTEMEHH P.
<« PaccmoTpuM dyHKLHIO
f(tzo, tyO) tzo)
Ft) = ==, )
Ona onpefenena, HelipeprlBHa M AucddepeHIMPyeMa L Bcex T > 0, Qs KOTOPHIX TOUKa (tzo, tyo,

tzg) € G. Bmuucaas npoussomHyo dynkiuum F, moxyvaeM BrlpaXeHMe, MHCIMTEI: KOTOPOro
paBeH

t (:co fa(tzo, tyo, t20) + yo f;,(tzo, tyo, tz0) + zof;(tzo, tyo, tzo)) — pf{tzo, tyo, tz0). (3)

3amenss B paseHcTse (1) z, ¥, z Ha iz, tyo, t20 COOTBETCTBEHHO, NMPHXOQMM K BHIBOLY, 4TO BH-
paxenye (3) pasHo Hymo. Cueposatemsio, F'(t) = 0 u F(t) = C = const. [{as onpeneneHus
KOHCTaHTHl MOJMOKMM B (2) t = 1; Takum obpasoM, C = f(zo, yo, 20). OTclofa, HOAB3YICH PaBEH-
cTBoM (2), monyuaem

f(tzo, tyo, tzo) = 1 f(zo, %0, 20), (o, %0, 20) EG. B

42. [okasars, 4To ecnu f — nuddepeHIUpyemas omHopoHas YHKUMA CTeNeHHU p, To ee
“acTHHe NMpousBonHrte f7, fy, fi — omHoponHble GyHKUMU (p — 1)—ii cTemenn.

o [lockoarky f — onvopognas qaymcum( CTeleHH p, TO CNpaBenaNBo paBeHcTso f(iz,ty, tz) =
tP f(z, y, z), NpuyeM BrIpaxkeHHe B 1eBoil vacTH Auddepenuupyemo. [uddepeHunpys nocientee
PaBeHCTBO 1o , roayyaeM fa(tz, ty, tz)t = tPfu(z, y, z) wan fi(tz, ty, tz) =t*" fi(z, y, z). U3
NOC/IeJHET 0 PABEHCTBA CIEAYET, YTO f; ~— OXHOPOAHad byHKINA cTeneHH p— 1. [las MPOM3BOMHKIX
fy ¥ f; DokasaTeabCTBO aHaJoruyuHoe. B

43. TOycrs (z, y, z) = u(z, y, z) — ABakIH TubGepeHUNpPYeMasi OTHOPONHAR QYHKUHA n—it
creneHy. [JokasaTe, 4TO

2
2 2 2
— — —_— = — . 1
(zaz+yay+zaz> u=n(n~-1)u (1)
« Tlockoarky u — onHopogHas byHKUMS, TO OHa yOBNETBOPAET yPaBHEHHIO
ou ou du
"5 TVay tig; T @

3aMeHAq B 3TOM PaBeHCTBe I, y, z Ha tzo, 1Yo, 120 M RUddepeHuHUpys ero 1o i, moxyvaeM
! 1 4 2,.n 2 n 2 1 " " "
Tot + Yoy + 2ou; + 1Zo8,2 + Wouye + tz0u,2 + t(2Zoyouzy + 2To20Uy; + 2y0Z0Uy;) =
! 1 !
= n(Tous + Yoty + 201),

Tle MPOM3BONHbLIE BEIMHCIEHH B Touke (o, tyo, tz0). Ilomarad B mociaepnem paenctse ¢ = 1,
NMeeM

Tougs + youyz + z5ua + 2(zoyouny + Tozoun; + Yozoty,) = (n — 1)(zous + youy + z0u;).

Orciona H U3 paBeHCTBa (2) HEMOCPENCTBEHHO CHENYeT, 4TO

2
3 b5} 2
< %2 -}-y(;‘9 +::o‘9 ) u=n(n—1)u.
Tax xax (zo, yo, z0) — NpPOU3BONBHAL To‘{xa, TO paBeHcTBo (1) foKa3aHo. P

44. [Mokasats, uT0 ecau u = Vii+y2 422,10 du >0

« Oboznavas ¢ = z2 + y° + 2% u nocregoBaTeaBHO b bepeHmMpy s BHpaxeHHe u = /g,
HaXOHM

du= ‘/LG-(:cdz +ydy + 2 dz),

1
d’u = 7—;(432 +dy® + dzz) - (zdz +ydy + zdz)2 =

1
(v
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(22 + 4 + 7°)(dz® + dy® + d2°) — (zdz + ydy + 2d2)* _

(Vo)
(zdy —ydz)? 4 (xdz — zdz)* + (ydz — zdy)

(Ver

45. lpemnonaraq, 4To T, y MaJkl [ aBCOMOTHON BETHYUHe, BHIBECTH TIPHGIIIKeHHKe (Op-
MyYIE T4 CHETYOINHX BEPasKeHNUi:
z
a) (1+z)™(1+9)™; 6)In(l+sz)ln(1+y); =) arctg ] :zyy .

« llycts pynkuns (z, 9, ..., 2) — f(z, ¥, ..., z) AuddepeHUUPYeMa B OKPECTHOCTH TOYKH
0,0,...,0). Torma

f(z, Yy or :Z)'—f(oy Oa AR 0) = f::(oa 0» ey 0)3+fsll(01 07 10)y++f,l1(01 07 et 0)z+0(p),

7€ o p) — GeckoHeuHo Manas 6olee BEICOKOTO ITOPSAKA MO CPaBHEHHIO € p = /22 + 942 + ... + 2%
Ot6packBas Beanyuuny o{p) u neperocs f(0, 0, ..., 0) B mpaByIo 4acTh, NoxyuaeM NpuGanKeHHoe
PaBEHCTBO

F(z, 4, .o 2) (0,0, ..., 0)4+£50,0, ..., 0)z+£1(0,0, ..., 0y+...+£0,0, ..., 0z (1)

Ilockoarky nmpemnoxenHne byHKUUK nTuddepeHUNPYEME B OKPECTHOCTH TOMKHX (0, 0), To co-
OTBETCTBYIOU{HE NMPHETHXEHHEE HOPMYIH NPHHUMAIOT CIeqyIOMA BH:

a) (1+2)"(1+9)" = 14 mz + my;

6) In(1+ z)In(1+ ) = zy;

B) uctg%zz-}—y. >

2
20.p

46. 3amensas npupamenye dyrruuy TnddepeHLUManoM, TPUGTHKEHHO BHYUCIUT:
2
a) 1,002 -2,003% . 3,004%; 6) Loy
$/0,98¢/1,053
B) /1,023 + 1,973; r) sin29°tg46°; ) 0,977,
<« a) 3anuchBan paBeHcTso (1) M3 npemnmyurero npuMepa 418 dyukuun f(2, v, 2) = (1+
2)(2+ ¥)%(3 + 2)°, nmeem
Q+2)2+9)2B+2)°~1.22.3%4+2%. 3% 4+ 22 . 3%y + 2% . 3°2.
Hopcrapnsd B 370 paBeHCTBO T = 0,002, y = 0,003, z = 0,004, noxyqaem 1,002 - 2,003% - 3,004° ~
108 4- 0,216 + 0,324 + 0,432 = 108,972.

2
6) 3amucas 1us GyHKuMK f(z, ¥, 2) = 14 npubaMKeHHOE PaBeHCTBO f(1, ¥, 2) =
’ V-0 Y0+

1+2z+ %~ Z nnonaras z = 0,03, y = 0,02, z = 0,05, noayyaem

bl

1,032
v/0,98 ¢/1,053
B) Hmeem /(1 4+ 2)° +(2—y)3 =3+ — 2y. Hyers ¢ = 0,02, y = 0,03, rorna

/1,028 + 1,973 = 3 + 0,01 — 0,06 = 2,95.

r) B nmpubanskeHHOM paseHcTBe (CM. MpeXHAYWIMI IpKMep)

~ 140,06 +0,0066 — 0,0125 = 1,054.

sin(’r—-::>t (1+z)~sinxt T —cos Tt ﬂ-:c+sin,r T
6 LAVEES It P A 6 cos? &
noxaraeM r = 0,017, Torga

sin 29° tg 46° = 0,5 — 0,866 - 0,017 + 0,017 =~ 0,502.
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n) 3amucuBas nas bynxumn (1—z)' ¥ npubauxentoe pasencrso (1—z)'*Y ~ 1-z u nonaras
B HeM z = 0,03, y = 0,05, moxyuaem 0,97"% 1~ 0,03 =0,97. »

1] !
47. Torasats, uTo pyHRUMA f, HMEIOMad OTPAHKYEHHIE YaCTHHE NpouaBoguse f; ¥ fy B
HeKOoTOpO#l BHIMyKJa0i o6iacti E, paBHOMEPHO-HEMpEPHBHA B 3T0M 06JIacTH.

< Ilyets (21, 41) ¥ (22, y2) — ABE MPOM3BONBHEIE TOUKM M3 obnactH E. B cuny BEnyxraocTH
obnactu E, Touxa (z2 + t(z1 — 22), y2 + t{y1 — ¥2)) npunanmesxur obracty E mpu 0 ¢ < 1.

Dynxuns o(t) = f(z2 + t(z1 — z2), ¥2 + H(y1 — y2)) umeer npu t €]0, 1] orpanuiennyio mpo-
U3BOTHYIO

¢'(t) = (z1— 22) fa(z2 + t(z1 ~ 22), R+t — 1))+ (11— 1) fy(z2 +t(z1—22), 2+t —92)) (1)
u ¢(0) = f(z2, y2), (1) = f(z1, y1). Hcnoavsys dopmyny Jlarpanxa u pasencrso (1), Haxomum
o(1) ~ 9(0) = f(z1, y1) = f(z2, 2) = ¢'(€) =
= (21— -‘Cz)f;(lz +&(z1 - z2), 32 + E(n1 — yz.)) +
+{y — yz)f,’,(:cz +&(z1—z2), 92 + (1 — yz)), 0<€E<]. 2)

CornacHo yCI0BHIO, CyU[eCTBYIOT Takhe noctosHHrte L1 u Ly, uro

Ifel <Ly, |fl<L2 Y(z,y) € E. (3)
W3 cootrowenuit (2) u (3) BHTEEaeT HepaBeHCTBO
1f(z1, 11) = f(z2, w)| < |21 = 22| Lo + 91 = y2|La. (4)

Mycts € > 0 npoussonbHoe. Torga, Bubupas § = min (ﬁ, ;;—2) , Ang mobux Todek (z1, y1)

u (22, y2) TakMx, 4To |z; — 22| < & ¥ |y1 — y2| < 6, u3 (4) nony4aem nepasencrso |f(z1, y1) —
f(z2, y2)] < €, nokaspIBalOmee paBHOMEPHYIO HEMPEPHBHOCTL (yHKUMM f B obnacta £. »

48. [oxazats, uto ecan dyuxuus (z, y) — f(r, y) HenpepuBHa MO TepeMEHHOH T TPK
KaXJ0M (PHKCHPOBAHHOM 3HA4YE€HUH Y H HMeeT OTPaHUYEHHYIO NPOU3BOAHYIO N0 NIEpEMEHHOI ¥, TO
9Ta (DyHKUMA HEMPEPHIBHA JI0 COBOKYIHOCTH Il€PeMEHHBIX £ 1 Y.

« Cornacuo ycaosuio, IM > 0 Taxoe, 4To

oz, )< M 1)

mus% Beex Tovek (z, y) u3 obaactu G onpefeneHus pysxuuu f.
Ilycts € > O npoussoasHoe, a (zo, Yo) — aobas Toura u3 G, Tornma

If(z, y) - f(zl)a yo)l S lf(zi y) - f(zy yO)I + lf(za yO) - f(z()y yo)l S
< fy(z, 0+ 0(y = yo))l [y = vol + 1£(2, o) = f(z0, 90)I.  (2)
B cuny nempepuiBHocTH dyHruuu f Mo r, mpu y = yo 361 = b1(e, yo) Taxoe, uto
|f(z, o) = f(zo, )| < 7, 3)
ecnn |z — zo| < 6;. M3 (2), (1) 1 (3) moaydaem
|£(z, ¥) = f(zo, 9o)| < Mly — 30| + % <e,

ecau |t — zo| < 8, |y — yo| < 6, rme § = min {-{’ﬂ, 61}, 4YTO M TpeboBaloCh AOKa3aTh. P

49. Tycrs (2,9, z) = Pa(z, v, %) — ORHOPORHKI MHOroWdeH creneny n. [okasaTs, 4To
d"Pn(z, y, 2) = n! Pa(dz, dy, dz).

« Ilycrs (z, y, z) — npou3BoxbHas Toura #3 o6macTy onpegenenus bynkuuu P,. Tak kak
P, — onHOPOOHEI MHOTOYIEH CTENEHH 1, TO IS HeTo CTPaBeNaHBO PaBEHCTBO

Pu(tz, ty, tz) =" Pu(z, 4, 2). (1)
Brrumcaum n-10 mpousBoguyIo or o6eHx Yacteil aToro paseHcTsa. OMeBMTHO,

P,(,")(tz, ty, tz) = al Py(z, 9, z). 2)
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O6o3navas neBywo 4acTh paBeHcTBa (1) yepes F(t) u nocnenopatensHo guddepeHupys, Haxoxum

0P, apP, aP, 2] a ]
F'(t)=-—-z+———-y+——2=< T+ —y+ =— )Pn,

oz dy 0z dz day 0z
2
v o PPa o BPuy FPu, P PP P (09 0
Fi) =5+ 57+ 57 7 055,51 525, ””a 22 =\t T et S

Ianee, MeToIOM MaTeMAaTHMeCKOM HHIYKI[MM NErKO TOKAa3aTh, YTO

W= (22 4,2 4.2
FV ()= (z 7.t yay + zaz> Py (tz, ty, tz).

Mocxoabky P, — OZHOPOOHEIM MHOTOWIEH CTEelleHH 1, TO YaCTHHIE MPOM3BONHEIE IEPBOTO JIOPAI-
Ka — OJHOPOIHBIE MHOTOYNeHH cTereHu n — 1 (cm. mpumep 42). Otciona ciefyer, UTo MacTHHE
NMPOM3BOIHEE N—T0 MOPAAKA SBAAIOTCS OTHOPOSHEIMH MHOTOY/JIEHaAMH HYJEBOTO MOpPAIKA, a Clle[o~
BaTelNbHO, SBJAAIOTCH MOCTOAHHHIMY, T. €. He 3aBHcAT oT t. [losToMy MoxHO 3amucaTh

Y I A
F (t)—(zaz+yay+zaz> P.(z, 9, 2). (3)

Cpasuue (2) u (3) # saMenuB z, ¥, z Ha dz, dy, dz, noMyuMM IOKa3EBaeMOe PaBEHCTBO. P
) ] i]
50. Mycrs Au = 2=+ ya—:. Haittn Aw u A%u = A(Aw), ecmm: a) u =

oz
6) u=In+/22 +y2.
8 z —2x z
a) Hmeem Au = T (m) +y8—8y <22:y2) =z (32+y2)2 +y(z’:yg)2 = ey =-u. B
CHIY ONHOPOTHOCTM onepamm A, A%u=A(Au) = A(~u) = —As = —-(—u) =u.

6) Ananoruuno Au =1 5= (ln Vz? +y2)'+y 5‘.’; (ln x2 +y2) = :2+y2 + 1‘2+y =1, A% =
A(Au)=Al=0.»

2 2
du du ou Py 9*u %
51. 1 A= — — — it
ycTp Aju p + 9 + % , Dpu = 322 + o + 722 Haitu Aju u
1

Aou, eciit 4t = ————————.
/22 + 42 + 22
« Bpops o6osnavenue r = /22 + y? + 22, HaxonuM

atN?  rai\? /at\? r)\2 2 2
= S ) —(_E ¥ _EV oL
A““(a:) +(8y> +(8z> _( r3) +( r3) +( ,a) T
! ? 1 8 N
A2“-a—ﬁ(:)+a—y2(r)+ﬁ(:)'

8 (1\_ 8 Ty _ 1, 3:? 8% (1 1, 3y 8% (1 1, 322
Mocxossry 35 (1) = 5z (-5) = -5 +3, w(F)=-m+t% &) =-5+%

:
3, P42+ 3 3
T0A2u~-_r3+ 5 ——r3+r3=0)r¢0~’

z »
2 +y2’

52, [orasats, uto dopMa muddepeHIManos NPOUBBOILHOIO NOPAKA (YHKIHMH & n ¢
f(£, n, ¢) coxpanserca npu 3aMeHe apryMeuToB ¢, 1, { TUHeHHHMHU QyHRUMIME: § = a1T + a2y +
asz, n=biz+bhy+biz,{ =c1z+ 2y + caz.

« Buuucnas sropoit iuddepeniman dynxuun: dif = f dEz+f dn? +f d¢* +2fg, dé dn+
Zfélc d¢ dC+2f dy dC+fe d25+fn dn +fc d% u samevan, uto, B cuny munestHocTH Dynximil £, 7, ¢,
HMeIoT MecTo paBeHcTBa dt =0, d% = 0, d% = 0, mony4yaem -

2
2 —
df—(a£d£+ +35¢ C)f



§ 2. YacTeste nporssogENe ¥ Juddepennuanrst QyHKIHE BeRTOPHOIO apryMeNTa 135

MeToROM MaTeMaTHYeCkoH MHIYERLMH JErko A0Ka3aTh, 4TO
é 3
d'f = d
- (2 s )

T. e. yro dopMa audGepeHIManoB NPOU3BOILHOTO MOPANKa COXPaHIETCS NPH 3aMeHe apryMeHTOB
THHeHHHMH QYHKUMIMUA. P

Haitti noannie gy epeHIMaInl TepBoro ¥ BTOPOro MOPANKOB OT CAeHYIOMMX CHOMKHEIX (DyHXK-
umit (1, y, 2 — He3aBUCUMBIE IepeMEHHEIE):

53. u=f (Va2 +72).

4 nddepenunpys ¢ Kak CIOKHYIO QYHKUMIO, NOAYYaeM

_ g 7 zdz +ydy 2 _ antdztydy [ zdz+ydy
du fd(\/z |-y) f—_—m du_d(f)—————\/m+fd )

Tax xax

i(f) = nzdz +ydy d zdz +ydy =(ydz—zdy)2
\/;2 +32 \/1:2 + 42 (=2 + ¥2)?

TO OKOHMATENHEHO HAXONUM
zdz +ydy)® (vdr — zdy)?
£? 492 N T ’

d2u=f”( 2+ #£0»
54, u=f(§, n), e =z +y, n=z-y.

4« [lockoasky aprymeHTH § M 7 SBIAIOTCA JHHEHHRIMU GYHKUMIMH, To dhopMa auddepeniH-
aloB POH3BOJBHOIO TIOPAAKa cOXpaHAeTcs (cM. MpuMep 52).
Nosromy, BRIuKCIAT puddepeHIuHats

du=fde + fydn, du= fli d€* +2f1 d¢ dn + f3s dn?,

" 8t . 8%f " 82

' — - 9s
rge f; = f2 = an, 1 = g fi2 = 55 f2 = 53, M BMecTO d§ u dn nogcraBafgf HX

3HAYEHHU S, Haune}mue 43 PaBeHCTB £ =z + y, ) = T — §, NoAyHaeM
du = f{(dz + dy) + fy(dz - dy), d’w= fii(dz +dy)* + 2f{(dz® - dy®) + fa(dz — dy)*. »
98. u=f(¢, n), me E =zy, 9= -

4 [Inddepenumpys v Xax CIOKHYIO QYHELMIO, OAyYaeM

du—fl(ydz+=dy)+f’-"ﬂ"‘—y—ﬂ,

dz? ~ 2% dy? - -
d*u = fli(ydz+z dy)* +2£% g—z—y-z—u'l'félz (ydz—yzﬂ) +2f1’dzdy-2fé£ld—z"‘§:d—y)§‘y‘~ >
56. u=f(z,9,z), e e =t,y=1?, z =1,
<4 AHaJIOTHYHO NpeNBIRYIEMY
du = f dt + fi2tdt+ 338 dt = (f] + 2tf} + 38 £3) dt,
Pu =l di® + Fi482 AP + Fn 0t A + 4fitdt® + 662 £15 dt® + 1260 Fib df® + 25 de® + 6tf) At =
= (fis + 48 £35 + 98 £ + 405 + 687 £15 + 126 £ + 215 + 6tf3) dt*. >

57. u=f(g,n, ¢), tne £ = 22 +¢*, n =122 — ¢*, { = 2zy.
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o« [Tonpayacs npaBunom gudgepeHIMpoBauus CIOKHOK HYHKLHH, HMEEM
du = f{(2zdz + 2y dy) + f3(2zdz - 2ydy) + f3(2y dz + 2z dy),
d*u = 4f1i (zdz + y dy)® + 4f3a(z ds —-ydy) +4fiy(ydz + zdy)® +
+8f15(2% de® — y? dy®) + 8f 15 (z do + ydy)(ydz + z dy) +
+ 8f23(:: dz — ydy)(ydz +zdy) + 2fi(dz® + dy’) + 2f2(dz - dyz) +4fsdzdy. »
Haittu d", ecan:
58. u = f(az + by + cz).
o Tlockonsxy B ganHOM ciyuae dhopMa nuddepeHUHanoB NHBapHaHTHA (cM. Tip¥Mep 52), To
4w = fA(d(az + by + c2))" = M (adz + bdy + cdz)™. »
59. u= f(az, by, cz).
« B cuny wuBapuanrHocT dopMu Auddepeninatos n—ro NOpaAka (CM. npuMep 52), nMeem
d™ = (-(;?;a dr + %bdy + g;cdz)n Ffs, t, 1),
rge s=az, t=by, r=cz. »
60. u=f(s,t,r),Tme s =10+ by +c12, t = azz + bay + c22, 7 = asz + b3y + c32.
« HcnoasayeM uHBapHaHTHOCTB GopMH n-ro Auddeperunada (cM, mnpuMep 52). Hmeem

W (8, .8 . 8 A\ _ 3
du—(ad8+0tdt+5;dr) f(S,t,r)-((aldz+bldy+cldz)as+

8 n
+(azdz +brdy+cdz) 2 + (as dz + by dy + c3 dz)E_-) fs 1) »

at
61. Iycrs v = f(r), tme r = /22 + 32 + 22 u f — gpaxn nuddepeHurpyemas byHKUMU.
‘ 3* 2 .
Toxasats, yto Au = F(r), rge Au= gzg + —é—: + g—;ﬁ — onepaTop Jlanaaca, M HaHTH PYHEUMIO
Y z

F.
< VimeeM

Tert Tergeriork

Y 11__ /gi uZ :fz
8y2'—fr2+’fF e Bz—f +f? =

Taxum o6pazom,

2,2, .2
Bu=friALEE +$f' ———-——~’ TP g gy S =5~ —f’=f”+§f’=F(r). >

62. [oxasats, uTo ecnu byHEUML 8 = u(z, y) yroBieTBOpAer ypaBHenmio Jlamnaca Au =
59_2_2_'_3214_0 T0 QYHRUMA v = z A
322 Tz = O TO pYHRIMA v =y g1 21

TakKe YAOBJIECTBOPAET ITOMY ypaBHeHHIO,
<« Brong nas ynobersa obosnavenud ¢ =

n :v ,P= z,“ , MMeeM
0% By 1 0¢

“‘ax‘“"az FPiade a +“’ay

dv

az

dyp dp 0 ad Py 9*
"——"‘u(a) ’1’23¢ 3¢+ 22(8¢) + llaz+u'28f’

Ef, o dyp 3 n (3¢ , 8 (4 , 3%
(3) “12 5y »8v+%’(?r’ tuga g
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i LA Bu 8’u " 8 " 8u
Tne vy = -y Uz = ey un = Bp2? U2 = Bp 89 U = Y

Orcrona

ona(8): )< (2]

dp 0 0p 0
+2ui'z(5§%+5§%)+uiAtp+u'zA¢- (1)

Briuncnss npouzBonunie

d _ ¢y -d? d¢ _ 2y —3193 _ 2z(z - 35?) 232 2z(3y* — 2°)
9z~ (2 +37)F’ oy (B +P) 927 (4¢P BRI
Y 2y W 2% - y? %y _ 2(3z® —y?) 32 _ 2y(y® — 32%)

9z . (224922 oy @ +y)E 922 (249 )P 0 (c2+y)p

ybexxpaemcs, 4To

dp Y 3tp A _ _
35 T oy =0 Ae=0 Av=0 @)
Taxun o6pasom, us (1) u {2) 1 ¥3 TorO, yTo Au =0, cremyer
1
Av = m Au=90.»

63. MoxasaTs, uro ecam QyHKUMS u = u(z, {) YHOBNETBOPSET ypABHEHHIO TEMIOMPOBONHOCTH

du _ 20%u 1 -2 e 1
E =a 322" T0 PYHKUHA ¥ = me 4atty a—zt_’ _;th ,t > 0, TakXe yHOBIETBOPAET ITOMY
YPaBHEHUIO.

4 Haxomuwm npoussonnrie

, u 2u Tul
V= { — + -

+
26Vt 40V @V a5\/—)

:2

e 4u7t

v

u iy Tu u} =

ha= |~ + -—=+ i e 4alt,

20313 4a5vt5 @b/ aS/t5
THe 4yepe3 u) M ul] 0603HaueHW YaCTHEIE MPOM3BONHLE DYHKUMM % TIO MEPBOMY apTyMeHTy, a
Yepes uj — MO BTOPOMY aplyMeHTY, Y MOJICTABAAEM UX B BHIDAKEHHE vf-—azv;'g. ITocie ynpoueHyit
nony4yaeM

1 =

vy — azv','z = ———g 4alt (u2 - azu'lll)

5\/1_5

CoraacHo yciaobumo, uj — a°uj; =0. Ilostomy v} — a’v); = 0. »

64. [orasats, uTo pyHKUHE 4 = %, mer=+\(z-a)+{y—b8>2+(z—c)?, mpur #£0

2

yAoBiIeTBOpAeT ypapHeHuw Jlannaca Au = gz—Z + gy: + %—z—: =0
4 HMeem
gu__lor__lz-a_ z-a Hu_ 1 3e-a)dr__1 3-a
3t 128z 2 r ' 92 . 9 H* 9z 1 s

AHaIoruyHO HAXOZUM

Pu_ 1 - Pu_ 1 3-o
> i R S R S S S S
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CxaagniBag MocheHKe TPH PaBEHCTBa, NMOXyYaeM /
3 3 3 3
Au=—-—3+ —5((z—a)2+(y—b)2+(z—c)2) = —r_3+r_3 =0.p»

65. ycrs bynxumn uy = ui(z, 9, z) ¥ vz = ux(z, ¥, 2 ) ynonnmopzlor ypassenuio Jlannaca
Au = 0. [lorasaTs, wTo dynruns v = ui(z, y, z) + (2% 4+ ¥* + 2})ua(z, 9, z) ynomrerBopser
6urapMoHHieckoMY ypasHeHulo A(Av) = 0.

<4 [Tocnegosarensuo auddepeHUMpy, HaXOMUM

dv  Ou duy v Puy Juy u,
5—; Y +2zu2+(z +y +z)3z E:—f_82+2 2+4z—a—-+(z +y +z)azz.
Ananoruvxo
3% 3 Uy duz FPuy v Pu Ouq 3% uz
6y2 Fw —+2u 2+4y'é—+(1? +3¥+z )W’ Frialr - t+2u 2+4Z-5—+(2 +y'+z )Bzz'
CrnenosatensHo,

_ duy  duz . dug 2, .2, .2
Av=Au1 + 6uzx +4 (1:3;+y?y—+za—) + (z +y +z ) Aus.

YuuTnBad, 4yTO GYHKUMK U1 M Uz YIOBJETBOPAIOT ypaBHeHMI Jlampaca, T. e. 410 Ay; =0 u

Auz = 0, mony4yaem
Jug Juz Ouy
Av —Guz +4 (Igﬁ-ya—y' +ZE—> .

8%Au &av slav

Haxons npoussomubie 7, Bg3 ) 8,3 M CKIATLBas HX, HMeeM

' 3 uy Puy 3%u, uy P us
A(av) =148u; +4 (z or? + yaz2 dy + 26::2 0z + ’ay2 oz +y_5;1-3—+

3% uy %uy uy 3*uz
+zay2 dz + ¥ 522 oz + Y522 dy +z 8z3 )’
3anucHBag MocneHee PaBEHCTBO B BUJE
A(Av) =14 Auy + 4:: (Aug) + 4yaa (Aug) + 4z§—-(Auz)

H TONB3YACH TeM, 4YTo Auz = 0, y6exaeMcs B cripaBefIHBOCTH paBeHcrBa A(Av) = 0. »

66. Iycrs (z,9, 2z) — f(z, 9, z) ects m pas nudbdepeHuMpyemas OHOPOAHAT DYHKIHUA
HaMepeHHud n. JlokaszaTs, YTo

(2 432+ 2) en o) o .

« llycs (z, ¥, z) — TpoM3BoabHas PUERCHPOBAHHAS TOHMKA M3 o6NacTH onpefeneHHs QYHK-
.uux f, a m € n. B cumy omHopomHocTH, cnpaBeqtMBo paBencTBo " f(z, ¥, z) = f(tz, ty, tz).
TlocremoBareasno muddepenunpys ero m pas o ¢

et of  9f , Of _ 3 . 9
GG TRl i g s (az”ay*’a)f(“’t”’")’

2
w(n = DSz, 3, 2) = 2L 4+ 2 2L 4 23; + 2’”3825

dz? ay?
#f Pf (a8, a8,  aY
320z oy ’5;”55“5) Jlie, 3, t2),

.............................................................................

+
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¥ nonaras t = 1, monyvaeM TpeGyeMoe paBeHCTBO. P

67. Oycts 2% = vw, y* = uw, 2° = uv u f(z, 9, z) = F(u, v, w). Jokasars, 910 zfs +yf, +
¥

2ft =uF,+oF, + wF.,.
« CoryacHo ycroBMio, HMeeM

F(u, v, w) = f(/ow, Ve, Vuv).

IuddepeHuupys 3To paBEHCTBO MO %, ¥ M W, HAXOMUM

Fu=fy2—\/ﬁ+féﬁ—ﬁr —f: \/—+fz ) —fzz\/— fyz\/"—w (1)

Ymuoxas niepBoe U3 paseHcTs (1) Ha 4, BTopoe Ha v, a TpeTbe HA W M CKJaNbBAg UX, TOMYyYaeM

o wW f uv , W 1 uv
—fy2m+ 12m+f12\/m+ 12\/——-+
4 vw +f uw

W R b Worr

Orciona, HCIIONB3YA YCIOBHE 3aa4H, OKOHYaTeIbHO HAXOMHM
uF, +vF, + wF, =zf. +yf; +zfi. >
Tlytem mocrenoBaTeNbHOro AU PEPEeHINPOBAHUA HCKIOYUTE IPOU3BOIbHEIE QYHKUNHK ¢ H ¢!
68. z =1+ p(zy).
« Haitgem yacTHEe NPOM3BOJHHEE IO T ¥ 1O Y:

dz , 0Oz '
— =14 , =T
ye ay [

uF, +oF, +wF,

Sy Yoy e

dz
CRoxXuM TONyYeHHEe paBEHCTBa, YMHOXKHB NepBOe M3 HUX Ha T, a BTopoe Ha —¥. Torma momy4um
z?i - ?i =z.»
dz ady

69. u=¢(z—y, y—2).

< I/IMeeM gﬂ = 1, g% = —p} + go’z,%;i = —p4. CknajeBasg 3TH DaBeHCTBA, MOLyiaeM
= T By + ez =0.»

70. z = p(z)$(y).

8 8
4 Nueem 2= = o'y, a—z = py'. Orciona 2 55; = ppp'y = 20"y,

" &
C npyrod croponm, 3 ;y = ¢'y'. CnepoBaTenbHo, M3 MOCIENHKX IBYX DPABEHCTB HEMOCpeXd-
8z 8z 8%z ’
CTBE€HHO BEITCKAET, YTO Bz ‘5; = Z'a—x'a_y. »

71. 2= p(zy)+ ¥ (;

« Hcnonbsya paseHcTBa

0z _ r 1, 8z 2 1 dz ' z . &z 2 // w, 2T
e, TEedaly, Fewio Tyl Sedea Ty T
nmoay4yaem cﬂe;[y!omue COOTHOIIEHHA:
0z 0z 2 0%z ,8% 2z
G = eV Py

M3 KOTOPHX HENoCPeNCTBEHHO Burexae'r, qTO0
2 2
2 0%z 2 0“2 0z 0z
T Vap e Vg
72. Ham NPOK3BOAHYIO Gynxumn z = 12 — y° B Touxe M = (1,1) B Ha.npmeﬂml 1,
M- YToa & = 60° ¢ NoAoXKTEILHEIM HMANTpaBiIehueM ock Oz.

=0.»
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4 Umeen —-—(—2 —-—(—lcosa + —-—(—lcosﬂ = 2cosa — 2cos f. Tarum oﬁpaaou, —-—L—l =
1-v3.»

73. Haitru mponssonnyio dyurumu z = In(z? + y*) » Touke M = (zo, yo) B HanpabreHuu I,
MEPNEHANKYASPHOM K JHHHK YPOBHS, MPOXOAAINEH Yepes 3Ty TOUKY.

« Mockonsxy Bextop gradw B Touke M OpPTOroHaleH K NMHHHM ypoBus ¢ = In(z? + y?),

nmpoxofidluei 4yepes Touky M, To HampaBaflouMe KOCHHYCH BeKTOpa | paBHH HaNpaBIgiOLIUM
xocuHycam grad v B Touxke M, T. e.

8z M Oz(M
cosa=—2E __  osf= S
Terdu0 7 = Tgrad u(20)]
8x(M) 2z, 8z(M 2
Ho 6z :3+0y§’ oy 12123’
2 / 2
92(M) 9z(M) 2

llgrad u(M)]| = ( ) + ( = e,
9z % VTE + 9

g Yo
TIO3TOMY COS @ = 2= cO0s ] = . CnegoBatenpHo
«/x3+y§’ VEtyg ’

az(M) aZ(M) aZ(M) 2 2 2
——t = o lcosat —2—=C0S = —===—= (z0+yo £0). B
ol dz Ay o2 + g2
74. Haittu 1w OM3BOJHYIO QYHRIMHU 2 = 1 — Ei+ _yi B Touke M = 2 —é— mo
. p y y = 2T P “\% 7
2 2
HaIpaBJIEHUIO BHYTPEHHEH HOPMAIM B 3TOM TOUKE K KPHBOK % + 7= 1.

4 TanreHc yria HakJIOHa HOPMAIH K TaHHOK KPHBOH ONpeflefeTc hopMynol tg @ = — —
b ¥\ 7z
e y = ~va? - £?. Orcoma tga = % & HalpaBIAIOUME KOCHHYCH BHYTPeHHEH HOPMaiM BHIPa-
b a
KATCE QPOPMYIAMHU COS (¥ = — =—=z===, C0S J = -~ ——===— (MH 6epeM 3HaK MUHYC, MOCKOABKY HOP-
dopmy m: 8 m ( 1% ¥e, y HOp
Mallb BHYTpeHH:%). BocnonbayeMcst Gopmynoit npousBonHoi no Hampasaenuio n = {cos a; cos f):

8z(M) _ 8z(M) o8 dz( M)
on 9z By

o+ cos fi.

8z(M) _ VI 8xM) _
Brruucnss npoussognunie B = a6y -5 ,HaXOJIMM

9:(M) /2 . a2 /2(e? + %) .
an avaZ+ b2 baR 52 ab )

75. Haitk NpPOM3BOAHYIO GYHKUMK 4 = zyz B Touke M = (1, 1, 1) B Hampabixenuu [ =
(cos a, cos B, cosy). Yemy paBHa Beau4uHa rpafuenTa YHKUUH B 3TOH TOuKe?

« Ouesuano, 5“(:“ =1, au(M) =1, e“gzM). = 1. [lo popMyae npoussonHoll Mo HanpaBIeHUIO,
MOy MM
Ju(M ou(M du(M du(M
u( )= u( )cosa+ u( )cosﬂ+—1-‘(—)cos~(=cosa+cosﬂ+cos~(.
al 3z 3y 9z 4

BenuuuHy rpanuenTa onpefieauM no ¢opMmyie

2 2
Hgfad“(M)“:\/ ("“gi")) +("’f‘§f’> N (a«w) s

76. OnpeneauTs yrox Meakm' rpanmenTaMu bynxin u =z + 3%+ 2% B TouKax A = (5, 0, 0)
= (0, ¢, 0). . . :
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4 Mmeem

gradu(A) = (8148(:.)’ 81:9(:)’ aua(:.)> = (2e, 0, 0),

grad u(B) = <aua(IB)’ aua(f)’ 8ua(zB)) ~ (0, 2, 0).

Otcrona |jgrad u(A)|| = 2|e|, ||grad u(B)|| = 2|¢|. oncTapasas oTy aHaYeHH7 B PaBEHCTBO

(grad u(A), grad u(B)) = ||grad u( A)|| ||grad u(B)|| cos ¢,

nmony4yaeM cos ¢ =0, T. e. ip—l >

77, HoxaaaTL HTO B TOWKE M, = (z0, yo, z0) yrox Mexxny PpagHeHTaMu QJymcuym u=az’+
by? +cz?, v = az® + by’ + cz* 4+ 2mz +2ny +2pz (g, b, ¢, m, n, p — NocTosHkbe U a’ 4 b° +c% #0)
CTPEMHUTCH K HYIIO, eclM Touka Mo ynanserca B GeCKOHEMHOCTD.

o« Ameem cosp = ﬁ%, 91
gradu = (2a1:0, 2byo, 2¢z0), gradv = (2azo + 2m, 2byo + 2n, 2cz0 + 2p),
llgrad uf| = 2\/ (az0)? + (byo)? + (c20)?, |lgrad v = 2\/(azo +m)2 + (byo + 1) + (cz0 + p)*.
Torma yroa ¢ ompejielsieTCs M3 PaBEHCTBa
ezo(azo + m) + byo(byo + n) + cz0(cz0 + p)
V/((@zo)? + (byo)? + (c20) (a0 + m)? + (byo + n)? + (cz0 + p)?)

Briuncium sin ¢ ¥ noxaskeM, uro sinp — 0, ecin /12 + y2 + 22 — oo

2
sin | = /T — cos? p = \/ - (azon — byom)? + (azop ~ czom)? + (byop — czon)
a

o) + (byo)? + (cz0)?)((azo +m)? + (byo + n)* + (cz0 +p)?)’

cosp =

Moneaysick nepasencraamu 2{zoyol < 22 4 92, 2zoz0) < 25 4 22, 2oz < yo + 22 » 06203}{at{aa
HaubGOoNLIMI 1o aBCONOTHOM BeIMUYMHE M3 Roatbdmuuemon YHCIUTENS NPU Zg, Yo M 25, 4epes
A?| nony4yaeM oleHKY

(azon — byo m)2 + (azop — czom)2 + (byop - czon)? € A’ (zg +yi 4+ zg).

He orpa}m‘mnax oGnmocn{ 6ynem C‘{}‘[TaTb, uyro a # 0, b # 0, ¢ # 0. Ilycts B = min{|al, |3}, |¢}},
torna a’za + b2yl + 22 2 B2 (23 4+ vi 4+ 22).
Taxum o6pazoMm, UMEEM OUEHKY
AVEE+ R+ 2
0 < |sinpf < » ot Yo % =~ o=
B\/zZ +y2 + 22 \/(azo + m)? 4 (byo + n)? + (cz0 + p)?
A

- B\/(a.zo +m)2 4+ (byo + n)? + (cz0 + p)? ‘

Ouenunyo, ecam /22 + y2 + 22 — o0, 10

V/(azo +m)? + (byo + n)? + (cz0 + p)* — oo;

TO3TOMY M3 HepaBeHCTBa (1) ciemyer, uTo sin ¢, a BMecTe ¢ HUM M { CTPEMMTCH K HYJIIO, eCIH
Toyka Mo ymansercs B 6€CKOHEYHOCTL, P

78. Mycrs u = f(z, y, 2} — nBammu nuddepenumpyemad byHruus ¥ I = (cos ay, cos B,
cos ), bz = (cosag, cos B2, cos1z), Is = (cos as, cos fa, cos 93) — TPH B3aHMHO TIepNENTHKYIAD-
HHIX Hanpasaexus. [lokasaTs, uTo:

2 du ou ou 2 ou 2
- () () ()
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Pu 9w Pu  u  Pu  Bu
6) mt+omtom=s5t+t35+53:
al o A Oz dy?: 0z
<« a) HaxonuM npoussoansie GyHERHY u Mo HanmpasaeHuaM b, b, ls:

_a_u auc:osot +a cos 8 +3 cos

a, Oz ! Ay NP E

] ] du du

a—;; 3: cos g + — 9 cos B2 + 5, <5 T2 1)
Jdu du ou 8u

FT ;9—Icosa3 + Bgcosﬁa + 5 S5

OTclona HETOCPENCTBEHHO CIE€QYET:

du\? 9u\? u\? 3\’ 2 2 2
(5[:) + (-é-’-z-) + ((—9—’;) = (5}') (cos” a1 + cos® a2 + cos” a3) +
du ? 2 2 2 du ’ 2 2 2
+ % (cos” By + cos” B2 + cos” fa) + F {cos” 71 + cos” 2 + cos” 12) +
du &

+ 2;?—1— -(%(cos a1 cos B1 + cos a2 cos f2 + cos a3 cos f3) +

o
+ 2-5—1!- -‘;—u(cos ] COS Y1 + COS (2 COS Y2 + COS a3 COS 73) +
T 0z

Za—zi g—(cos B1 cos 1 + cos Bz cos v2 + cos 3 cos 3 ). 2)
dy 0z

Tlockonsky MaTpuua

cosay cosfl1 cosv

cosaz cosfB2 cosv2 3)

cosaz cosfl3 cos7a
ABIAETCd MATpHLeH Nepexofia oT OPTOHOPMHPOBAKHOTO 6asuca (3, J, k) kX OpTOHOPMHPOBAHHOMY
6asucy (I, Iz, I3), To ona obmamaer TeM CBOMCTROM, YTO CyMMa KBaJpaTOB 3JMeMEHTOB M0GoK
CTPOKHM (CTon61la) PaBHa eAUHMUE, 3 CYMMa NPON3BEACHUH COOTBETCTBY IOINX 3JME€MEHTOB ABYX pas-
AU4HBX cTpok (cToab10B) paBHa HyIo.

2
Su 8u
Tarum 06pasom, B paBencTse (2) ko3 PUUHEHTH IPH KBaAPaTax NPOM3IBOIHEIX (5;), (5;),

ou)? aBHBL €IMHMLE, 4 TIPH NPOU3BEIEHUAX NPOUIBONHEIX oo &4 8u Bu Ou By . bl Hymo
8z P Lt e, P p A P A * 8z 8y’8: Bz’8y 8z P y :

Y4uTHBAA 370, U3 paBeHCTB (2) Henocpencrae}mo NOXy4aeM PaBEHCTBO a).
6) Haxomum 2 —-l—g- 8?1 ( gl"l ) TAe - onpeneneﬂo TIepBEIM U3 paBeHCTB (1):
Fu _ Fu u 32
ﬁ—ﬁcos al+8y cos ﬂ1+ c0s T+
2, 8%u

V+ZaT;yCOSa1cosﬂ1+2aia C°S°1C°5‘7l+2a 6 cos f1 cos 71.

8%y &
AHaNOrHYHO BHIYHCAAEM 31-3‘-, a—l',‘-. CrranniBag NoNyYeHHHE PaBEHCTBa, HaXOMUM
2 3

Pu  u & 3?
TG gl oot an ot an) +

Pu, , 2 2 Pu, ) 2
+5§I—2-(cos B1 + cos” Bz + cos” fs) + ‘3_2(‘5“ T +cos’ 12 +cos”y3) +
32
+2 920y (C0301005ﬂ1+C0302C05ﬂ1+c030;c08ﬂ3)+
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2
+ 258—;—-(cos @1 €08 Y1 + Co8 @2 Cos 72 + €OS &3 €O ¥3) +
r oz

+ 2: 7 (cos B1 cos 11 + cos B3 cos ¥z + cos fa cos ya).

OTcofa, BOCTIONB30BABIIMCE CBOCTBOM MATPULH (3), Mody4uM paBeHCTBO 6). B

79. Mycrs u = u(z, y) — AudbcepenimpyeMas GYHKUMI K TP Y = 1° UMeeM u(z, 2°) =11
Ou . Ou 2
-— = . Hattu — npu y = z°.
oz oy

<« Tockoasry, mo ycaosuio, u(z, 1:2) =1, To 0TcIORa, UcToab3yd TUDdepeHIUPYEeMOCTh PYHE-
LMK 4, NOIy4aeM %u(z, 22) =0, 1 e. ‘

du(z, 1°) + du(z, ?)

2z =0. 1
oz dy )
2 2
Ho, no ycrosuio, 8u ;;’ = r, noaTomy M3 (1) cienmyer, 4o 93%;’—1 = —,1—,. >
Pu ¥
80. Mycrs dymrums u = u(z, y) ynopreTBopser ypaBHeHMIo 3 o S 0 ¥, KpoMe Toro,
crenyiomum ycrosusam: u(z, 2z) = z, ul(z, 2z) = z°. Haittu uf,(z, 22), ufy (2, 22), uyy(z, 22).

« [Tuddepenuupys obe yacTy paseHcsa u(z, 2z) =z Mo
uz(z, 2z) + 2uy(z, 2z) =1
M MOML3YSCh PaBEHCTBOM u%(T, 21) = z2, nomyuaem z° + 2uy(z, 2z) = 1. [locnennee pabeHcTBO
cHoBa OuddepeHLIUpyeM ITO T
2z + 2uy,(z, 22) + 4uyy (s, 27) = 0.

OTCIOJIa YYUMTEIBAA YypaBHCHHE ﬂ,, = ’ll-yy H TOXXIECTBO ’ll-;. = u;',, noiay4yaeMm

Y

2ug,(z, 22) + ugy(z, 27) = —z. 1)
Hanee, mudepeniupys pabencTso u4(z, 22) = z° mo 7, ¥Meen
uze(z, 22) + 2us,(z, 27) = 21. (2)

Pemas cuctemy ypasHenmit (1) u (2) OTHOCHTENBHO uy,, %y, M YYHTHBas, YTO Uz, = H,,,
HaXomMM )

5
u,(, 22) = uy,(z, 22) = —4—32-, ugy(z, 2z) = ?z >

Y 0
81. Haiitu pemenne 2 = z(z, y) ypaBHeHus a—z = £ + 2y, yOoBIeTBOPAOLIEE YCIOBUIO
) y

z(z, tY) = 1.

<« Unrerpupys ypaBHeHue no y, HaxonuM z(z, y) = 5%y + ¥* + p(z), Te ¢ — Toka Heompe-
HeleHHas d)yl-ucuua Hna HaXOXJEHHS HEW3BECTHOU hyHEIMH  MCTIOAL3yeM yCIOBHe z(z, %) =
1 K (z z*) = 2%2® 4 z* + p(z) = 1. Orcioma (z) = —22* + 1. Taxum obpasom, z(z,y) =
Pyt -2t 41

. i
82. Haitru pemenne z = 2(z, y) ypaBHeHus 51—:—(% = z + ¥y, YIOBNETBOPAIONEE yCAOBHAM
z(z, 0) = g, z(0, y) = y°.
4 Nmeem
z
dx(z,

v) =’
= (z+y)dz+<po(y)5-5—+I!I+‘P°(!l):
0

r 2 2 2
#(z, y) = / (% +zy+ vo(y)) dy= ’—22 + -’-g— + o(y) + ¥(z),

[
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rae ¢(y) = }tpo(y) dy
0

Hcnonsays ycaosre z(z,0) = z, Haxogum 2z(z, 0) = ¢(z) = z; crenoBareasHo, z(z,y) =
v} 2
A+ L o(y)+e
Manee, us ycuosus z(0, y) = y* caenyer z(0, =y = y?. TakuM 06pasoM, OROHYATEXBHO

2
umMeeM z(z, §) = -’-z—"ﬂ- +9 +z.p
02
83. Haitry pemenue z = 2(z, y) ypasHenns —

y?
1, z(z, 0) = z.
4 AHAIOTHYHO NMPERLITyLieMy —ia-—l =2y +o(z), z(z, y) = ¥* + yo(z) + ¢(z).
Mpunnmas Bo BHMMaKMe, 4T0 2{z, 0) = ¥(z) =1, z,(z, 0) = p(z) = T, OKOHYATETLHO HaXONUM

2z, 9) =y +zy+1.»
Haittu poussontyio crenyomux orobpaxenun fo g:

84.f:(r,zp)>—+(rcos¢), 9:(z,9) = Va? + 4t

= 2, yROBIETBOpAWIee ycAosnaNM z(z, 0) =

. Yy ) €CIIA
fsin @ arctg ~
z
T =TCosp, =rsing, (r,p)€D, 1)
D={(r,p):0<agr<ROKp2r—-6 0<§<2n}. (

« [To dbopmyne nuddepeHurpoOBaHuA CTOXHOr0 0TOBpaskeHHA HaXOXHUM

(fog) =f- g—(W "“’)(7_7== 7‘7—=) @)

s @ T COs @ __;2—;;5- W

Hockonsry 22 +y° = %, 1o 3 (1) % (2) nonyuaem

ZCOs @ + rysin ¢ ycosyp _ TIsing
. NS 23433 \/,2+y 27443 10
(.fO-q) - z8in @ __ Tycosy y:mgo +rzcosgo 0 1 N

oy B Y ~ i R

r4

rcos @ ? + y’
85. fi(r, o, z) | rsing |, g:(z,9,2) arctg Y |, ecmn
z

z
z=rcosp, y=rsing, 2=z, (r, ¢, z) € D, (1)
D={(r,p,2):0<ar{R 0p2r~§ |zl < H, 0<§<2r}.
< Umeem
(fog)'=f-¢'=
z 0 Zcag @ rysin @ yeasg TZ 8in @ 0
cosg —rsing 0 P +y2 224y3 Vripyr | P a3z 2T
sin ¢ r cos 0 Y E] = Teing  rycose y sin rzcos
o . 17 . P2 ',z_‘__(,)_yz (1] T""‘za_{_y, 'J,:.;'HT 7_g=:2+y2 + ’Tjﬁx ow 0
0 0 1

YunTeiax paBencTBa (1), OROHYATEALHO KAXOTHM

1 0 0
(Fegy=[01 0}.»
001
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8%. Iycrs

/z2 +y2 +22

r cos psin § arcte L
g:(f, s 0)"" rsinpsiné |, f:(zy, Z)H gzz ,
rcosd arccos

N Y
(e, 0)€ED, D={(r,¢,0):0<a<r<R 0L p2r-60K0<m 0<6<2r},
z=rcosysind, y=sinpsinf, z=rcosh. 1)
Hajttut (fog) wu (go f).
« Tlo dopmyne nuddepeHINpPOBAHUA CIOXKHOTO OTOGPaXEeHH, HAXORUM

(fog)=f-¢'=
I Y "
;’2"’”;""2 \/'2"’,”2""2 ‘/’2"’(;‘2""2 <cos<psin0 —rsin psin § rcoswcosﬂ)

2z

= Trigy2 T34yl sinpsind rcosesind rsin@cosf
zz yz _Af524y? cos 8 0 ~rsin f
Vrityi(ai4y2423) /i +yAzi+yi+23) z24yd422

YMHOXUB MaTPUUH ¥ TOJICTABHB BMECTO T,y M z MX 3Havenus M3 (1), nosyunm

1 00
(fog)':(O 1 0).
001

1 00
(gofi/=[0 1 0].»
0 0 1

87. Haitrw F', ecan F = (fo go h)(s, t, u),

f:(:t,y)._..(\/z2+y2)’ g:(r’v)b_‘(rcosw), h:(s,t,u).-.( stu )’

arctg % rsin ¢ #4124 u?

AHanornyHo HaxoIuM, 4YTo

z=rcosyp, y=rsing, 1 =3ty =g+t 447

4 Vmeem
F=f.¢ 1
B cuay accouraTHBHOCTM MpoOM3BefeHH MaTPUL, CIIPaBEAIMBO PABEHCTBO
F=(fg).

A TOCRONBRY
.
ro=(VE T (2 )= (00 we (s 5)
b 1 0\ [t t t t
F'=(0 1) (2'; 32': ;u):'(ZZ 2 281;)"
YupamkBeHHS A% CAMOCTOSTeabEOMR PaGOTH

Haitry YacrHile Npou3poHKe cAEAYIOMUX GyHKUMIL:
17. f(z,y) = *5L. 18. f(z,9,2) = In(zy?z%). 19, f(z, 9) =ty + 2% + o’ + 2 — 9.

2
20, f(z,9) = ;;%gﬁ 21 f(z,9)=3. 22 f(z,9) = (22%y* —z + 1),
23. f(z,y) =arctg L. 24. f(z,9) = /22 +y* ~z+ 1. 28. f(z,9, 2) = /22 + > + 22
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flz, y) =27V, 27. f(z, y) =ln(z® +sinzy). 28. f(z, 9, 2) =In(z® + 2¥ +tg32).
29 f(z, y) =cos(2z + 3y +1). 30. f(z,y) =e 7. 31. f(z,y) = (z +1)2*.
32. f(z, y) = arctg =L, 33, f(z,y) =2 ¥. 34. f(z, y) = In(e® + 2¢¥).
)

1~:y :

35. f(z, y) = arctg 5 A 36. f(z,y)=zy~- % -+ -3

37. f(z, 4, 2) =22 +4* + 2% + 2y + 22+ yz + zyz. 38. f(z, Y, z) = (z9)".

39. f(z,y, z)=2"Y. 40. f(z,y, z) = arctg z + arctg y + arctg z.

Hatitu nudrdepenumans crepywmux dbyHRUMIL

41. f(z,y) =sin(z® +y%). 42. f(z, y) = arccos (zy). 43. f(z,y)=In tgi.

44. f(z,y) = arctg (z* +9°). 45. f(z, 9, 2) =ln(z +y~ 2). 46. f(z,9) =2".

47. f(z,y) = cos(zy). 48. f(z,y) =2" +¢° —zy.

49. f(z,y) =e*¥. 50. f(z, 9, 2) = 2’y + 4’z + 2%y

HenocpencTBeHHEM BHYHUCIEHMEM TIPOHABORHEIX IPOBEPUTD TeOpeMy Jiiepa 06 OAHOPONHKIX

PYHKUHUAX:
1
2 ; +9+
5L f(z,9, 2) = (2" + 4" +2°)21n 3. 52. f(z,y, 2) = Ye=. 53. f(z,y, ) =sin =L,

- z —- 2 2 2 = z
54. f(z,y, 2) = Wervrel 55. f(z, 5, z) = \/2? + 3% + 2%. 56. f(z, y) = arctg 5"
Hajitu 4acTHHE NPOMABOAHEIE TEPBOTO W BTOPOTO nopsuncoa B CIEQyOWUX TpUMEPaX:
57. f(z,y) = -;-111(22 +4%). 58. f(z, y) = arctg =L l—zy
59. f(z, y) = zsin(z +y) + ycos(z +y). 60. f(z, y, 2) = /2> + 42 + 2%
Hadttu npouaBoHEe NepBHX ABYX NOPANKOB OT (PYHKLMM:
6l u=gp(f,n), E=s+yn=z-y 62 u=p(n), {=2"+y" + 7 n=ayz.
63-"=‘P(5;"7),5=;,’0=¥ ’
64. Tloxasars, uto ecnn 2 = 9¢, ¥ = (¢, 22 = {7, 10 z-——+y6y +z-5; E-’g—'f‘+1;'z—:+(%%.
65. Ilonaras z = arcos® ¢, y = brsin® , naiTu axo6HaH

xz
z

oz oz
or 8¢
gy Gy
8r 8¢

66. Ilomaras £ = arcos® ¢sin® 8, y = brsin® psin® 6, z = cr cos® 0, HaTH AKOGUAH
bz bz bz
8 9y 88

Diz,y,z) (% Oy Oy
D(r,p,8) ~ |Or 9p 86
ox o o
or 8¢ 86

67. Llomaras z = €0, y = &n — &9(, 2 = n — £y, HaliTH aKo6HaH %(%—:—’3.

68. [loxasaTh, YTO €CNH Z = COSyp, § = sinpcosd, z = sin psinfcos ¥, TO AK0O6MaH paBeH
—sin® psin? fsin 3.
69. [orasaTh, 4TO MpH U = —rde= = S = 2 2

oy o T by e T L
'Du!,uq,u;!__(]__rZ)—%‘

D(z1,232,23)

CIIpaBENJIMBO PABEHCTBO

2
x

Su _ 28215 _ 1 e

70. Iposepurs, yro 5c =& 5p7 SCHH U = —xe i6%t,

@ N

71. lpoBeputs, 4To z +yey + z— =0, ecmt 4= (2)
Briuucaurs nupa:keﬂxa

8 8
72 5% - 2k + 5%, ecmn u =z +3).

&u 82 o4 \?
3. 57 557 — (3;?’—) , ecan u = p(zy).
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llposepurs cirenyomme paseHcrsa:

2
74. (z—:;--}-ya—ay-i-z-a%) u=0, = /22 4+ 9% + 22,

du du du 3
75. 5;+8—y+5;__x+y+z,u_ln(z +y +Z —31?3/2)

162,198 8 &2 ou
76. ;5 ;6:=;5,-,z—ytp(z + 7). 77"51_‘2‘—297:_2"@_‘12“ v=e"p(z —y).

82 8y
78. 5% T 5 = 20", u=p(y—2z)—zp'(y - 2).

i z?

79. (z° - yz)g—; + zy-‘;—: =zyz, z=¢evp | ye?y® |. 6:2 v, 8 6y2 =0, u =In(z* +¢*).

2062 2 82
81. -—',‘+2zyazay+y -g;%‘-

2
82. 231'; + 2zyax ) + ?/23'7‘:1 =n(n —1)u, roe u = z"p (1) +zi7p (!)

z
82y 2

83, 2% — 2 2% 4 2 =0, ecan u=2p(z +9) + y9(z +9).

y 2“ U 2 2“ U 2 /
84. a* (u%; ~ (g—x) ) =¥ <ug—y7 - (g—y) ), rae u = p(ay + bz)y(bz — ay).

Elnz

=0,,ecnuu=ztp(%).

85 su 8%u ou 9%y

II !
C 5 Brey = oy 507 ecn u = f(z 4+ ¢(y)). 86. LWy

(wl=)+9(y))? "

—2zz

§ 3. HesiBHBIE DyHKINH

3.1. IIpEEUUN HeNOABHKHOH TOYKH.

Iycte X — MeTpuyeckoe MPOCTPAHCTBO.
Omnpepnenense 1. Onepamop (omobpanxenue) A: X — X Ha3bl6GEMCS CH UM UUM, eCaU

36 €10, 1[AVz, y € X : p(Az, Ay) < bp(z, y).

W3 onpepenenns cnegyer, 4To onepaTop A yROBIETBOPAET YCIA0BUIO JIMIIIIMUYA ¥, ClIefOBaTe k-
HO, PaBHOMEPHO HENpPEpPHBEN.

Omnpepnenenne 2. Touka z € A nasvieaemcs wenodeux noti mouxoi onepamopa A, ecau
AZ =T m. e. €CAU OHG REAKEMCR PEUWEHUEH ONEPATROPHOZ0 YPABHENUS AT = .

Teopema (Kauunononan—Ilurkapa—Banaxa). Beaxuti cwusmanwuti onepamop A, omobpa-
xawwutl noinoe mempuuecxoe npocmpancmeo X 6 cebA, umeem 6 3MoM npocmpancmee eJun-
CMBERRYI0 HENOJCUNNYID MOUKY.

3.2. Onpepnenenne HeIBHOH DYHELHHA.

Hycts 3amako orobpaxenne f: X xY — Z, rme X C R™, Y C R*, Z C R, npuuem
MHOXECTBO Z COJEePHKHUT HYJAEBOK 3JEMEHT mpocTpaHcTBa R™.

PaccmoTpum ypasneHue

f(z, y)=0. (1)

Ecnu cymectsyoT nemycThie MHoxkecTBa £ C X u F C Y takue, yro Y& € E ypasnenue (1)
HMeET EIHHCTBEHHOE pelnenye Y € F, To MoxHo onpefenurs otobpaxenue ¢ : E — F, nocraBus
B COOTBETCTBHe KakaoMy & € E to sxauenue y = @(z), y € F, xoropoe NpH 3ToM T ABIA€TCA
pelenneyM ypaeHenus (1). B aToM ciyyae ypasuense (1) onpefenser ¢ kak HesiBHOe 0ToOpaskeHHe
E — F : 2~ @(z), koTopoe Ha3HBaeTCA HexeHbiM omobpaxenuexs (Mpu n = 1 — Pynxyuet),
onpependeMEM ypaBHeHMeM (1).

3.3. TeopeMH 0 HeSBHOH QYHEUHH.

Ilycrs 3agano ypasHenue

f(zi, 22, ..., Tm, y) =0, (1)
koTopoe 3amumeM B Bume f(z, y) =0.
3mecy z = (1:1, T2, .00, :Bm), zeS (20, ﬂ), To = (3?5 tg, ey z?vi)» y € S(yo, b)) S(yo, b) =

lvo — b, yo + b[. O6osnaumm D = S(2o, &) X S(yo, b)
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Teopesma 1. Iycme pynuxuus f: D — R ydosremeopsem caedyowun ycaosusu: 1) f we-
npepvieias e D u f(zo, ) = 0; 2) 6 D cymecmeyem «acmHas npouscoduas fy, HenpepuisHas 6
mosuxe (Za, ¥o); 3) fy(To, yo) # 0.

Tozda 3§ €]0, a[A Je €]0, b[ maxue, umo ypasxenue (1) onpedeagem eduncmeennyro Gyrxyumw

y: S(”Oy 6) — S(yDi £), (2
nenpepuienyw ¢ wape (o, §), u maxyw, umo y(To) = Yo.

Teopesma 2. ITycms svinoanensi 6ce ycrosus meopexsi 1 u 6 obaacmu S(xo, §) x S(yo, €) C
R™ cymecmeyiom wenpepvieksie npoussodnvie f;j, 1 =1,m, fy, npunen f, # 0. Tozda nesenas
dynxuus y : S(x0, §) — 5(yo, €), onpederennasn ypasnenues (1), Juddepenuupyema s xamdot
mouxe wapa S(xo, §), 6 ee wacmMubIie NPOUIBOANBIE BLIVUCARIOMCA NO POPMYAGH

f2;(=, ) —
' 5 .
Y2,\ L) =~~~ 77—, J=1,m 3)
[Iycrs 3amama cucTeMa ypaBHEHHH
fi(J:lyI?}"')z‘m: yl)y27"'7yﬂ)=01 2=.1—)-—ﬁa

KOTOPYIO 3allMUIEM B BHJA€E OZHOI'O BEKTOPDHOI'O YPaBHEHUA

flz, y) = 0. (4)
BIIECL T = (Ilz L2y oeny Im); TE 5(305 (1), To = (J:l) Ig; veey I?n)r y= (yl) Y2, ..., yn): Yy €
S (Yo, b), wo = (42, 93, ..., ¥0). O6osmauum D = S(zo, a) x S(y,, b).

Teopema 3. ITycms omobpaxenue f: D — R™ ydosaemsoprem caedyrowun yciosusx: 1) f
nenpepuistoe 6 D omobpaacenue u f(2o, y,) = 0; 2) 6 D cywiecmeyem wacmuas npouzsodnas

8 -] | 8
ﬁ(ﬁo, Yo) g_iz(xo, Y) - ayfn (20, ¥o)
813 8fa

Ala )= | Snlm ) Salemw) o o w) |
ay’; (201 'yo) Bya (mo, yo) ain (zoa Y)

nenpepuisnas 6 mouxe (2o, Yo);

3) det £, (0, ¥) = —Dm’—’——’ﬁl #0 6 mouxe (%o, Yo)-

D(y1, ¥3, s ¥n)
Tozda 36 €0, a[A 3e €]0, b maxue, umo ypasnenue (4) onpedeszem edurcmaensoe omobpa-

acenue B _
v: 5@, 8) = S, ),
NENpePHIBROE 8 3aMKRYMOM wape S (o, §), u maxoe, umo Y(xo) = y,.
Teopema 4. Ecru evinoanensi 6ce ycaosus meopemsi 3 u 6 obaacmu D cywecmeyrom we-
npepLIBHbIE YaCTNDIE nPouIeodnvie f,, f;, a Mampuya fy(z, y) obpamuma 6 smoti obaacmu, mo
omobpaxenue y : S(xo, §) — S(¥,, €) duPepenuupyeso 6 xawdoti mouxe T € S(xg, §) u npu

¥'(2) = -(fy(=, ¥)) ' fo(2, v). (5)
3.4. OGpaTHOe 0TOGpakecHHeE,

[Iycrs 3amano orobpaxenue f: X — Y, rme X CR™, Y CR".

Ecau gas xaxnoro y € Y ypasuenue f(z) = Y MMeeT EUHCTBEHHOE pellleHe € X, 1o Ha
MHOXeCTBE Y MOXHO ONpeNenuTh orobpaskenme f° : Y — X OCTABMB B COOTBETCTBHE KaXIOMY
¥ €Y 1o 3Hauenne x € X, KOTOpOE IIpH 3TOM J ABIAETCA DEmeHHeM ypapMennua f(z) = y. Tax
onpegnereHHoe oToGpaxkeHue HaduBaeTcAd o6pamubiM IO OTHOUIENHIO K oTobpakenuio f.

fcto, uro orobpakenne f spxserca o6paTHHIM oTobpaxenuio f ', mosromy oToGpaxkenus f
¥ F! HasuBabTCH 63aUMHO OGPAMHBIKY,

W3 panHoro BHIIE ompeneaeHHs CIENYET, YTo

Mfz)== veeXx,

)=y YyeY. )
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Teopema. Ilycmv omobpaxenue f: X — Y ydosremsopaem caedywouium ycrosuss: 1) f
nenpepoisno 6 X u ¥y = f(xo), 0 € X, Yo € Y; 2) 6 obagcmu X cyuecrneyem npoussodwnas f,
HENPEPLIBHAR 6 MOYKE Tg, NPUNEH HAMPUYG

8 8 8
52 (=0) g;(t o) - %,;: (20)
812 2 82
#(20) = éfz-.(f‘??...?ff.(.”??..:.‘.‘..fr.(.“.°? )
8fn 8fn 8fn
So(z) Lr(zo) ... 32(=)

nesvipoxcdena, m.e. det f(zo) = MM(%) #0.

D(21,%2, -+ Tn)

Toeda 35(x0, €) C X A 35(y,, §) C Y maxue, umo das cymenus omobpaxenus f na wap
S(ze, €) cymecmeyem eduncmeennoe Nenpepbleuoe omobpaxenue 1 : S(y,, 6) — S(xo, €), npu-
HUKAIOULEE INAUERUE To NPU Y = Yy, m.e. T 1 (Yg) = To.

310 oTobpaxkenye auddepeHIMPYEMO B TOUKE ¥y, X €T0 NPOU3BOIHAA B 9TOM TOUKe BEIMMCIA-

etcqd no dopMyire
-1
() (%) = (F(20)) ™ ®3)
s axo6uanoB u3 dopmyisl (3) 0ay4aeM paBEHCTBO

1216 A AP o
D(yly Y2, "-)yﬂ)

(%)=

. (4)
D(fla f2; ey fn)
D(zy, 22, ..., In)(a:o)

[Ipu dopmyauposre GoABIIMHCTRA 3a1a4 3TCro maparpacda NMpefnoiaraeTcd, 4YT0 BHIIOIHEHE
yciaoBus, obecreurBalone CYIeCTBOBAHUE HEIBHHIX (PYHKLMH X UX COOTBETCTBYIOIUIUX IPOU3BONI-
HHIX.

88. Moxraszars, uto dyukuus [Jupnxie

_J 1, ecim =z pamioHaxsHo,
y= 0, eciM £ WpPPaUMUOHAILHO,

Pa3prIBHAA B KaXXJOM TOUKe, yIOBJIETBOPAET ypaBHeHWIO y° —y = 0.

« B pauyoHaTBHEX TOUKax 3HaYeHHe GYHKUMHK y M ee KBafpaTa y° paBHo eguuuue. [losromy
B 9THX TOMKAX BEINOJHAETCA paBeHCTBO y° — y = 0. Ecam z uppauuonansso, 10 y =0, 3> = 0,
MHI CHOBa y6exaeMcH B CPaBEeLIMBOCTH PaBeHCTBa ¥° — y = 0.

TakumM 06pa3oM, Npu Bcex NEHCTBUTENBHHIX 3HAYEHUSX I (YHKUMA [[Mpuxie yraoBieTBOpseT
ypaBHenuo y° —y = 0. p

89. Mycrs dyuxuua f onpeferena Ha uHTepBate Ja, B[. B xakoM cayuae ypaBHenue

fla)y=0 @)
uMeeT Npu @ < T < b eXMHCTBEHHOE HeNPEePHBHOE pemenne y = 07
« Ouesupno, ¥ = 0,a < £ < b, ABIAETCA HENMPePHBHEIM pellleHHeM ypaBHeHud (1) rpu
moboit pynkumu f, ompegeneHHoH Ha uHTepBane Ja, b[. Iycte y = y(z),a < z < b, — gpyras
HeNpepHIBHAA QYHKLHUSA, ABIAOIIAACA PemleHueM ypasHenus (1), ¥ Touka 1o €la, b[ Takas, uro
(o) # 0. Hs HenpeprBHOCTH y cilenyeT, 4To ¥(z) # 0 Ha HekoTopoM HHTepBaie |a, A[Cla, b[,
CoflepKameM TOYKY To. Torga fiad BhMonHeHus paBeHcTBa f(z)y(z) = 0 Ha uuTepBaze )a, f[
HeoGXOMMMO H JOCTaTo4HoO, YTo6H f(z) = 0 pis Bcex r M3 MHTepBaia |a, S[Cla, b[.
Taxum 06pasom, ecru MHOXkeCTBO HyIeH GYHKLUUM f He 3alIOMHAET. IEIUKOM HUKAKO) MHTEPBaT

Je, B[Cla, }[, 1.e. Hurme He mmoTHO Ha ], b, TO y = 0 — emMHCTBEHHOE HETIPEPHIBHOE PEMIEHHE
ypaBHeHus (1). »

90. Tiycrs dynruun f ¥ g ompefedeHH U HETIpepHIBHE B HHTepBaJe |6, b[. B xakom cay4ae

ypaBHeHue
f(z)y = 9(z) (1)
uMeeT HA METeDRage o, b[ enmicraennoe HempepHBHOE pemrenne?
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« Tlycts ypaBuenyve (1) uMeer ABa HenpepHBHEIX pemenud ¥ = Y(z) n z = 2(z),a <z < b,
T.e. nycts f(z)y(z) = ¢(z), f(z)z(z) = g(z). Orcropa cremyer, uro f(z)(y(z) — 2(z)) = 0,a <
z <b.

TakuM 06pa3oM, pelleHMs y ¥ z ypaBHeHus (1) COBNAjaIOT, €CIM OXHOPOJHOE ypaBHeHHe
f(2)y = 0 uMeeT exuHCTBeHHOE HenpepwBHoe pemente ¥y = 0, a < z < b. DTo, B CBOI OUepens,
BO3MOKHO ITHIIb TOTHA, KOTJ2 MHOXKECTBO Hyllei GyHKIMHM f HMITe He MIOTHO Ha HHTepBale |a, b
(cM. mpumep 89).

Ecau f(z) # 0,2 < £ < b, 10 o¥eBUpHO, y = -f-&% — eIMHCTBEHHOE HellpEPHBHOE pelleHHe
ypasHenus (1). Ilycts f obpaimgaerca B Hyan B HEKOTOPOM HMTJle He ILIOTHOM MHOXECTBE TOYEK

{€} Cla, b[. Torma oTHoOweHHE % He onpefieleHo Ha MHOxecTBe {£}, a QyHKuMA y = % ABIAETCA

pellleHyeM ypaBHeHus (1) Tonbko Ha MHOXeCTBe ToYek MHTepBama Ja, b, B xoropaix f(z) # 0.
Ecau notpebosaTh, 4To6B CyLIECTBOBAI KOHEYHHIN Mpejel

g(z)
ll—-c f(z)’

YTO BO3MOXKHO JMIIb B caydae, korna g(€) = 0, £ € {¢}, To pyHkuus

- 92)
f(z)
9(z)
— lim z=¢ €€ {¢},
==t f(z)’
GymeT eXMHCTBEHHBIM HENPEPHBHKM pelleHueM ypaBHeHus (1).
Htax, ypabHenne (1) uMeeT eIUHCTBEHHOE HENPEPRIBHOE PElIEHHE, CIH: 1) MHOXKECTBO TOMEK

{€}, B xoTopux f(£) = 0, Hurze He MaoTHO Ha Ja, b[; 2) g(€) = 0, £ € {¢}; 3) cymecTBYeT KOHeUHKIH
npenen (2) nas Bcex Tovek £ € {£}. »

()

z €la, b, z £ £ €{¢)},

91. Mycrs pano ypasnenue
2 + y2 =1 (1)
u
r—y(z), —-1<z<1, (2)
— QyHKUUA yROBIeTBOpsiomad ypasrenno (1).
1) Cronsko dyHxuuit (2) ynosrersopser ypabrenuwo (1)?
2) Cxonbko HeMpepHBHHEX (yHKUME (2) yroBiaeTBOpseT ypaBHenuio (1)?
3) Cxounbko HenpepHIBHHIX (yHEumi (2) ynoBaeTBOpsieT ypaBHenuio (1), ecmn: a) y(0) =
6) y(1) =07 :
< 1) Dynxunit, yIoBreTBOpPAOUMX ypabenHio (1), Gecuucnennoe MuoxecTso. Hampumep,

ecau ::k-—1+25(k-—0 n; n=2,3,...), o qua moboro n = 2, 3, ... hyHKUMA

V1—-12% ecmnm ok €z < ZTakil,
Y1z —/1-22 ecaun zak41 € T < T2k+2,
0, ecth z =1,

rae k =0, n, yaoBi1eTBopseT ypasHeHHD (1).
2) Ecam ¢ — npousBonbHOe (pMRCHPOBaHHOE YMCIO U3 cerMenTa [—1, 1], To ypasHenne (1)

HONYCKaeT HBa PEIleHH:
y=y1-122, y=—-/1-122

Taxum o6pa3om, MOKHO ONpeTeaHT NBE HenpePHBHRE hyHKIMH Y = V1 — T2 ny = -\/ 1—1z2,
~1 <z €1, ynosnersopsouie ypasuenno (1).
3) OueBUAHO, TONBKO ONHA W3 HAMHJEHHKX B NPENHLYINEM IyHETe byHRuMi y = v1 — 22 yao-
BrerBopger ycuosuo y(0) = 1. Yeaosuw 6) ynonIersopfior o6e byHEUHH. P
92. Mycre mano ypaexenue

=3 = Avﬂ (‘;
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¥
z — y(z), —0 < z < +o0, 2)

— ¢yHRUUS, YIOBIETBopA®OmMas ypasHeHuno (1).

1) Cxoasko yHRum (2) yRoBaeTBOpaer ypabHeHHw (1)?

2) Croabko HempepHBHEIX GyHELMI (2) yRoBIeTBOpHeT ypasxenuo (1)?

3) Cronrxro nuddepemmpyemux dbysxuuit (2) ynosaerropser ypasuennio (1)?

4) CxonbKRo HenmpepHBHEX (PyHRIM (2) yRoBaeTsopdeT ypabHenuio (1), ecan: a) y(1) =1; 6)
y(0)=07

( )5) Cxonpko HenpephIBHEIX PyHkuui z — y(z), 1 =8 < z <1+ §, ynoBaeTBOpseT ypaBHEHHID

(1), ecam y(1) =1 u § mocraTouxo Mano?

« 1) Hoxaxem, uro ypasuenuio (1) ylosieTBopseT GecuucIeHHOE MHOXKECTBO byHKUMA. 3a-
HafMM MPOU3BOIBHO MHOXKECTBO {a}, 31€MEeHTaMU KOTOPOTO ABAAWTCS MOHOTOHHO BO3PacTalouIHe
TIOCHENOBATENbHOCTH Tai, a2, -+ . ; Tan, --. TakHe, YT0 Im Za, = 400 npu Beex a.

n=—00

g xaxkporo o hyHruus

—lz|, écmm z < =za1,
Yz |z}, ecam zan-1 < < zazn,
—|z], ectm Zan < T < Ta2ntl,

e n € N, onpenenena npu scex z ¥ yHoBIeTBopseT ypaBHeHun (1).
2) Ua ypaBrenus (1) HaxopguM |y} = |z], —o0 < £ < +00. Orciona, B cBOW OYepens, NOTyvaeM

y=—z, 9=z, y=|z|, y=—|z|, ~00< 2 < +o0. 3)

3TH ueTHpe HeNpepHIBHEE HYHKUMH YAOBIETBOPLIOT ypaBHenuo (1).

3) Hockonsry ¢yuxuuu y = |z| u y = —|z| He MMeroT npoussonHOH B Touke T = 0, To
u3 veTspex yHkIUuH (3) Toupko ABe y = z, § = —z, T € R, apadiorca muddeperimpyeMeMu
pemenuaMy ypasHenus (1).

4) HemocpencrBerHoit poBeproi y6exnaemcs, 4To cpeny ¢yHruuit (3) Toasko ABe y =z U
y = |z| ymoBneTBOpAIOT YCNOBMIO 2a) M BCE YeTHpe GYHELMM YAOBIETBOPIIOT yCIoBUo 6).

5) Hockoneky HenpeprBHie GYHKUMH y =T ¥ y = |2, yIOBNETBOpAIOUIME YCIOBHIO y(1} =1,
TOXAECTBEHHO paBHH B MHTepBane |1 — 6,14 8], 0 < § < 1, To gAs Bcex T U3 ITOro MHTepBaia
TOJBKO Of{Ha HeNmpepHBHAA (ByHRUMSE y = I YNOBIETBopfeT ypaBHenuwo (1). »

93. YpasHennue 2 2
t .4
gy =2ty (1)
onpeneader § kak GyHKUMIO oT z. [l18 RKaRMX MHOXKECTB TOUEK YMCIOBOM OCH TakMX dyHKuui: 1)

onHa, 2) nBe, 3) T M, 4) YeThIpe? On €OCINTDh TOUKH BETBICHHUSA 3TOM HKIIHHK K €€ HeTIDEPBIBHHE
] )
BETBH.

« Us ypabHenns (1) Haxonum

(2)

OTc1011a HeNOCPECTBEHNHO CHENYeT:

1) ypasnenne (1) HM NpH RaxHX 3HAYEHHAX Z He OMpeReNfeT eXMHCTBEHHOH dyHEuMM (Her
o6mUX TOHeR, B KOTOPHX COBIANANH GK BCE METHPE 3HAMEHHUE ).

2) Ypasnenue (1) onpeenser Ave GYHRUMK, ecIn

0<|z]<1 = |zi=\/¥

3) Ecam 'z =0 wax |s| = 1, 1o pavencrsa (2) mawr Ham Tpx Mavewus y. Iosromy Ha
apuoxecrae {1, 0, 1} ypasuenne (1) onpeneaser tpx Qyuxim.
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4) BEcax 1 < |z < 1+2\/5’ 1O ypasuenue (1) onpenenser vernpe dyuxumn. Ha (2) yGexrnma-
eMcil, MT0

IIpH £ = %1 ABIKIOTCS HENPEPHBHKEIMY BETBIMH,

Touky (To, yo) Ha3HBaIOT Mouxoili 6emsAenus nis ypaBHerns F(z,y) = 0, ecuut a) F(zo,y0) =
0; 6) He CymecTByeT OKPECTHOCTHM TOYKH (Zq, Yo}, B KOTOpOil 6H IaHHOe ypaBHeHHe yHOBIETBO-
PANOCH eAUHCTREHHOR HenmpepHBHok yHkuuelk y = f(zr) u Takolt, uto yo = f(zo). % Hamero

cayyas (£1, 0), (:h\/ L‘t.z_\/z’ ﬂ:&z-) — TOYKY BeTBIEHMH. P

94. Tycrs dyurums ¢ — f(z) HempepuBHa Ip a < £ < b ¥ y — (y) MOHOTOHHO Bo3pacTaeT
U HenpephiBHa MpH ¢ < ¥ < d. B xakoM cayuae ypanuenne ¢(y) = f(x) onmpemenser dynruuio
y = ¢ (f(z))? PaccMmoTpers npumepst: a) siny +shy =z; 6) ¢™¥ = —sin® z.

4 Oyuruns y = ¢~ (f(z)) onpepensercs cremylomunm o6pasom: Laf mo6oro GUKCHPOBaH-
HOTO 3HadeHus T €)a, b[, T.e. mng duxcupoBarHoro sHaweHus f(Z), CTABUTCA B COOTBETCTBME TO
3HaueHNe ¥, KOTOpOe ABILETCS pelleHneM ypasHenus p(y) = f(z).

Tockonbky GYHKUMS ¢ HEMpepHIBHAa H MOHOTOHHO BO3pacTaeT Ha MHTepBale )¢, d[, To ypaBHe-
Hue p(y) = A UMeeT enMHCTBEHHOE pemente ¥ = ¢~ (A), eclu WMcAo A NPHHAANEKHT MHOKECTBY
3HaveHUit QyHRIHH @, ¢ < ¥ < d. '

Taxym 06pasoM, ypaBHeHMe MMeeT eNUHCIBEHHOe pemenne ¥ = ' (f (z)), ecan mHOXKecTBa
3HadeHUH hyuxumit ¢, c <y < d, H f, a < z < b, uMeloT ob1He TOUKY.

Paccmotpum mpuMepnl. a) siny +shy = z. 3uecs dynxuus y — ¢(y), —0 < y < +oo,
HenpepwBHa. [loabaysacs dopmMynon Teitnopa, HaxoMKM, YTO NPOU3BOTHAS

2 4 2 4 4 8
T (1. ¥ _ vy .y - y .y
w@)—cwy+¢hy—(l ETINT '“>+(]+2!+41+'“)‘2(1+4!+ss+'”)’

-0 <y < +og,

nonoxurensta. CnenoparensHo, dyHRUMA ¥ — ¢(y), —o0 < ¥ < 400, MOHOTOHHO BO3pacTaer.
Mocronsky MHoxecTBa 3HaveHmit dyHkumi p(y) = siny +shy, —00 < y < 40, u f(r) =z,
~00 < < 400, COBNANAIOT, TO YpaBHekHe sin y + sh y = £ onpefelseT eAUHCTBEHHYIO DYHKLHIO
¥y = w(z), —00 < T < +00, 06pallaloWyic 3T0 YpPaBHEHHE B TOKIECTBO.

6) e7¥ = —sin®z. B sroM ciywae MHoxecTBoM 3Hauenuit bynxunk y — ¢(y), o(y) = e7¥,
00 < y < +o0, ABAKETCH NOAYOecKOHe HEBIE uHTepBan J0, +00[, 2 MHOKECTBOM 3HaYeHMH dyHK-
wn f(z) = —sin’ z, ~00 < £ < 400, — cerment [-1, 0]. Tlockonsky STH MHOXeCTBa He MMEIOT
of1I¥X TOuek, TO ypaBHeHHe ¢ ¥ = —sin® z He uMeer pemenuit. B

95. Mycrs
z=y+¢(y), (1)

rae ¢(0) =0 u |¢'(y)} < k < 1 npu —a < y < a. Joxrasars, 4TO NpH —¢ < Z < £ CymecTBy-
€T efIHHCTBeHHEA THhdepeximpyemas GyHKUNS ¥ — y(z), yIOBIeTBOpsIomasn ypasHenuw (1), #
Taxad, uro y(0) = 0.

4 W3 yciosHs ciefyer HepaBeHCTBO 3-’; =1+¢'(y) > 0, ~a < y < o, obecneunparwmee

CTPOTr'Y$0 MOHOTOHHOCTE HENPEPRIBHOK DYHEIMH 2 = y+(y), —6 < y < a. Ilycrs € = min{|r(-a+

0)l, |z(a—~0)]}. Torna, B cuxy cTporoit MoHoTOHHOCTH GYHEUMH T = y+ ¢(y), KaXZoMy T €)—¢, &]

COOTBETCTBYET TONBEO OXHO 3HadeHne ¥ €] —a, af, xug xoToporo y+ ¢(y) = z. Hosromy Ha |—¢, ¢f

CYIReCTBYeT QYyHRUML ¥ = y(z), ofpaTHas g% byHxipym z = y +<p(y) ‘M TOXEe CTPOTo MOHOTOMMAg.
A Tax xax ypasnenue (1) npu y = 0 mmeer pemenue z = 0, 10 y(0) = 0.
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Tlorasem, uTo byHkuus y = y(z) auddepenuupyema. ycts zo, 2o+ Az €] —¢, [ u Az # 0,
TOTNA Yo, Yo + Ay €] — a, a[, THe yo — KopeRs ypaBHeHHS zo =Y + (y), Ay #0 u Ay — 0 npx
Az — 0.

HOCEOHBRy CyWEeCTBYET npenen

Az e+ dy) =)\ _,,
Al;:go (1 + Ay =1+ (%),

Ay—0 Ay
a , d
TO M3 TOXIECTBa Z—: = 31; y6expaeMcs B CymecTBOBAHMM NPOM3BORHOH . CurenosaTeabHo,

dyuruus y = f(z) nucbcbeAp:eHunpyema Ha ]—e, e[, p
96. Iycre 7 — y(z) — neasHas dyHKUUS, OMpeNeasteMast yPABHEHUEM
z=ky+ o(y), ey
e MocrosHHas k # 0, y — ¢(y) — auddepenuupyemas nepuonuvecras GYHKUMA C MEPHONOM
w u Taxag, uto |¢'(y)| < |k|. Hoxasars, uto y = %+¢(z), e ¥ — TepHoanYecKas hyHKUUA C
nepuonom |kjw. ~
« Orobpaxenne A, ompenensemoe pasencrsom Ay = £ — A npeobpasyer MHokKecTBO

E k
C] — 00, +0o[ B cebs. IlokaxeM, 4To 310 OTOGpaskeHue cxUMaotee. [lelicTBUTENBHO, LI MOGHX

dyuxuuit y u z ua C] — oo, +0o[, moabayAcs Teopemoit JlarpaHia, mory4aeM

o(2) = e(y) le'(E)]
A,A = Ay - Az = —_— st = iy — g
oAy, Az)= _ max |Ay-Azl= max == 55 W
le' (€)1 l¢’'(€)|
£ pLARLLL) — = ,
S GBI TR o, A= max Sl 2)

'
roe £ HaxomuTcA Mexny ¥ M z. Tak xax |¢'(y)] < |k, To 0 < 6 = max LAGIDEN CuenosaTennHo,

]
p(Ay, Az) £ 0p(y, 7), u cxuMaeMocTh oTobpaxeHns A Aoka3aHa.
TakuM 06pa3oM, COTIacHO TeopeMe I.3.1, cymecTByeT eauncTBeHHad dynkuus y € Cl—oo, +oof,

YROBIETBOPAOLIas ypaBHeHHIO y = Ay, T. e. ypaBHeHuwo (1). DTa dyHKUME ABIAgeTCA MpelenoM
MOCIEXOBAaTENBHOCTH

_s_ (0 . _z_elm) o _
_k r yn—,k 2 (ﬂ—2,3,...).

Ilepexons k mpeleny B MOciedHEM paBeHCTBE, Mody4HaeM ¥ = % + ¢(z), rme

$(z) =~ lim plynns(2)).

[ToxasxkeM, uto dynrkuun £ — @(yn-1(z)) (n = 2, 3, ...) NepHORMUeCKHe N0 MepEMEHHON T
¢ nepuonoM |kjw. lasa morasaTeIbcTBa NMPHMEHMM METON MaTeMaTU4ecKoit MHIyxuuu. IIpx n =
2 dynkuua z — @(y1(z)) mepuonuueckas no z ¢ mepuomom |kjw. [leiicTBuTEenBHO, CormacHo
ycnopuwo, ¢(z + w) = ¢(y), nosTomy '

R L )

Hanee, npennonaras, 4to pyHruus z — ¢(yn—1(z)) umeer nepuon |k|w, Moxy4aeM paBeHCTBO

olon(e-+ 1) = ¢ (2 2ty o)) =

= ¢ (§ - Jo(on-1(2)) + wsBn k) = plon(z) +wogn k) = e(vn(2))
K3 ROTOPOTQ.CReAYST, uro |kjw — mepuon dyuripm & w w{ga(z)) no mepexenHoi z.
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MpepensHas byHruus  — $(z) Takke nepuoguHeckas ¢ nepHopoM |k|lw. Yrobn yGemursca
B 3TOM, OCTATOYHO B OMEBHJIHOM PaBEHCIBE

$(z + ko) = $(z) = (92 + M) + 1on-1(2 + (H0)) + (~1o0n-12)) - ¥(2)

NEpEHTH K Tpefeny ApH n — oo. IlockombKy kaskfoe M3 craraeMEIX PaBHOMEPHO CTPEMHTCH K
HYJIIO, TO B TIpefiene noxyyaeM paseHcTso YP(z + [k|w) — ¥(z) = 0, norasnBalomee nepHOIUMHOCTS
byHKUMU ¥. P

7. Torasars, uto npu 1 + zy = k(z — y), rme k — mocrogHHas BENMMHa, NMEET MECTO
PaBeHCTBO

dz dy

—— 1
1422 1492 1
« ITocronsry z # y, T0 k= :5- Huddeperumnpys 93T0 PaBEHCTBO, NOAYHaeM
0= Z=y)edy+ydz) = (1 +2y)(dz —dy)
(z~y)?

Orxciona caenyer coornomenne (1 + z°)dy — (1 +3°) dz = 0, paBHocHaBHOE pasenctsy (1). B
98. ToxasaTs, uTo ecmu
2y’ +2’ +y' - 1=0, (1)
TO npn Ty > 0 clpaBeaAHBO PaBEHCTBO
dz dy

1—24 \/]---y4

< [Inddeperumpys pasencrso (1), nonyuaem 2zy® dz + 2z°y dy + 2z dz + 2y dy = 0. Orcioma
HaXoluM

=0. (2)

z(1+y*)dz+y(1 +2%)dy = 0. (3)
Ms pasencrra (1) caenyer

2_1-9" o _1-2 /1—y N
I 1+y21 y l+ 2’ 1+y2; y= 1+22 (4)

Ecan z u y omnoro 3Haka, T. e. ecian zy > 0, To, 3amenaa B paseHcTse (3) T W ¥ MX 3HAUECHAAMH
{4), noxyuaem

1+ 2(1+y)dz+ 1+ 2(1+:t: )dy =0, \/r—y‘dz+\/1—z‘dy=0.

OTciona HeMoCpeACTBEHHO CIefyeT paBeHCTBO (2). B
99. Torasars, uro ypaBHeHHe
@ +y") =’ -9"), e #0, 1)
B okpecTHOCTH ToukM (2, y) = (0, 0) ompenender aBe aupdepeHMpyeMble ynkunK y = y1(z) ¥
y = y2(z). Haitrur y1(0) u y3(0).
« JIna pocrarouno Mamoro £ > 0 ¥ aw6oro hukcHpoBanHoro z €] — ¢, [ 3 ypasnenus (1)
HAaXofuM 7Ba 3HaueHHs: y = (z) U y = —p(z), rne

at a2
o(z) = 2a2z2 + —_— -z 5

Tak onpenenennas byHsuua r — p(z) Henpepueha Ha | —¢, ¢[ ¥ ¢(0) = 0. [ostomy momHO
ONpefieHTH YETHpe HENPEPHBHEE (hDYHKIHM:

n(z)= { ¢e(z), ecm 0£z<e, (z) = { -tp(z;, ecrw 0z <e,

-p(z), ecin —-e<z<0; o(z), ecnw —e<z<0;
va(z) = p(x), ~e <z <e; pu(z)=—p(z), e <z <e,
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yAOBIeTBOpsmMe ypasHeryum (1).
Hccaenyem na auddeperimpyemocrs 3TH GyHEUMHM npH z = 0. C 370l Leaplo BHMHCINM
pL(0). Hueen

Fay e plAzZ) =0 . 1 1/ YN
‘p-(o)_a\llfl—o Az = I A\ YAt T At - =

4
= 202Az% + "4—' — Azt — Ar%02 ~ ‘; - |Az|\/;z_2—_Az7 _
T Az——0 : 2 " Az—-0 1 2 -
Az ,/2a2Az2+5;+Azz+%- Az 1/242A27+%—+A22+%-
—va? - Az?

Az—-0 n
/20242 + -+ Az +

AHanornuzo Haxomum ¢4 (0) = Alim+0 ﬂéﬁg:ﬂﬂ = 1. Orciofa cpasy crefyer, YyTo GYHKUMH Y3
z—

M Yy, He MMelT npouspopHok npu z = 0. Mockonsry y1.(0) = ~¢_(0) = 1, 414 (0) = ¢} (0) =1,
TO (DYHKUMS y1 HMeeT IIPOHIBONHYIC TMpPH z = 0, PaBHYIO eIMHHUE. AHAJOTWMHO M3 DaBEHCTB
¥2-.(0) = ¢L(0) = =1, y5,(0) = —p4(0) = —1 cuenyer guddepenurpyemocTs byHKUMHK Y2 TpU
z = 0, npuyen y5(0) = —1. p

100. Haittu ' npu 2 =0 u y =0, ecan
(52+y2)2=322y_y3- (1)
« [pencranum kpusylo, onpefiensemylo ypashehueM (1), B mapamerpryeckom sufte. C atoit

o 3tetd o
Lelslo MOM0KMM ¥ = tr. Torma M3 ypaBHeHMS (1) Hauneu T = gioE: oxcrasus HaigenHoe

3Ha4YeHHEe T B DABEHCTBO y = 1T, MOAYUHUM Y = (1+t°)° 3ameruM, yTo £ = 0 ¥ y = 0 npu Tpex

3HaueHuax mapamerpa t: i, = 0, t2 = V/3, t3 = —/3. Ocraercd BHNMCIHTH IDOM3IBOHYIO OT
MapaMeTPHYECKH 3aJJaHHOM (pyHKUMM IIPH 3THX 3HaYEHMAX IlapaMeTpa, T. €. npu z = 0. Hmeen

dy _ (1L+17)(6t — 4°) — 41(3¢8° — 1*)
dz T (14+12)(3-3t2) —48(3t — 13)
Orcomanput=90,t=+v3 u t= —/3 naxomum

¥1(0) =0, 52(V3) = V3, g3(=V3) = ~V3. »

101. Haitn ¢, " u ¢" ,ecm(z +zy+y =3.

« Tloar3yscy dopmynoit —; = ——i- nonyvaem
dy 2z + 2z+y .
d:c = z + 2y) z # 2!/,
Py (E+w)Cty)-(aty(it2y) 18,
dr? (z + 2y)? T (z4+29)¥ Y
d* 54 © 16
Y 1+2¢y)=- 2z z#£ -2y. p

&5~ z+2y)f E+2z)
102. Haitru y', y"" u y" npuz =0,y =1, ecan
P—zy+2%i +z—y—-1=0. (1)
« Tpwxau puddeperuupys pasencrso (1):
2-y—zy +ayy’' +1-4 =0,

2_2!/ ’:yu_|_4y:2 +4yy"—y"-0,
—3y" —zy" + 12¢'y" + gy —y" =0
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M TONCTABAAA B Pe3YNLTATH 3Havedus £ = 0 ¥ y = 1, noxyaeM CHCTEMY YpaBHeHMM 3y’ =0,
"

2+3y" =0, 2+ 3y"™ =0, u3 xoropoit HaxomumM y’ =0, y" = —g-, v = —g—. >
103. Hoxazars, wro gns xpuBoit BTOpOro MOpAIKa

a::2+2bzy+cy2+2d:c+26y+f=0

£ (07F) =0 )

<« 13 ypapHenua kpuBoli noxy4aem

CIIpaBENJIHBO PABREHCTBO

y=2 (b +e) & /I~ a0z 4 2(be— cd)e e —of ).

Haxonum BTOpYIO0 NPOU3BONHYIO:

b (b2 — ac)z + (be — cd)
V(8 — ac)z? + 2(be ~ cd)z + €2 — cf

i 1 (8% — ac)(e? —cf) — (be—-cd)
C\/ —ac12+2(e—cd):c+ez—cf)

!

y =

[ =

O1ciopa mofy4aeM paBeHCTBO

[N

(y")‘g - (i (¥* = ac)(e® - Zf) - (be — cd)z)"'é' (= ad)? + 2(be — cd)z + & — cf),

W3 KOTOPOTO CHefyeT paBencrep (1). B
na dyHxumu z = 2(z, y) HakTH YACTHEE NMPOU3BONHLIE MEPBOLO M BTOPOro MOPAAKOB, €CIH:
104. 22 - 3zyz = d°.

« YacrHue npoussonume GyHKUMK 2, onpefenseMoit ypaBuenueMm F(z, y, z) = 0, Haxomum
no opMmynam

oF 23
9 _ & 2 _ B
9z 8E’ gy~ T~ 8E"
oz 9z
114 Hallero ciy4yas umeem
dz =3yz z 0z Tz
_—= - Y =Y — = 22 # 1y.

dz 322 ~3xy z22-zy Oy 22-zxy’

YyurnBag, 4to z = #(T, ¥}, HaXOHM BTOPHE NPONIBORHEIE:

3z (% - zy)y-g;z- -yz (22%5 - y) _ (£ - :cy)y-;g%; ~yz (22;%2‘,]' - y) 2ry’z
N A E=rF g
8%z 2yz2 3z (= - 2) (z + y%) -y (2235 - z)
9® (z-zy)® Odzdy (22 - zy)? -

_ (2* - zy) (z+ ‘2_“) —yz( 2122

e 1) 4 _ 0,3 . 22,2
Bosy =z(z 27°zy :cy)’ 2 42y, b
(2% — zy)? (2 - zy)®

105, z = /12 —y’tg—-—z—-——.

12— y?
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< AnagoruHHO NMPENHAYIMEMY HMeeM

3z

- x z - -2 z
5 mtgm+\/:ﬁ y? cos (\/,2_,2) (\/3—’—_112)8
oz 1- \/:57 - ‘1/'2 cos—? (7’:21_7) T;—T

Us yenopus caepyeT, 4ro

-2 4 z2
Cos

z
tg = =
Vii-g i z2-y? -y’

HC]‘[Oﬂbayﬂ 3TH PaBE€HCTBa, NOJdyvaeM

+1.

z
\/7—u2 N + ("2‘”’) (’z'yz + l) Tz 244
z2 :52 — 27 z y .
g y

Q:'Q:
LR R

9z z 2
Taxum e cniocobom Haxomnm 3= = —IZL_J;, 2% # 2.

Haxonum BTOPHI€ TIDOU3BOAHEIE, HCIIOJB3Y S }{afmemlme NEPBRIE MPOUBBONHRIE:

12
A S S | P R
dz2 (z2 - y?)? = - ) —_(:r:z—-yz)?' z° £y
&z (z k4 )I_E_”( ) (2 -y")s S—l+2zyz Tyz 2442
= = ) z H
azay (22 —y?)? (2 — y?)? -y v
8%z (=* - ¥ (z-;,j—j) - yz(-2y) 222 2 .2
W_— (2% — y?)? =—(z2_y2)2"5 £y . »
Haitrun dz u dzz eciu:
106. -—ln-+1

« Cuuras, uto 2 = z(z, y), B pedyabTarTe IUPGHEPEHIUPOBAHUS NOTYUaeM

zd:r:—zdz yydz—zdy

22z y? !
yzde — zydz —yzdz + 22 dy = 0. (1)
Orciona
_ 2(ydz 4 zdy) _
dz___——y(z+z) =, z#-z (2)

Ouddepenuupys paBencrso (1) u BHITOXHAA YHPOMEHHR, HAXOTUM
y(z + 2)d%2 = zdz dy + (zdy ~ z dy) dz - y d7°,
OTKYA2 Ha OCHOBAHMH PaBeHCTBa {2) OROHYATENBHO MOdyHaeM

2(ydz — zdy)?

2 —_—— .y
dz = prTPwwn zZF#~z. P
107, z -z = arctg y
z—z
< [Tuddbepenrupys, noxyvaem
d(z—z)= —t— G2y —pdz-7)
v+ (%) (z-2)
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oTCIOfA (2~ z)z + y2 +y)d(z—z) =(z - z)dy, @

(z—z)dy
(z-2)2+y*+y

Hau
dz =dz +

Nuddepenuupys pasercrso (1):
(z==z) + 4" +9)d*(z - z) = =2((z — 2) d(z — ) + y dy) d(z - 2)
¥ TIOJICTaBIA% B pe3yIbTaT BHPaXeHHe 111 d(z — z), HalinenHoe u3 (1), nomyyaem

Pr— ) = = 20 VE=2) (2= 2)" +47)

dy?.
G- +e+yp 0"

108. Haitrr secan Flz +y+z, 28 +9° +2%) = 0.

£
dz oy
<« llocaeqoBaTensHo guddepeHUUPYS faHHOE paBEHCTBO, HAXOAUM

Fi(dz + dy + dz) + F5(2z dz + 2y dy + 2zdz) = 0, (1)
F{i(dz + dy + dz)* + 2F{5(dz + dy + dz)(2zdz + 2y dy + 2z dz) +

+ Fid* + Fjy(2zdz + 2y dy + 22dz)* + 2F;(d2” + dy’ +d2* + 2d%) = 0,
rae F{ — 4acTHad npon3BogHad 110 IepBOMY apryMenty, F; — no pTopomy. Haiinenmoe ua nepsoro
pa.neHé'rBa BrIpaxeHue 2z dr 4 2ydy + 2zdz = —-;f(d:: + dy + dz) noxcraBaseMm Bo BTOpOe. B
pesyibTaTe rnocre npeofpa3oBaHKM HMeeM

2 o rpipn _ pi? oo :
(Fl 4 2:F))d% = =4 F””F}?F“ B P (4r 4 dy+ o) - FY(d? +d2° + dy?). ()
2

Onpepnenus u3 paBedcrsa (1)
(Fi +22F)dz + (F{ +2yF;)dy

- — 3
dz Fl +2zF] ' ()
BEIYHCIHM CyMMY
_2F((z—z)dz + (2 —y)dy)
dz +dy+dz = FI+ 2:F) . (4)

W3 pasencts (2), (3) u (4) naxonum BTOpOH AHdepeHIMaL:

2o AFL P - 2B + B FY)

(FT+ 3:F0) ((z - 1)2 dz* + 2(z—z)(z —y)dzdy +(z - y)2 dyz) -
1 2
_ 2F,(F1’ +22F3) de® + 2(F1 + 22 F)(F + 2yFj)dzdy  (Fi +2yF;)° dy*
2 (FI +2zF}) (FI'+2zF3)
1 1]
— 2F{(dz? 4+ dy*)(F{ +22F})™".

IlonoBuna xoadpdpuunenra npu dz dy pasHa B—as-;—y. CruepoBaTexsHo,

2 —_ - 1 ! I} 1}

dzoy ~  (F+2:Fp (F] +2:F}
F{+2:F,#0.»
109. Hasitu d’z, ecau: a) F(z +2,y+2)=0;6) F (;, %) =0.
4 a) HlocaenoBarensho mrddepeHUUpys, MOTyHaeM
Fi(dz + d2) + Fj(dy + dz) = 0, )

F{\(dz + dz)* + 2F{3(dz + dz)(dy + dz) + Fia(dy + d2)* + (F{ + F3)d% = 0. (2)
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U pasencTsa (1) HaxoJHM nepBsui XHpdepentHa:

dz=_F1'dz+Fg’dy
F+F;
K BHYMUCIIEM CYMME
Fidz + F3dy  Fi(dz - dy) Flde+ F;dy  Fi(dz —dy)
Fl+F,  F+H° Fi+F, ~  F+F

Hcnonpays »1H cooTHOmeHHs, M3 paBeHcTBa (2) HaxonuM BTopoil Muddepenimar:

dz+dz=dz—

dy+dz=dy—-

% = ~(F! + F})~° (F2 F!! —oF!F\Fl, + FF F;;) (dz — dy)*.

6) HMeem

F,zdz—zdz F,zdy—ydz

+ 2 2 =0. (3)
F

YMHOMAd 9TO PaBEHCTBO Ha z° M eme pa3 AuddePEHIHpYS, NoNyHaeM

F (2dz — zdz)? +2F (zdz — zdz)(zdy - ydz) +EL (zdy ;y dz)?

— —(zF{+yF)d*z=0. (4)

2
z
U3 papencrra (3) Haxomum NepBrll AuddepeHHaL:

4o Fldst Fidy
T TR yF)
¥ BHYHUCISEM CYMME
1yde —zdy ydz —zdy
— = - =- F TP +yF 5
zdz —zdz zF——-——-——F,+ ok zdy—ydz =~z YzF] +yF} ©

Pewnas pasencrso (4) oTHocHTenbHo d’z U MCNONB3yd PaBEHCTBA (5), HaXoKM BTOpod Auddepen-
Hax::

& = (oF{ +yF3)™ (Ff P - 2F{FiF + P Fy) (vds — 2 dy)”

110. Dyers z = 2(y, 2), y = y{z, 2), z = z(z, y) — bYHRLHUH, OMpeNeateMEe yPaBHEHHEM

F(z, y, z) = 0. [Jokasats, 4ro %:7 Z—Z g—i— = 1.
FI
« llpennonaras, uro £ = z({y, z), ua Toxnecrsa F(z(y, 2), y, z) = 0 HaxomuM gf = —2F.
Tloctynas aHanorM4YHo U B APYIMX CIyYasx, IodydaeM
o __E 0:_ F
8z F)) 08z~ FY
W3 HalieHHRIX COOTHOIIEHHH BHTERaET PaBEHCTBO
dz 3y 3z _ F, Fl Fi\ _ e
9y 9z 9z \ Fi. F F)T
: d d ‘
111. Haiiru 22 » _y, eciu
dz dz
2,2, .2 _
z+y+z2=0, z°+y"+2°=1. (1)

« JJaunas cucrema onpefenser yuruuu z = z(z) ¥ y = y(z), MPONIBOIHEE KOTOPHIX HaXo-
naTca mo gopmyae (5), n.3.3. [udpdepennupys paseHcrsa (1) no z, noxydaeM cucTeMy
dz dy d d

dz+d +1=0, 0 +2yd

u3 Foropoit xaxomne = %:;:;,z#y >

y+2z=0,



160 . T'n. 2. fuddepennranrsroe mcuEcIeRne HYHRUMH BEKTOPHOrO apryMenTa

. dz dy d?z d%y __1 _
112. H = dzﬁ’d?np"z—l y=-1,z=2, ecau 2 +¢° 2z ,T+y+z=2.

« [penmoxarad, ¥To faHHas cucTeMa onpeneaser Gynxuun z = z(z) ¥ y = y(z), Auddepen-
UMPOBaKHEM e€ IIo z TIoAyYaeM

dz dy dz  dy
nL AL = Ly M
MNonaras B (1) =1, y = -1, z = 2, noayyaeM cucremy
dr dy dz dy
——— — -—— = —1
dz dz L dz + ’
U3 KOTOPOH HaXOOUM ;; 0, ;; =-1.

Jns HaxoXIeHHA BTOPHIX HPOUIBOTHHIX nponucp(pepenuupyeu pasencTBa (1) no z:

2 2 2
2d +2ydy+2(dz) +2(dy) =1, d_£+u=0,

dz2 dz? dz dz dz?  d2?
Tlonarag B »THMX paBeHcTBaX 7 = 1,y = -1, 5:—"; =0u % = —1, noly4aeM CHCTeMYy, peliad

KOTOPYI0, HaXOA1M
d’z 1 d%y 1
dz? 7 4 d2 T4
113. Haiitk du, dv, d%, d%, eciu u+v=1z+y, ysinu — rsinv =0,
4 [InddepeHunpys faHHEHE PAaBEHCTBa, MONyYaeM CHCTEMY
du + dv = dz + dy, ycosudu — zcos v dv = sin v dv — sin u dy, (1)
pelllat KOTOPYIO, HaXOAUM

du = (zcosv+smv)dz+(zcosv—smu)dy dy = (ycosu —~sin v) dr + (ycosu +sin u) dy
- TCOSU+ Ycosu - TCOsU+ ycosu )

Jna Haxoxmenus Bropux audepeHunanos npomuddepenuupyenm cuctemy (1). Iocre npo-
CTHIX NpeoGpa30BaHHH NMOLY UM

ycosudzu-— zcosvd = {(2cos vdz — zsinvdv)dv + (ysin uwdu — 2 cos u dy) du, &y +d% = 0.

OTciona :
o= —d% = (2cos vdz — zsin vdv) dv + (ysin udu — 2 cos udy) du >
~ 4 CcoSu -+ T Cos v '
U U
114. Hajiru du, dv, d%, dvnpuz =1,y =1, u =0, v-—-;,ec:mezcos2 L ezsins =
v ¥ V2 y
Vol
< Juddeperuupya obe YaCTH JaHHOK CHCTEMH, HMeeM
L v zdu—uds %, v ydv—ovdy dz
€3 cos — = €z 5l =« ———p——— = —=,
y z ¥ y V2 )
4 9 rdu—-udr * v ydv—vdy dy
€% 8l — « —————— €7 C0§ — « T——p—— = —=.
Y z y y V2

HNonaras anece z =y=1,u=0,v= f, TMoJIyvaeM CHCTEMY

du-du+-:-dy=dz, du + dov ~ -}dy:dy,
M3 ROTOpOH HaXOMHM

du = %(dz +dy), dv= —:jdy - -;-(d: - dy). @
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Hanee, quddepenumpys pabencrsa (1), noayyaem

u 2 — - u 2 42, -
v 1?d%—2zdu—udr)ds e‘siny_'yd 2(ydv vdy)dy+

e= cos — - = - -
¥ du — udzr\? dv ~ 2 v - -
+ex cos— (z_u_zu) - U_Z'ﬂ —gersnl. zdu 2ud:tc yduv 2vdy —a,
y z y v z %
- - s 2 d% ~ -
er smu z? d' 2(3{:‘ ud:c)d:c +es cos 2. ¥ d* 2(.1/(2‘0 vdy)dy+
T y v
s _ d 2 d - 2 " _ _
+ex Slll2 (ﬂu_;i_z) - y_v_zldg + 2= cosv zdy 2“‘1’: ydv 21)11!/ 0.
Yy z y v T M

' "
ITonaras » nocnepHux paseHcrsax z =y =1, u =0, v = , noay4aem cucremy

2
dzu—2dud1:—dzv+2dvdy—Edy2+du2— (du—Edy) —2du (dv— Edy) =
2 4 4 (3)

11214—2dud:1;+d%-~2dvdy+gdyz+du2 - (dv— %dy) +2du (dv— gdy)

W3 cucrem (2) u (3) Haxomum d% = dz?, d% = -;-(dy —dz): »
dy dz d%y d’z
dz’ dz’ dz?’ dz?’
« CucreMa onpegenser ABe NapaMeTpHYECKH 3aJlaHHEE DYHKIMH:

r=t+t7", r=t+t}

y=2 412 N =P td

115. Oycre z =t + ¢, y = +172, 2 = + 173, Haiiru

CuegosarensHo,
dy -3 4 (dy -2
dy _ G _2-u 1 @y _w(2) _20-17
B a= o =a(thy), e 3= e
dz
dz _ g 3 -3 s, 1
E”j_j'_l—i:r‘a(t +T2+1)’ t# %1
dz
£z _ G (E;) 6(t —t7%)
R T e G IR
at
116. Iycrs
z = ¢(u, v), y = ¥(u, v). 1)

Hadtru wacTHEIe npoMaBomible MepBOTO M BTOPOrO TOPANKOB OT 06paTHEIX GYHKUMK u =
u(z, y), v = v(z, y).
<« [Inbdepenuupys pasencrpa (1), nonyyaeM cHcreMy

Oy 7] a a
de=F aust a“’dv, dy = ¢du+ fdv, @)
M3 KOTOpPOH HaxomuM uddeperuantt or o6paTHHX PyHKIMNH:
) Bcp i dp
du = i ( dz — dy) do = -7 ( dz — F dy) (3)

e I = 52 - 22 % Wz paberncrs (3) noxyvyaem

9y _13¢ du_ 13p du_

R -

13y 3 1 =1 )
9 T3 o8y I106v' 9z 10w 9y 10u
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Ouddepenumupyenm cucremy (2):

0 a0 09 o O &y )
—--a—-du+mdv 32d +23 5 dudv+azdv,
311’ 310 2 ¢' 315 3210 o2

M HaXOUM BTOpPHIE nmpq:epel-umam oT oﬁpanmx q:ymumu

. 1[0 Py 99 P dp Py 9 &
u= 1((79?%2 50 5w ) ¥\ 3 5usw ~ v oudw ) PP *

2 2 2 .
((ﬂL-?ﬁ“’)a +2(a—¢a—“’—?ﬁ i¢)dudv+

Honcrannu B 3TH paneﬂcrna BHIpaxenns (3) mia muddepenimanos u cobupas ko3 EGHHIHEHTH
npy dz?, 2dedy u dy®, moayvaem

Pu_ 1 ((0p 8% 0¥ (@_)2“ %fl_aiﬂ_ 09 9%
2~ I3 dv Ou? v Ju? dv dv Oudv Ov Qudv / dv du

4 (208 9% P (2’!’.)

dv 0v2  Ov Ov? ou

Fo 1 (20 e 26\ 2w e, (26 Fv _ov S (2006 24 o)

- dv 0u | Ou Ov

dv du2  dv 0w/ dv v 9y dudv  Ov dudv
H(22e22e) )

u 1 ((0p 3* 8¢ 0%p)\ (dp\? 3 Fo B¢ ¢ \ dp dp
- ((53- %) () v )

dv du? dv O0u? v 9v Judv  9v Judv | Ju dv +

((2edy v 2) (2ey:
dv vz Ov Ov? ou

117. Dyuxuus u = u(z) onpenenserca cucTeMoit ypaBuenui

uv=f(z, v, 2), 9(z, 9 z)v =0, h(z,y,2)=0

HTOA P

du d*u
iz "
4« Ilpexnonaraa, 4uro maHHas cuMcreMa ompeieiseT TPH RuddepeHuMpyeMie QYRRUMK 4 =
u(z), y = y(z), z = z(z), nucpxbepenuxpyeu CHCTEMY TIO Z:

_(!E=a_f_ of dy  9f dz 0_:_92 8_g’_@_ 9 dz 8h+8hdy Oh dz (1)
dt 8z dydz Oz dz’ 9z  dydz @ Oz dz’ =% dy dz ' 0z dz’
W3 mocmennsux mByX paBEeHCTE HAXOXMM NPOHIBORHEE
dy L dz Iy
d—z-_h’ dz_h’ (2)

D(g.h - D(gh S

Hasrt
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Ucnoan3ys (2), M3 NepBroro paseHCIBa CHCTEMHE (1) noayuaem

du _of hOf I df _ (,laf of af)_lv(f,g,h) 1=Dhah)

Loy Loz I, F) 3y F) L Dz92 L

"o Loy ho: T, +hy, T Diz, v, ) D, v, 2)

+1I

Ons onpenenenus -:;—',1 nuddepenuupyenm cucremy (1):

4%y a’f+32f( )+32_f(_)+2 &f d,,+ &f dz &f dydz of &’y of &z
drz ~ 3z2 ' Oy? 822 \dz dzdy dz "9z 3z dz ' 8y 0z dz dr ' Oy dz? | Oz dz?’
LTy P (Y Py ey B e Py de e deds 0 by 3 s
dz? " 3y® \dz 922 \dz 0zdy dx "0z 0z dz ' " O0ydz dzx dx By dz? ' 9z dz?’
LA TR ()7 0 (00 Py P e Py de 0y 0k s
B3y? 3z2 \dz dzdy dz  “0zdz dr " Oydz dr dr O3y dr? 3z dz?’

Hcnionszoas dopMyns (2), mocaenuue paBeHcrsa nMepenuuieM B Goee KOMIAKTHOM BUJE:

2 2 2 2
iL":I (Ila +Iza+laa) fp o dy  ofdz

dz? F) F) dy dz? * 98z dz?’

ag &’y 8¢ &’z 1 a )\’
aydz2+azdz2"i? +I’ s Tha) o @)

oh Py _oh i 9 ., 08 .. 90
TR o= (I‘a +hgy “”a) b

U3 mocnegyux xByx paBeHCTB HaXOXUM TIPOU3BONHEIE

dy 1 [dg d a a ]
7—T1§<5; 115;4'123 +13 118.’5+12 18 g1,

H BHYUCHSIEM CYyMMY

af Py  of &z

. 2
2 9
et =1 3__f_8_g_2£3_g) (1 0 inl4nl ) h+

Oy 0z 0z 9y 3z dy dz
of oh  3f ok ) ) 3\ \ _
+(aza_y'5§5?) (Ilaz‘”’a +Iaa) 9=

1 (D4, 9) 9 9 D(h, f) A
(1)(, ) “’a;,”aa h+1)(, ) 11 +Iza thg)g) (4
Hagouer, ua pasencrs (3) u (4) oxpuwa;enbﬂo noayvaeM
Pu_ 1 [ D(g, h) 9 D(h, f) 3 2\’
i (D(y, 2) 5L— +I2a +Is f+D(, 2) Iy — +123—+133 g+
2
D(f, 9) o .12
+D(y, 2) +Izay+13 Rl.»

oo ou o
dz’ 9y = 9z’

...‘,,l —
TN
TN

118. Nyers ¢.= f(n, v, w), y = g(y, v, w), 2= h(y, v, w). Haitru
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< [Iuddepenuupys naHHbie PaBeHCTBA, NONYYaeM CHCTEMY
dz = fldu+ fidv+ fhdw, dy=gLdu+g,dv+g,dw, dz=h,du+h}dv+h,dw
Orcona sHuncageM b depeHuuan

dt ! !
;o 1 D(g, h) D(h, f) D(f, 9)
do = ———|dy g, goi= ( dz + dy + dz
Lot la: B K| peag \Pw) Dy, w) T Do, w)
CaenosaTensno, _Zﬁ = IT’, % = LI’-, % = ﬁ, rae
D(f, 9, k) _D(g, ¥ _ D, f) _D(f.9)
1= Buney "D w BB w) T D)

119. Tlycrsr dynxums z = z(z, y) ynosmersopser cucreMe ypasuewuit f(z,y, z,t) =
0, 9(z, y, z,t) = 0, rme t — mepeMenurrit napamerp. Haittu dz.
< Vmeem cucTeMy ypaBHEHHI

frdz+ fydy+ frde+ fidt=0, gzdz+g,dy+g:dz+ g dt=0.

Otciona

1 fidz+fidy f! 1 I ' I 't
dz=— * M R =0t — ) d - dy) =
z XLg |gidz+gidy g g (e~ fge) ot s~ Fian) )

= —-}3—(11 dz+ I dy),

__D(f9) _ D(t9)
rae L= ‘D(z,i)’ L= D(y,t)’

120.0ycte u = f(2), tie z — HesBHad DYHKIUS OT NEPEMEHHEHX I M Y, ONpefengeMas
ypaBHeHHeM z = T + y¢(z). JorasaTs dopmyny Jarpanxa
PRV o ,,au}
397+ ot {(sa(z)) 3/

« [IpyMenuM MeTON MaTEMaTHYeCKOH WHAYKuMM. S 3TOro mpexde BCEra MOKaskeM, 4TO
¢opmyna Jlarpanxka crpasenausa npy n = 1. 13 ypaBrenns z = z + yp(z) HaxomumM

?.i:-__l__, Qf:-ﬁ(—zli_; (y%‘ﬁ-#l). (1)

I = L9 )

D(z,t)

Hcnonsays stu dopMyin u paBeHCTBO t = f(z), monyvaeM
du_dfds_ 0 & _do_ g
dy dz 3y l—y:—f, 0z = dz Oz l—y%
Orciona
au Bu

M MH y6expmaeMcd B cripasepaKBocTd dopmynn Jlarpadxa npu n =< 1.
~ Ocraertca jorRa3aTh, 4TO M3 CAPaBeNAHBOCTH GopMynn Jlarpatxka npu HekoropoM k > 1 BH-
TegaeT CpagefauBocTh ee IpH k+ 1, T. €.

oty - o {(tp(Z))Hlau

W B Erg ®)
Muddepenumpys cbopuyny JIarpamxa npy n = k, mony4aem

gFtly

I k—~1 u
ey 3zk—1ay {(‘P( ))ka :z"-! (33, {( (z ))ka }) ' @
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Hcnoapays pasencmo 91 = p(z )a , BTexaomee K3 paseHcTs (1), ¥ dopmyay (2), npeobpasyeMm
BHIpaXKeHME 2 {(go(z 83} Hmeem

72 {02 52 } = blo(a)) 2 3 TE+ (00a)) e =

= k(o) Lole) o2 2L 4 (p(5)) o (%) = Ko ) 2 22 2 (o) o (o)) =

_ kdcp 0z ou i 3%u il_gg 0z a_u
=He()"g; 55 9, T (#12) ("(’)5?2' t4: 5z 5

= (koS 22 2 e T8 L 2 (e 22

Orcroga ¥ u3 paBeHCTBa (4) HEMOCPEACTBEHHO CIERYET (3) >

121. Dyuxuus z = z(r, y) sagana ypasHenuem

Fiz4zy' y+zz7) =0 (1)
[lokasaTp, uTo zéi + ygs =z-zy.

oz
4 [[uddepenumpys pasencrso (1), noayyaem

F! <d1+ydzy—22dy> +F (dy+ zdzz-—zzdz) =0

OTtciona
y(2F; — 2°FY) . 2(zF{ - 4*F})
z(zF] +yF;) y(zFy + yF;)

dy, zF{+yF #0.

CuenosaTeanHo,
9z _ y(zFz - z?F)) 9z _ x(zF{ - y2F)
3z ~ z(zF{+yF))’ 3y y(@F +yF)’
YMHoXas MepBOe PaBEHCTBO Ha T, BTOPOE Ha ¥ M CKIafWBadg MX, y6exTaeMcs, 4TO
3z +y dz _ y(zF) ~ 22 F{) + z(2F{ - y*F}) _ tFi(z —zy) + yFi(z — zy) ey e
*oz ay cF{ +yF, tF] +yF; )

122. Nokasats, uTo byuruMa z = z(z, y), ONpeferseMad CHCTEMOI yPaBHEHHUIL
gcosa+ysina+In z= fla), —zsina+ycosa = f(a),

rae o = a(z, y) ~— NMepeMeHHHI NapaMeTp ¥ f — mpouasoasHad AuddepeHuUpyeMast bYHKLMA,
YIOBJIETBOPAET YPaBHEHUIO
2 2
0z 9z 2
—] +i=] =2
oz dy

< Hn@@epem{npyn NepBoe PaBEHCTBO CHCTEMH, NoiyyaeM cos adz + sin ady + (—zsina +

ycosa — f'(a))da +%=-0.B CHJIy BTOPOTO PaBEHCTBa CHCTEMH, KO3(PULMUEHT NpU da paBeH
Hyao. [losTomy dz = zcosads — zsin ady. Orcioga

2 2
Z—E:—zcosa, %:—zsina, (—g%) +(§§> =7 cos® a+ 22sin o = 2%, »

123. Moxasath, uro dyHEUUK z = 2(z, ¥), 3aaHHAK CHCTEMON ypaBHeHMiK

(z- f(@)) =2*(s* — @), (s- f(a))f'(a)=az’,
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e o = a(z, y) — mepemeHHEN mapaMeTp K f(a) — npoussorbHad Auddepenuupyemas GyHEUMHL,

z 0z
YROBIETBOPAET YPABHEHHIO — +— = IY.

9z 3y

< [Iuddepesuupys nepsoe paBeHCTBO CHCTEMHI, TOXyYaeM
2(z — f(@))(dz - f'(e) do) = 22(3° - o?)dz + 25*(y dy — a da).
B cuny sroporo paBencrsa, xo3pdHuUKERT Npu do paBeH HYMO, a B CHIy IE€PBOTO PaBEHCTBa,

¥’ — o® = 2;(z — f())*. Tloas3ysce aTuM, nonyHaeM

_1 iydy 9z _z—fla) 0z _ 2y
dl—;(z—f(a))dz-l‘z—_m, %= 3 i=f) z # fla).

8z 8z _ z2—f(a) 22y
Orciona BHTexaeT, 4To 7= 5 =z ifa =%V >

YnpaxkHeRES 814 CaMOCTOATENbHOR paGOTH

87. 22+ 22y +y* -4z +2y—2=0. Hatiru y" mpuz =1, y = 1.

88. z+y=¢""Y, Haiitu y".

89. (2% +4* - br)? = a*(s* +¢*). Haitru ¢ npu z =0, y = 0.

90. z® +y> —3zy=0. Haitru ' npu 2 =0, y = 0.

91. [Jaus ypabhenus 22 —y° +2° =1, 4  —2z+2=0. Haitru ¢’ u 2" mpuz =1, y = 1,
z=1.

92. U3 cucremu

Fid+=d, L=

Haittn §' u 2.

93. Ua ypapuennit 12+y° ~ 2% =0, £°+2y° +32° = 1 naitru d% u d%z, ecan T — Hesapucumas
TIlepeMenHas.
dz | a%y

= ¥ 37 Brouxe (1, —1,1), ecan

94. W3 ypasuenuit z° + y* = 2%, 22 + 2¢° + 2° = 4 nasitu o

Z — He3aBMCHMMas epeMeHHas.

95. Ilycts z + y + 2 = a, 2° + 3° + 2% = 3zy2. Haittu mpomssonrste yHkumit y u 2.

96. B rouke (1, 1, —2) HaliTH NepBEIe M BTOPLE MPOM3BORHEE QYHKLUMHE § U z, ecau 2+y+z =
0, 22 +¢° - 2% =10.

2

97. 2+ 4* + 22 = 2z. Hawmn %;;—. 98, ;3 +4° + 2% —32=0. Hawitut
8z
8z

101. Haiitu d’z B Touxe (g, g, 0), ecun z° +2° — 3azz = y°.

102. HaiiTH BTOpHe HacTHHEIE MPOM3BORHEIE z, €CIH 3Ta GYHKUMUL OT £ M Yy ompefelfgercs
ypaBHeHHeM ¥ = z¢(2) + ¥(z).

103. Iloxasats, YTo z, 3ajlaHHaf Kak PYHXUUA OT T K y YDaBHEHHEM z = I (-3), yHmoBIe-

8%z
8z 8y’
u g—;—. 100. zy+z2z+yz =1. Haitu dz u d%.

99. zcos y+ycosz+zcos £ =a. Halitn

TBOpPAET yPaBHEHHMIO KOHHYECKHX ITOBEpXHOCTEH
82 8z
o + ya = 2.
104. Iloxasars, uro npu y = z¢(z) + ¥(z) ymoBaeTBOpIeTCE ypaBHeHHe
8, 9 2, \2
0: 82 (823 _
957 353 (6: 8y) =

105. Haitru y' u 3", ecam z* + y* = dazy. 106. Haiitw ¢’ u y”, ecam 2° + y° — 52y = 0.

107. Haitru y”, ecnn arctg L = In\/z3+y2. 108. Hailitu y' npu z.= 1,y = 1, ecan
z® +y’=z+y.

109. Hasitn y’ mpu z =1, y =1, ecam z° +2y® — 329 = 0.

110. Jans ypasuenus z° ~y*+2° =1, y—224+2=0. Hasiru g’ w 2’ mpuz=1,9p=L z=1.
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111. 25 4+ + 25 =a, st + ¢y + 24 =b*. Hattruw ¢’ u 2/,
112. Haitru 22 gf,ecnn 2+t 49" -3z=a.

oz 8y
113. Haittu ::;u, ecmu 22 +322 + 3 = 3(z +y + 2) =0.

114. Haittn %:—, g;:-, %’t-, %"; mut=z=y=z=1,ecam t+2z+y+z =35, C+23+y' +2* = 4.

115. Haiitu %’f, -g—:,%f,%:;npnt=z=y=1,z=—3,ecnut+4z+y+z=3,t‘+z‘+

vt — 22 =30, :
116. Haitn %, ecmu 1t + o' + 2* = 42, 117. Hadru ::—;”,' ecin z° + 4° +2° =5z,
118. Haittu -g:? M 5%, ecn 22— WP+ 22 ~ 4z 422 =5,
119. Haiitu d%7, ecan -:—: + yb; + Z—: =1. 120. Haiitn d%z, ecau cos® z + cos? y + cos’ z = 1.
121. Hautx gi- " -:—;, ecm F(z -y, y—2,2—-2)=0.

2
122, Haittu %, ectu F(z,z +y, z+y+2)=0. 123. Hajtru -3-5-, ecm F(zz,yz)=0.

&
124. Haitrn g2, 5%, 82, 2%, ecau F(z, 9, 2, u) =0, 8(z, y, 2, u) =0.

Pz’ 8z’ E;) F;

8 8
125. Iloxasats, yTo z:—: +y-5'i- +z£ =0,ectM uwwv=37c -2y +z 0> =22+ v+ 22
-

126. su+yv = 0, uv —zy =5, npu ¢ = 1, y = —1 npunnmaem u = v = 2. Haiitn 3,% H
&u
8z 8y "

o 8 8 .
127, Haittn 3= & e_;’ ecIM T = aCcosusiny, y = bcosucosv, z = ccos u.

§ 4. 3aMeHa IepeMeHHHIX

4.1. 3aMeRHa mepeMEHHHX B BEPAKERHIX, COflePRAIAX 0GHERHOBeHERE NPOHIBOXHEIE.,

Ilycte mano HexoTOpOE BHIpaxeHHe

dy dy
V=V(z:y)d_zymy"' ) (1)

COfep:Kalllee HE3aBUCHMOE NEpeMEHHoe T, PyHKUMIO 7 — y(I) M NPOM3BOTHEE OT ¥ IO T N0
HeKoTOporo nopigxa. TpebGyeTca NMEepPEHTH K HOBHIM IIePEMEHHHIM — HE3aBUCHMOH IepEMEHHOH i

# GyrxuMM oT Hee t v u(t). [IpuueM 3TH nepeMeRHIe CBA3AHK C MIPEXHNUMHU NTEPEMEHHEIMY T M
Y YpaBHEHHAMH

z=f(t,u), y=g(t v (2)
Hs ypasHenuit (2) Haxomum
d 8g , 0g du d (d
B _@ _atea @y _ %)
T dzx T 8f | 8f du? T2 dz ° A
dz .5 TtES dz? = K T.0 (3)
z=f(t1 u)) z=f(t)u’

) du d%u
V—F(t, U, E, -a-t-z—,)

4.2. JaMena mepeMeRHEIX B BHPaXeHHIX, CONEPRAUMNX TACTHHE NPOHIBONHHE.

OrpanxunMCca cay4aeM RBYX HE3aBHCHMEIX IIEPEMEHHHX. B OCTaIBHEIX CIyYadX MOCTYmaeM
aHanoruyHo. IIpemnmonoxnm, 4To 3aaHe BHpaxkenne

9z 0z
A—F(z,y,z, Fry 5;,...), 1)

COREpAEAMEE HEIARHCHMEIE NEePeMeHHEe £, y, QYHRIMD (7, ¥) — 2(2, y) ¥ e€ YacTHLHE NPOHIBOR-
use. Buocro messmucinmix NEPEMEHHNX 2, ¥ ¥ QYHRUMK 7 TPEGYETCE BBECTH HOBEHE HE3ABHCHMEIC
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MEPEMEHHHIE 4, ¥ ¥ HOBYIO PYHRUMD (u, v) = w(u, v). [lepemenHste u, v, w BHpaKaoTCA Yepes
T, ¥, Z C IOMOIBIO PaBEHCTB

U= @(I, Y 2), v= '/’(1:1 Y 2), w= X(z: Y, 2), (2)

Te GYHRUMM @, ¥ M X AOCTATOMHOE YMCIO pa3 AHddepeHIHpyeMEl K %(-‘f*-‘;i';")l # ( B HerOTOpOK
obmacru.

HJIS! pemeHud MOCTaBIeHHOM 3aflayM AOCTaTOMHO BHIPDA3HTh ApPTYMEHTHI be}{lculul F uepes
8w dw

U, U, W, G Gor e C atoit uenso 3anmuimem auddepeHuMaInl paseHcTs (2):
du:i-idz+%%dy+%§<§fdz+%:—,dy>, (3)
dv=%'£dz+%%dy+g—’f<g—:dz+%dy>, | (4)

dw=g—‘:du+%%dv=g%dz+%dy+g§<g§dz+g§dy>. (5)

3amMeHss B ocneAHeM paBeHCTBe du U dv ux BrpaxeHusmu (3) u (4) u npupasuuBas koaddULH-
eHTH Tipn dz ¥ dy, modyvaeM CHCTEMY

Du (3 Dp 02y Ou (0% 0% 01y O, 0x 2
du \dz ' 9z dz/ ' Ov \dz ' 8z 8z/ ~ 9z = 9z 9z’ ]
ow (e 0p0:\ Ou (0w ovor) _ox ox0: ©
du \ 8y 09z 9y dv \dy "0z ay) dy 9z ay
U3 ROTOPOH HaxORMMM
w w Sw 8 8w 8y 8
s _ SRR TR b:_ Guey oo o 3
97T Ttwbe _bwoi _8x 3y Bw e wde 5" (
8u 8z 8v 8z 8z 8v 8z 8v 9z 8z

YacTHhE MpOM3BOAHEE BTOPOTO NMOPAAKa ONPEAEIAIOTCA M3 paBEHCTB, NOTYYEHHKX B PE3Y b
TaTe BHIMMCIEHHS mepBoro qu¢pdepeHunata or yX€é HaHIeHHEX NIPOMIBOIHKIX IEPBOTO MOPANKA.
Ecin xe nepeMentinie u, v, w CBA3aHE C MPEXHHMH NEPEMEHHEIMH I, ¥, z yPaBHEHUAMMU

= f(“r v, w): y= g(uy v, W), z = h(“; v, lU),

e dyuruuu f, g ¥ h mocratounoe YMcIo pas auddepeHUMpPYEMEL, TOCTYNaeM ClenylomuM obpa-
soM. Mcmonbsys wHBapHaHTHOCTE GQOPME Nepporo A depeHlMala B paBeHCTBAX

dz=2£(ﬂdu+a—fdv+éi(§2du+@-dv))+

dr \du v ow \ Ju v
o0z (ag dg dg (Bw ow )) _
+6y 8udu+3vdv+8w 3udu+av dv))=

=5;du+5;dv+3w -‘,E-du+31—’-

M cpaBHHBai Ko3dpdbunnenTH npy du, dv, NogyvaeM CHCTeMY

9z (3f af aw) _{)i(ag ag 3w) oh Ok ow

Oh , . dh 3_h (aw 3w.dv) (8)

3z \Ou ' 3w Ou % 3w du) Bu ' bw ou’ )
% (0f | of puy 0 (a9 by Duy _3h , oh
oz \dv ' ow ov Ay \dv  0Owdv/ dv dw v’

H3 EOTOpoH HaXONHM -gf 74 -g—; xax QyHRuHH %% 74 %"’;.

124, OpeoSpazosars ypasuenns: a) vy = 3" =z; 6) 3”4 ~ 10y'y"y" + 124" =
TPHHAB y 32 HOBYIO HE3ABHCHMYID NEPEMEHHYI. IR Lo
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« Cornacxo npaBuny puddepeHumponatud obpaTHol QYHKIMK, HMeeM
Bz
dy 1 &y ld(dy) 14(1 @
Ir = 3 dg2 - 9 gy T ge VT | T TN
dz = dz dy \dz = dy < (%)
d3z gjﬁ ds (112_’.)
dy 1 d [d% _ d ey dy3 dy dy?
23 9= dy \dz2 )
Y

2 3
dz d®x d%xz dz d3z
~a (a) +0s Gz g — 10 (—)
= - 7
dy
v

procy TOABKO YTO BRIYMCICHHRIMH MX

ey o
3amenss B paBeHCTBaX a) ¥ 6) MPOKIBORHEIE ﬁ, =g
3HaYEHHIMH, TIONYHaeM:

5
ia—:-+z(:‘-’-) =0;6) £2=0.»

Y

S

125. IIpeobpasosars ypasHenue y "+ —y 4+ y = 0, npuuas z 3a pyHkuuo, t = zy 3a
He3aBHCHMoOE TIepEeMEeHHOoe.,

<« ITo dpopmynam (3), m.4.1, Haxomum

t N
v L (1)
dz z% z?’
2
dzy__ddy_ld 1 t) _ %';5 2 +2t (2)
72 dr de & 1\ & 22|~ 37 odx T3
dz dz dz = dt 5 2 ’:('Zf{ 2; z
W3 ycnosus sapauu u pasencrs (1),

(2) oronuaTenbHO MOTyHaeM

d’z 3
L2 1(%) <op
d? dt
BBops HoBEle mepeMeHHue, MpeofpaszoBaTh ClefyoOMMKe o6HKHOBeHHHE TUDdEPEHUHANBHEE
YPaBHEeHHMH:

126, z%y" + 2y +y =0, ecan z = ¢'.

< Umeem
dy _dydt Ly _ddy_ _edy ﬂ_e-ci(em) e (Py _dy
dz"dtdz—if.dt et dt  dt' d2  dt dt iz dt )’

3aMeHuq B fakMOM ypaBHeHuM z Wa e', mponasomnme y’ M
3HAYEHUAMH, NOdYHaeM

— BRMHCAEHHEMHU BHIIIC UX .
—t—g +y=0.p»

. 1
1277 y"’k’= Sy yecan.t =In ||,
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<« TIpx z # 0 umeen
b_dydt_dys: idy 4y 1414y 1 &y _dy
dr dtds dt |g| zdt’ dz? zadl\zdt diz  dt)’

t
&Py 14 1 Py dy\\ _1 (dy d2y+2@_
-zt @ %)) w\w :
Taxum o6paszoM, faHHOE ypaBHEHHE npuoﬁperaer BHA

&y dy _
6 3 dt2 +2 y=0.»

128. (1 —2?)y" — 2y’ + n’y = 0, ecnu = = cost.
« Buumcaum npoussonuuie

dzx "‘ dy sint dt' dz? sint dt

dy _1dt 1 dy dy_ ld( ldy) 1 4
- sint dt

sint d2  sindt dt |
MMoAcTapnss ux B JaHHOE YpaBHEHHE M 32MeHAA T Ha CO8 t, IMoNyyaeM
d <y
niy=0.p
pry +n'y=
m?

129. " +4'thz + s y=0,ecnnz=lntg%.

« Nmeen
dy 1 dy L,dy  dy . .d ( dy ) in21 d*y dy
L= = —_— = t -
iz % % sin tdt’ = smtdt sint 7t sin dt2 +sm costd
A Tak xak thr = —cost, h,s =gin?t, to

2 dzy N
y' +y'thz + h, ——y=sin’t| —= + m'y | =0.

Orciona == dt, Y ymiy=0.p»

4 Haxonum npouasogHue

z

d d f
2= et [ - Mo -% JEGL; —3 B )e"P -3 04},

Z0

Fo

d’y d%u u dp  up’(z) l:
3}’5“(4:2 -G - F e+ T e E/P(f)df

Zo
Ilocne noxcraHOBRM MX B ypaBHEHHE NOAYYHaeM

2
g—— + (4(1) 2'2“(:—) - %p'(z)) u=0.»

131. z*y" + 29y’ -2 =0, ecou 2 =¢' u y = ue®, e v = u(t).
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<« ITo dpopmymnam (3), n.4.1, HMeeM

d2 du t
dy_(“:?-+2u)e"_(du ) ¢ py_a@ (Brgn)e g, 288,
iz BV A A A - = ety T

dr ~ et
Torpa ypaBHeHHe 3anMIIeTCS CAETYIOMMUM o6pasoM:

du du
d_t2-+(u+3)7i—t-+2u—0"

132. (1+2*)%y" =y, ecruz =tgt u y = —i?, rae u = u(t).
c

<« AHAJOTHYHO TpeJHAyIneMy NTPUMEDY HMeeM

d u’ costtusint 2 " " . ¢+ ' ‘4 ‘
eesdt . u” cost —u'sint+ u'sint+ ucos " 3
8 o ees?r  _ y/costtusing, —b = = (u"+u)cos™ ¢,
d 1 ' dg? 1
z z -
cos?t cos?t

i __ du 1 " 3, _u "o_
rae u' = . CurenoBaTteapHo, 5054‘(11. +u)cos’t = oopwmm = 0. »

133, "+ (z+9)(1+ ¢’ =0,ecmz=u+t w y=u—t, e u=u(t).

« [To popMynam (3), m.4.1, umeen

dy _w'~1 dy 1 (@D - -1 2"
dr ~ w41 dz? w'+1 (u' 4+ 1)? T (uf+ 1)

d
rhe v’ = .—;f. Toncrapass 3TH BLHIpaKEHHS B YPAaBHEHHE M 2aMeHSsd B HEM I U y COOTBETCTBEHHO
Ha u+1t ¥ u~—t nomywaeM u” +8u(v')? = 0. »

134, " —2*y" 42y —y=0,eciu z = THy= 1—:—, e u = u(t).

<« [lo dopmynam (3), n.4.1, umeem

du
T d (d -
d_y:__‘_’____—__t_d_u.}.u 11—2—=5(-%)=—t2 _.t_zfﬂ_d_u_}_d_u =t3£-2
dz _.tlz. dt T dr? :_f dt2  dt  dt dt2’
3 : dz”) 3 2
i \dz7 d
4y _ S L S
dz? = de dt
Takxum 06pa3oM, JaHHOE ypaBHEHHe TIPHHUMAET BKA
du Pz du
P + B D)o + = =0.»
dt3+( + )dt2+dt
" ————Ay y
. \ - = t =
135. MpeoGpasosars ypasuenue Croxca y FEPIPEDR motarag u = ——,
In ::_Z M cHUTasAs ¥ PyHKUMEH NepeMeHHoH 1.
4 U3 dopmyn npeobpasosanus npu %—’_—:' > 0 Haxogum
_{a—=Db)e _a—b _{a=bu
PTesTme fhETI VRS
CremoBaTeasHo,
Ay _ Au(1-¢)’ 1)
(z—-a)*(z - b2~ (a~—Db)er
Haxonum npoussogunie
3 [ & d
o %o, iy a0 (B-%) ,
=—§_(e _1)'d_t+u’ drz ~ %’.‘. (a —b)e?t )
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Cpasnusag pasencysa (1) u (2), nocae ynpomeHuit nosyyaeM
d’u du Au

@ W’ ety
136. Tpeobpasosats ypasrennue (1-z°)%y" +y = 0, monarast z = tht, y = = tze u = u(t).

cht

< [nddepenunpys y Kax NapaMeTPHYECKH 3ajaHHYI0 QyHKIMIO [IEPEMEHHON T, Haxomum

'cht—usht
dy =5 h%¢ ' d?’y  u'cht—ucht n_ 5
E=-———‘—‘——-—=ucht-—usht, p s (u" —u)ch®s

ch?t ch?t

d?
Otcioa ¥ M3 yClIoBUA clienyer —— = 0.

di?

" " t
137. Moxasars, uro msapuman S(z(t)) = Z (t) -3 (———(——)> HE MEHAET CBOEr0 3HAYCHHA

zM(t) z'(t)
npy npobHo-IMHeHoM NpeobpasoBanuy y = (( )) +2, ad —bc #£0.
< Umeen
' z" 2¢z”
= (gd ~ —————— " - - -
(ad ~be) (cz +d)® y" = (ad -~ be) ((cz +d)*  {cz+ d)3) ’
" 6ez'z" 602.’;'3
=(ad-b - .
(a ) ((cz +d)?  (cz+d)’ + {cz + d)?

Or1ciona

Y v ' cx+d  (cz+d) 2\z' cz+d
" 6ez” 6c2z” 3(2z"\* 6c” 6ctz” " 3 {z"\?
=2 e ez cfZ LSS S (N R

' cx+d  (cz+d)? 2(1’) cz+d {cx+d)? z! 2( ) (z(t))

Hpeoﬁpa:sona’rb K MOASPHLIM KOOPHWHATAM T M ¢, TOXArad I = TCOS{, ¥ = T Sih @, ClIeRyio-
mue ypam{emm
138, ¥ - IFY
Tz- Y

< I/Icnonbayx topmys (3), m.4.1, HaxomuM
dy ;sinzp+rcos<p
dr . :
dz 3y C0Sp —Tsing
CunenopaTensHo,

dr . .
Tyomp+rcosy _cosp+sing

wcosgo—rsmzp COS‘P—SiB‘P‘

d
v dr
Tlocne npeobpa3oBaHNy HoLy4YaeM E =r.p

139. (z¢ —y)? = 229(1 + y'z).
« Ucroasays pasencrso (1) nmpexugymero nprMepa, Noxydaem

2 I 2
sin @ + rcos ¢ . 2 T 80 @ + 1 COS
(rcossa—_———_-’cos(o—rsmqa rsmcp) = 2r°sin pcos p (1+ (r'cosqa—rsin p .
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2
2 __ 1—sin2¢ 2
Orciopa r' = il

140. (2 +¢°)°y" = (z +9y')°.
« [uddepenunpys paseHcrso (1) u3 mpumepa 138, noay4yaem

d ’ 2
' = E(!l) _ 42— y = dy . _d_r_
% (r' cos p — rsin p)3’ dz’ de’
33
Tax xax (z° + %) = r*, a (z +yy')° = (r—c?%'sm—q:)” TO JaHHOE yPaBHEHMe BATIMUIETCH B
clefylomeM BUAE:
(4 2’ rr'') 2 ' .
- = ——, 7 cosg —rsin ¢ # 0,
(r' cos ¢ — rsin p) (7' cos ¢ — rsin p)
2
wn r(r? 427" — ey = r'a. >
"
141. Kpususny naockoi xpusoi K = —I—‘ZE’—:,— BLIPA3UTL B MOJAPHEIX KOOpIUHATAX T U
(1+45)>

@.
« Ucnoarays Brpaxenns nns y' u y”, sanucanmele B MONAPHOM CHCTEMe KOOPIMHAT (CM. NIpH-
Mepn 138, 140), Haxomum

r2-+-2r'2 I

’ -—rsi 3 2
(r! cas @—rsin @) ’1‘2+2T' ‘TTI’) , )
K= = =, T Cosp—rsing#0.»

3
2 2\ =
1+ v/ sin @4rcos @ 2\ 2 (12+7J )2
ricosp—rsing
142, B cucreme ypasrenuit
dz

d
Fe=ytke( +o?), F=-atkye +y)

NepelTH K JI0JASPHON CHCTEMe KOOPAMHAT.
4 [JuddepeHuupys paBeHCTBa I = rCosp, ¥ = rsill ¢ 0O ¢, MOAYyYaeM CUCTEMY

dz drcos — rsi éf d_y drsm + rcos do
eI W T @ oh® P

dt ~ dt
M3 KOTOPOIl HaXoIuM
dr dzco +dsm dtp_l( dz sin +d cos)
T TR A T O T N T AL TR
YyurmBasg, 410 '% = rsinp + krd cosyp, j—’: = —rcos p + kr’ sin ¢, OROHYATETEHO HAXOTMM % =

kr®, %: =1. »

d? d?
143. IIpeo6pasoBars BHpaXKEHHe W = T——- y 2 , BBOA HOBHEle DYMRUMK 1 = \/z2 + y?,

a Ve
= arctg po

« [IudpdepeHUHpy s paBeHCTBO ¢ = arctg 5, HaXoguM

dy dz
do _Ta "V

dt z2 432

Orciona r? 4“—"— = y =

Hmbtbepemmpyx nocnem{ee PaBEHCTBO, OKOHYATEIbHO NMOAy4dacM
d ( zdgo) d’y d’z

a\" %)% Ve =
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BBeong HoBHE He3aBUCHMEIE NIEPEMEHHEIE § M 1), PEIIUTE CICAYIOMHE YPaBHEHHUI!

144. a—z=a—z,ecnuf—z+y,n—z—y
dr Jdy

o Ameen
az_azgg_i_a_za_f,_g_l_g 32_23_5 9z 0n 0z Oz
oz @€ dr  ondz 3t oy %‘agay‘anay & 9y

Orcroma —: - 2—: = 23—; = 0. Takum o6pasomM, pewass ypaBHEHHE g—: = 0, Haxoaum z = @(£), uau
z=¢(z +y), rie ¢ — NpOU3BONBHAA AHbdepeHIUpyeMad GyHKUHL. P
145. y——z-a—y-o ec:mf—z H n=1°+¢°.
9z oz 8 . 8z __
« Bruuucnas MPOU3BOJHEIE o= = 86 + 6n z, ay.— - 2y, HaXooHM y— — I EV5 T 0.

Orcioma z = <p(f]) uu z = p(z? + ¥°), rme ¢ — npoxanonb}{aa nuddepenyupyeMas GyHKLHA. B
dz
146. z + 1+ 2 F—zy,ecm{u_lnzuv_ln(y+\/1+y)

« [To npaBuay auddepeHIUPOBaHUS CIOKHON DYHKUUH, MEEM

0z 0z au 0z 0v _0z1 8z _0z0u 0z 0v _ 0z 1

— ———me— m — S e e ——— = — —————— 0.
5z " Guds T Gwdz Guz Oy oudy owdy 9 Arg 7

Hcnonnays stu paBeHcTBa M To, 4TO T = e®, y = shv, U3 ycloBMA MOIyvaeM g;f; + %% =e“shv.
o0z 0z
147. (= +y)(—9-; —(z - y)a—- =0,ecm u=1In/z2+y? u v = arctg L
y ]
< AHasoruyHo MpeaHymEeMy NIPHMeDPY HMeeM

9z = 0z _y O 0z_ y 9, z Oz
9z z2+y? du z2+y? v’ 3y_22+y23u 22+y230'

loncrasass 3‘m BHIP2)KEHHA B [aHHOE ypaBHEHMe, NOYIaeM -gf -5 =0»
9z .
148. z +ya—-—z+ 12+y2+z2,ecnuu=guv=z+ 2 4y + 22,
]
2 | I/ImeeM
8
0z 0z du 9z dv _ yAaz_I_ R 8z \ 9z
9z dudz  vdr  z° du 24+y2+22 0z ) 9V’
oz
0z 0z0u  0z9v 10z ¥+, 0z \ 0z
dy Oudy Jvdy =z du 22 +y? + 22
Orciona
Yy 8z, z Oz 16z y &
_a_z__ 23 8u+v~z 8v Z _ 2 8u ' v—z 8y
- v 9z v o= v 8z
92 1-mgE W 1-5F
Taxuu o6pasom, JaHHOe ypaBHEHHE NPENCTaBUMO B BUIE
1:2+y2+0232_v mmaz_l >
v—z dv v~ 2

a
149. ¢ z+yaz —:':,ec.vmu=2:c—z2 H v=7—:-.

< Ilo npasuny audpPepeHIHPOBAHUT COKHON PYHRUNH, HMEEM

9z 0z 0z 0z y 9z 9z Oz 0z 9z {1 gy 0z
nit) B (52 o _or( L) a1 o).
9z o8 (2 oz + v \ 22 9z dy Ou ( 2"ay) + dv (z 22 By)
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Orcrona
8z 18z
9z 2% 9z : a.,

.—___.._.___— —

8z *
Oz 1+22 +-¥,-a" dy 1+22 +-;a"
Torpa maHHoe ypaBHEHHe 3aNMIIeTcH B BUIe

8z y 8=z
e tie _ 2
8z ¥y 82 7 5’
I+225 + 75
2 T utz? M 8z _ =z utz?
Honaras agecs 2z = u + 2%, £ = v, 2 = 22X nocxe ynpomenuit moayvaen 3 = I 27—,
2
X #Fu. »
2 2
dz 0z 1.,
150. IIpeo6paszosaTs Brpaxenue A = (E + ) moHarag T = uv, y = E(u - v°).

< [JuddepeHuupys z Kak CIOKHYIO GYHKIUHKIO, IOXYHaeM CUCTEMY
br _dox dxoy e 0z 0z 320z Oxly 0z, 0
Bu 0Oz ou ' Oyou Oz ' Oy” Ov 0z v dyouw 9z dy

U3 .KOTOPOH HaXOIHM

v
ZLooou ov ZT 8w &y 2424,

CuneporarensHo,

22 22
LGS e ) () (%)
(u? + 0?2 Wtz
2
dy

2
151. IIpec6pasosaTs ypasuenne (z — z)-éi +y=- =0, IpuHsB Z 32 DYHKUMIO, 3 y U Z 3a
z
He3aBUCHMELE NePEMEHHELE,

<« 3anumenm pasencreo (5), m.4.2, nonaras B HeM v = z, v =y, w = z. [lonyunm

dr = — 9z (a—zd +2dy> +az dy.

9z \ oz 0 dy
Cpasuusas xoapduunenTH npu dz ¥ dy, NoyYaeM CHCTEMY
_ 0z 0z _3z3z+3£
T8z 0z’ T 3z dy ' Oy
U3 ROTOpOH HaXomuM
8
3z _ 1 oz a:
3z B gy s
oz oz
Hannoe ypaBHeHMe npeofpasyercs cregyomumM obpasom:
Vo a
z-z z -1z
8_‘___58‘]_=0’“nx_a__= ) yiéo"
% e y
z z

a
152. Tipeo6pasorars ypasHenue (v~ z)b—: +(y+ z)g-:; = 0, npHHAB T 3a QYHEUMIO, a
¥ =y — 2z, v =9+ z 3a HE3aBUCKMHEIE TIePEMEeHHEIE.

4 [lonarag » pasencrse (5), m.4.2, w=1z,u=9y —z, v =y + z, UMeeM

oz 0z 0z oz 0z
dz = — - — - — —
i ™ (d” Frid ay"")+a (d”a d”a )
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CpaBuuBas x0apdHLUHEHTH NpH dT u dy, MoxyvaeM

dr 9z Oz 0z 0t O0x 3z Oz 9z 0z
= mtawdr "“a oy ot away
Orciona
dz Bz 8z 8z
dz 1 dz e T 50 dz 9z _  u o
BT E_E 5= me WAty T m ova e =0
v bu Sv Su . v Su v Su

[locse ympomeHni OKOHYATEABHO HaXOXHM

oz Jdz wu az oz
3wt =0 ("“"5#5;)"
az\* [az\’
153. Hpeo6pasosars BHpakenne A = (é) + (5§> , IPHHAB T 3a QYHKLUHKIO M U =

Iz, v = Yz 3a He3aBUCHMEIe NlepeMeHHHIe.
<« AHaJIOTHYHO NpeXHYyIIeMy IPHMEPY HMeeM

Jz dz o0z oz 0z dz
dr = — | zd — — — [ zd —d —dy}.
T e (z :1c+z:aidz:+:|:aydz,l>+au (z y+yax x+yay y)
dnas onpepeneHus -g—: H % MONy4aeM CUCTEMY
oz or 0z oz 0z oz 0z oz Oz 0z
1=2 4,229 L 202 g-,9202 82 L 222
"5 "0z Vo0 oz T Gudy ‘50 Yau dy
Orciona
_81: l—zg—z _ zu-—u2% §£= —z-gf _ —uz—g—:-
0z 2 4 yf " 2 (uE 40E) Oy sZ4yE 2 (a2 +0F)
CaenosatensHo,
2,2 3 4 [(62)\2 8z\2
oy’ -2z’ +u ((3:—) +(§j-)) ./ Oz PYRE
A: P Pz 2 , (u5-+v-a—-> #0.’
ot (ugs +032) ¢
154 H au au 3u
. IIpeobpasopars ypaBHeHHe — + — + — =0, mostaraa € =z, =y —2z,{ =z — 1.

0z  dy 0z
« [IudbdepeHunpys u xak croxHyio byHKIHIO, HAXOMHM
Ju Ou Ou Ju OJu _ Ou Ou _Ou
Su Su du __-8u
CaenoBaTensHo, mtats = 5= 0.»
IlepeiTH Kk HOBHIM NEpEMEHHNM 4, v, W, INe w = Ww(t, v}, B CAEAYIOIUX ypaBHEHUIX:

0z dz 1 1
1585, y= -z == (y - =2+ o=t w=lnz-—
Y3, :cay (y—z)z,ecmu=z"+9y° v z:+y’w Inz—-(z+y).
<« ITonsaysice dopmynamu (7), n.4.2, moayuaenm
8 Su-Rhi1 g Pw-Ph+1
ar ~ -1 "By I )
z -z
CreposarentHo, JaHHOE YPaBHEHME 3alMINETCE B BAAE
dw yz dw ow zz dw
2 _—— — - —_——t e —zz=(y ~
¥ T 2 e t+yz = 2eyz du + y? dv zz=(y-2)z,

HIH, NOCIE YMPOIEHHH, %‘f— =0.»
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a a 1 1 1
156. zz—{+y2—i=z2,ecmt U=z, 0= ———, W= -1-——.
oz dy y z z =z
<« [Tpumenas dopmyny (7), n.4.2, HaxoQuM YaCTHHE NPOUIBOAHEIE
8 Suw 1 1 dw 1
2 _ Gtmo-m z_Twg
dr ""}2' dy ",1_2

8
NIOLCTaBisA KOTOphle B JaHHOe ypaBHEHHUe, HOMyYaeM 3‘;“1 =0.p

157. (zy+z)a—z+(1—~y2)g—;=z+yz,ec1mu=yz—-z,v=zz—y,w=zy——z.

oz
o Ucronssya 1y ke dopMyny, 470 H B IpeAHAYIEM TPHMEPE, HAXOHHM
. 8 8
8z —g—':+-a-‘fz—y 9z _ %1:-2—8—':—:
9z ou dw ' By bw dw

Orciofa ¥ M3 TaHHOTO ypaBHeHKS NOXyuaeM
8 8
(zy+z)(-—‘f’- - -aﬂz+y) +(1-—y2)(—g—:z+ —a%z+1)

2 - 8w dw =z+yz
eyt tl

MM, MocTe CBeNEeHUS MOBOGHRIX YiIeHOB, 3—': =0.p»

2 2
] ]
158. (z%) + ( z) = 2a—z§£,ecm(z=ue‘“,y=ve"’,z=we"’.
2y 22 samnmewm cucreMy (9), m.4.2:

y-é; =% %z dy
« [Ins onpeneneHus gf u -g—; Rak QYHRIMI OT 5o ¥ 3,
dw 9z dw 9z (1+va—w)=(1+w)%v"3-

0z ow 0z dw
T2 (1422 4L 22,0w _ w Z,r. 9
8:( +u8u)+8yvau (l+w)3u’ 3z " 3o dy v

Orciona

3z (1+w)ge 3z _ (1 +w)e
9z 1 +ﬂ2—:+v%+uvg—:2—:’ dy ~ 1+u%1:-+vg—:’+uvg—':%%.

Taxum o6pa3oM, B HOBEIX TEPEMEHHKIX ¥, U M W JAHHOE YPABHEHHE MMEET CIeRYIOMMI BHA:

2 w2
(10 + 8" 4 (e 4 %)} wreel 4 uy
2 = 2
I O )

o w2 w2 2 6w Bw
WiIH, TIOCTe YIPOMEHHI, ("3’..‘) + (”E) =’z = p

[Ipeobpa3oBaTh Xk NMONAPHLIM KOOPAMHATAM r M ¢, NoJNarad T = rCOSp, § = r&iN p, Crenyio-

ITHEe BHpPAKECHHA:

Ju ou Oou du au\’ ou\’
159. ) w=22% —y%% 6 =22 1% 5y o (2] 4 (2
9.a)w Iay yaz,ﬁ)w zaz+yay,n)w % + a7
o Hueem
ou_dudr dudp Ou_dudr dude o
0z Or 3z  dp 3z’ 3y Or dy ' dp Oy
TIpouasonune g—:, -g—:, %‘;; H -g'; HAaXOMMM M3 CHCTeM, NOAYMEHHHIX B peaylsTaTe NuddepeHIHpo-
BaHMA PaBEHCTB T = rCOSY, Yy =TSNy NO T X ¥:
dr .8 o . 0
1= cos<pa- ~ rsin <p-—‘f-, 0= costp-é-g- - rsm‘<p5:—’,

.9 o .0
0=sm<p-a—;+rcos<p-if, l=mn<p5—;;-+rcostpay



178 Tn. 2. Arddepennuarsnoe ECHHCAeHUe PYHENUE BEeRTOPHOTO apTyMeHTa

Orcroma s
r dyp siny Jr @ cosp
== “L-_ —_= A k. ) 2
5z =S80 3 T 3y sin p, il )
Pasencrsa (1) sanuuresM B Bue
du _ Ou Jusing Ju OJu ., Ou cosyp 3)

9z ECOS‘P—% r ' ;y—::,;smtp ¢
Takum obpazowm,

Oy cosy 8u Busing) ' 8u,
a)w-rcosga(-—smga+ - )—rsmap(—coszp-—w—r )‘aw

6)w=rcosgp( COS‘P_B;un‘P)_q.rsmga(BrSlnga.{.g: Co:W) r%%

2 2 2
B)w:(zrcoscp—%mr‘p) +(6"smtp+6“ °°:“’> =(g—'r‘> +-};(:—:—) >
2 2 2 2 2
3 u 3 8 u 28 U 26 u o“u
= = — = —— 2 ———
160. a) w = +62,6)w 62+22ya 5 +y ayz,n)w V5.7 Iy8x8y+
20%u du Bu
‘ 3y? i + dy /)’
<« Indpdepenuupys pasencrsa (3) u ucnonnsys paBeHcTBa (2) W3 mpuMepa 159, HaxomuM

3%u _a (Bu) or a (au) )

7~ or \oz) 3z T 9p \3z) 3z
8214 du sin® o +28u cos psin ¢ _3_2_11_ sin? p _ d*u cospsin ¢
= cos’ g+ 5= r r -8_‘; 2 dp? r? dp dr T ’

ﬁ_i(@_)ﬁz+ 9 ( )aw
9z dy ~ or \dz/) dy dz
2 2 2 2, in2
afcosgasmtp gu cospsing = du sin® ¢ — cos? v d ucos¢smap 0°u cos‘p —sin‘

r ) 2 o 2 dyp or r ’
Pu_ 8 (ou 8r+ 9 [du\d¢ _
v ~ 3r \ 3y / 3y 3 By By
=a‘psin24p+%~cos ap_AZ-B_zicosgasin‘p 3_21cos2£p %u coscpsmtp
or? or r Oy r? op? 12 dpor r
Ha OCHOBAHHH 3THX PABENCTB NONY{aeM:
18 1 6? & 92
a) w= 3,2+,5: poy 5¢:56) 726,.:»3)1”:‘5;:'-’
, 2y Bzu
161. Pewnte ypannenue — 377 = 05,7 BREAA HOBHE HE3aBUCHMNE MepeMeHHsle § =1 —at,
z
n=2+at.
< Hmeenm

Ou _OudE dudy _du du &u a( )Qg_+i(3u) an 32u+2 0’u +22_u
8z  Of bz ' Oy 0z  OF ' o' 9z3. OE dr ' dy oz 8¢ " “d¢an " ont’
Ou Ou d¢ Oudn Oy dou

Gt st Tagar Cag T on’

82uA /] at o 20%u 2 0%u 2 0%y
o ae( )a:* (5) 5 = Bl Rl T M = b
Takum o6pa3oM, RaHHOE ypaBHEeHHE NPHHHMAET BHJT

P _
dEdan
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OTCIOHa noclegoBaTEeAbPHEIM HHTeerpOBa.H“eM HaXxooIuM
a
2_j@ u= / 1) d€ + 9(n) = (&) + ¥(),

rre p(£) = f F(£)dé u ¥(n) — npouseonsrne muddepenuupyemule pyHkuuu. Boaspamasce k
NpEeXHUM NIEPEMEHHKM, OKOHYaTeNBHO NonydaeM u(t, ) = ¢(z — at).+ ¢¥(z + at). »
TlpuHgB 2 M v 3a HOBHE HE3aBUCHMHE NlepEMEHHHE, IPeo6pa30BaTh CIENYIOMHUE YPABHEHHU:

Bz 3z 3%z 9z z
—t — =0 = =z-y—-1.
162. 2 8 9y 8y2+8: 3 yecnmu=z+2y+2,v=z-y—1

« Ilo npasuny puddepeHUHPORAHHA CHONKHOH hYHKUUH, HaXORHM
O LT SN LA PO N LA e P
dr  Qudz  dv dz Ou v’ 8x2  Ou \Oz v 9z~ u? dudv  Ov?’
AH2J0rMYHO HaXOOHM OCTaIBHEE TPOH3BOTHLIE:
&z _ 2822 + 8%z ?z 8z _ 0z _ g_z_ 8_21 _ 9%z 9%z 4 8%z
dzdy ~Ou? ' Budv Ovd’ By Ou v’ Iy 0u?  Oudv 02

HOI[CTB.BJISISI BHUUCHECHHEIC IPOU3BOHEIE B JAHHOC YPAaBHEHHE, NIOCHE CBECHHUA TMOoJO6GHEIX YJIE€HOB

62_0 >
2,
163. (1 +:2)-§— +(+y )g > +z§§+y§—: =0, eciu u = ln(:c+\/1+z2),ﬂ =

In (y +4v14+ y2) .
4 AHaJOTHYHO TIPEABIRYLEMY NPHMEDPY HaXOLHM
az 0z du _ 0z 1

8’z i(gz_) du 0z d 1 #z 1 9z 1
dz? ~ du

TR G \Jira) it o fise
br_drdv 0z 1
3y~avdy-z'_9v l+y2’

Pi_ o (0s\dv oxdf 1 \_#: 10y
dy? ~ v \dy ) dy  dvdy ,/1+yz T ov? 1442 av\/ZT+y2)3

2
CrenosaTeabHo, ypaBHeHKe TipeoGpa3yercd K BHIY 6 ==+ %u— 0.»
3z 3%z T
164. :* = ~y* —— =0, ecmu=1x = -.

« Iocrynas Tak e, xax M paHbllle, HAXOTUM

8z 8z  8z1 8*z 8%z, &z [ 8z 1

%' Ty 7 aw? Tl tont
3z 0z 9z z Pz 8z, 9z 2 9z 09z2
— E el e e, e m oL Qe o e
dy Ou dv y?’ dy*  Ou? dudv g2 " Jv? yt  Ov
93z 1 Bz

Takum obpasom, ypaBHeHue npec6pasyeTcs K BULY 36 " P

165, C nomompio nuueiinoi saMenst £ = z + A1y, 7 = £ + A2y Npeobpa3eBaTh ypaBHEHHE

%y u ®u
agu =0 1
Asa T2B55, 105 =0 )



180 Tn. 2. Duddeperngarsroe BCYRCAeEEe QYHROHE BERTOPHOLO apryMeHTa

rne A, B n C — nocrosunne n AC — B? <0, ¥ suny
8%
— =0. (2)
]
Hajity o6muit BuR ByHKLUUH, YROBIeTBOpsIOWEel ypasHeHnio (1).
4 Bruncnas vacrume npoussonnie

du _du 0w Fu_0%u Pu  Ou

%2 " % Tan ?9"{2'=T+Za£an+ 75
ou ou ou *u

5;::9?/\1+E’-/\2, 8y 352,\1+2353 /\1/\2+ /\
u 8214 9*u *u
B —A
320y fz 1+ € om A1+ A) + 3"72 2
¥ TOLCTAaBIAL XX B ypasHenue (1), noayvaex
2 62
(C)\1+ZB)\1 +A)~a—E-2—+2(C/\1)\2+B()\1+/\2)+A)866 (C/\2+ZB)\2+A)8—— =90. (3)
Ecin A\; # ), ssasiorcs xopuamu ypapnesus CAZ4+2BA+A =0,1.e. A1 2 = :E—ilg-_t'q—g, C#
0, 1o 8 ypasHenuy (3) roadduunenTs npu %E—;— ¥ %7% o6panianTca B Hyas. [lockompky AC-B* <

0,0 M1 # A u CAr )\ +B(/\1 +/\2)+A¢0
CrepnoBatensHo, ypasHenue (1) npeobpaayerca k Buay (2). Pemenuem ero Gymer dyHKUMA
u = ¢(€) + P(n) (cM. pemenne ypasHenns npumepa 161). BoaBpamasich k cTapsiM IepeMEHHHM,
noxyyaeM u = p(z + A1y) + P(z + da2y). »
9z 8%z
— + —_
0z? = 9y?
HEBEIPOXKIEHHOH 3aMeHe IepeMeHHBIX T = ¢(u, v), y = ¢(u, v), yIOBIeTBOPAOWEH YCIOBHIM
o0 _ov dp__ov "
du v’ v =T

166. Joxasars, uro ypaBHenue Jlannaca Az = = 0 He MeHaeTca TMpu d06ok

<« [Iucddepenunpys z Kak cnoxcHy]o dyHRUMIO 1 MCT0aB3YS ycioBKe (1), monyuaem
0z _0z0p 0z0p 0z 0z 0p 0z 0

Ju 9z du dy dv' 5;~5_:c"6_{7_+5;:9:
AHafOrHYHO BHYMCATIEM
8z 8%z (899)2 _ 9%z dp O

2z (34p)2+ 8z 8% 9z d%

a
du? ~ 9z2 \du 910y ou dv | 9y® \dv 8z 0u? Oy dudv’
2?_2__ ?_z_f (?_4&)2 9 8%z 34,0 64,9 8%z (6_)2 _é)iach 0z 82<p
9v? ~ 9z \ v dzdy du dv ' 0% \du 9z 9v? ' By ouodv
Criaasiras GB2 HOCAEHHAX PaBEHCTBa, NIOAYYAEM

3%z 9%z dp Ip\?\ [ 8%z 0%z e 0%\ 0z

w2 o ((8u) +(3) T ) T\ae Yo ) oz @
Hanee, nuddepenuupys mepsoe U3 paseHcts (1) no «, a BTopoe 10 v
ybexpaeMmcg, 4TO

Pe ey ®)
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HakoHel, u3 Toro, uto 3aMeHa KeBHPOX/eHa, U3 paseHcTB (1) caemyer

¢ ¢ 8¢ ¢
Dip,¥) |8 3| _| 3 & __(a_¢)2+<§£)2#0
D(u,v) |ov ov| |_8e 80| \Ou dv ’
du v B ou

3z 8%z
Taxum o6pa3oM, u3 paBeHcTBa (2) HAXOTUM Hf +t57=0.»

2
167. Tpeo6pasopats ypaBHenus: a) Au = g—zg+g : =0; 6) A(Au) =0, noxaras u = f(r),
rae r = /12 + y2.
a) Ameem

du dudr duz 8w duz® durP-1°

3 dros drr BF=Z}7r_2 FT
1 du

8%u du y du r? —y
+ v dr’

By = arZ 12
6) [loctynas, KaKk 4 paHblle, nony‘{aeM

0Au) duz duz duz

AHATOTMYHO HaXOAUM . CaepoBarensHo, Au = dr2 + -

dr  drdr drr g2 dr ¥
*(Au)  duz® | dPul | dPur?-31" dur?-3:7
AL A
*(Au) _ d'u y Bul dPur?-3yF  dur? -3y’
82 drtfZ A7 drr o dr
Takum obpasom, A{Au) = :r: + % j—i} - :—2 ZZ: + ;]g %. >

168. Bupaxenus

2 2 2
du Y du du 3w 9w 8u
A““(E) +<5;) +<a_> y Bau=oatoatea

npeofpa3oBathk K cGepU4YEeCKMM KOOPAMHATaM, Nnojarax ¢ = rsinfcosep, y = rsinfsing, z =
rcos§.
<« IIpencrasumM ganHoe mpeobpa3oBaHKue B BUIE KOMIO3ULMM [BYX Npeolpa3oBaHuM:

z=Rcosp, y=Rsing, z=z, (1)
R=rsind, p=¢, z=rcosb. (2)

[pu samene (1) umeeM (cM. npumep 159, B)):

AN AR NN EA
oz dy ] T R? \ 8¢ OR
2 2 2
CuenosateabHo, Aju = -f% (g%) + (g%) + (—gr:) .
[Ipumensa npeobpasosane (2) (cM. mpumep 159, B)), monyuaem

' (o' _1 (e (aw\® 1 (au)'_ 1 (8w
oR oz ] T r2 \ 98 ar) ° R*\8¢, ~ r2sin?8 \Bp )

OxoHYaTeTbHO HaXOTHM

2 2 2
du 1 {ou 1 du
Au= (08 gL fouy 1 (9%
1 (31‘) ta (ae) t Zants <a¢)

AHanoru4Ho, ocymecrsiass 3aMeny (1), noayvaenm (cM. npumep 160, a}):

v  18u 1 8y 3%

Av= ot RIR T R g2 T o7



182 Ta. 2. Tuddepernuansaoe HcURcIeHRe QYHRINE BEKTOPHOIO ApPryMeHTa

Corunacno npeofpasosanumo (2) (c. nprmep 160, a))

Pu o du 10w 1 0%
T~ m o T
IR 0z ar r 9r  r? 992
HNonaras B paseHcTse (3) u3 npumepa 159 y = R, ¢ =0, rne R = rsin §, noxyyaem
1 9u _ 1 (gismHa_uww) _lau+ cosf du
R AR ™ rsinf \or 30 r ) rdr  r2sinf 96’
1 8% 8%y
U3 geyx nmocneqHMX PaBEHCTB M U3 TOTO, YTO 73 53 = Tais 5—;, HaXOyM
u 10w 1 0% 1 6u
Aot = —

104 198 10 cos§ OJu 1 0%
r? " r ar  r? 962 ' r Or

*2sinf 06

2 sin’ 6 .6—<p3 =

1(9 2Bu) 1 a( ) 1 3%
= <3r( or) ¥ smd 56 n03) + 3 g

sin2§ J¢p?

169. B ypazrne 82z+82z = % 2+ 91 233 OBYIO (DYHKLIHIO W, TIONAras
yp HUH 2 3 T o) T\ 3z 33 €CTH HOBYIO (PyHK1LL )
2
w=2z".

4 Umeem

dw 0z dw , 0 &uw z\° . Pz w az\* . 8%
—87—225—2—, 5;—225;, EZ‘—2<3;) +2ZT —_—=2{ = +22
OT1ciona HaxomuM

i _ldv 5 1w P 1Py 1 (w0 _idw 1 ()
9z 220z’ dy 2z 9y’ ‘%27 2922w 2

Hcnonrsys HalifleHHule opMyIIH, 3aMiIeM AaHHOE ypaBHEHNE B BUfle

2 2
Fw  Puw dw dw
w rwy + = + | = . >
oz ay? 9z dy
Npungs v M v 3a HOBHe HE3aBUCHMEIE NIEpEMEHHHE H W =
npeoﬁpaaona'rb clenyonHe ypaBHEHUA:

170. y +2a’ 2 z

3y = 7, eCHH ¥ = ;,v:z,w:zz—y.

« Hpnmel-ma BTOpYIO M3 popMy (7), n.4.2, momyyaem

w(u, v) 3a HoBylo dyHxUMIO,

_ __1 dw 1
dy —z T 42 0u 'z
Brriucnss BTOpY0 NMpoM3BORHYO
Pz _ _1Pwiu, 20w _z v, 20w
9y? T y? 3u? 8y ¥ Ou  yt 9u? T 3 Ou’
y6exnaeMcd, YTO JaHHOE ypaBHEHHE IPHHUMAET BHI %’- =0.p»
¥z _ 8z 8% y z
7 — e D) . — = = - = -
171 503 28z8y+8y’ 0, ecmu=z+y,v=",0 =
« Hpumenas dopmyau (7), m.4.2, naxommu
ow
2 _ mtT(H+S5_ ow_yow : 0x_ FHm:
3z — -1 T zdv T

ok
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uddepenimpys moayseHnHe PaBEHCTBa, HAXOXMM BTOPHE MPOHIBOIHBIE
Pz _ Puw y 0w y 9w

y 40
dz? du? z Oudv | 18 Ov @ Ou’
3%z _Iazw (y_l) Fw ¥ 3w +8_w
9z dy  Ou? T dudv g2 9v? @ Ov’
2 12 5
Pz _ Gw P 18w
dy? du? dudv  z Sv?
3ameHAd B JaHHOM ypaBHEHHH BTODHE IPOM3BOAHEIE HalIeHHRIMH UX 3HaVEHHIMH, TTOIyaeM
8w
-t 0. » 2
¥z 0z 3%z
172. 5;+2m£+5;7=0,ecm{_ g=zg+yv=z—y w=21y—2.

o lpumenaa Te xe GopMyIH, YTO M B NPERKINYIIEM IPHMePE, HAXOXUM

0z ow Jw dz ow Jw
- o w Y H wmTR T

Tanee,
Pz_ Pw v Puw P2 Fu Pw ., Pz Pu v Pu
4z? = du? dudv 0v?’ Jzdy Ju? = 9v? ' 9y? T Ou? dudv  O0v?’

63
Taxum obpasom, o= — % =0.p

3z 3z 0z 1 1
73, 4 % 422 - == = (g — = ze¥.
173 812+8zay+8z 2z, eClH u 2(:c+y),v 2(: y), w=ze
« Coraacxo gopMynam (7), n.4.2, uMeem

8w 1 bw 1
dz

_____6u2 6v2=_e (az a_z)

ou + ov
Haxonum Brophie mpoussogHue

3z -y 3%z 9%z 9%z %z 1 2z 8z 8z 0z
37 =3 (s.rz“am%? ’ azay"Ze 3 " 307 25w i)

3anucuBaeM Teneph NMpeo6pa3oBaHHOE ypaBHEHHE: au2 + o au 611 =2w. p
174. B ypasuenun
3z &z Pz
dl+g)5=—-(1+p+ ""'2”")29}73, +r(l1+p)z5 =
a9z
IRe p = —

2z
3 H9= 5;,1101109&1{1‘5 u=z+2z,v=y+2, W=1+Yy+ 2z, CixTad, YT0 W = W(y, v).

< Haxopum npoussomuue 95 =pu 5 = ¢ (cM. popmynn (7), 1.4.2):

a—w-l - ow
=_6u by -—
P yenki y , TRe A a +a -1
Orciona
8w { Sw dw (Bw
Su (8w _ v (Sw _
q(1+q)=*°"—(2”2——), P(1+P)=‘ﬂ"(ﬁ‘z—"‘)‘; O
1 dw ow ow dw
eptotam= g (1- 35 -5 v eg )
3amedax, uto
du 2 o 2_1 5 2_1 3 o
= =l4p= 2 _o=_ O -—u-= =-2__ & v
dz b 4 A' 9z 4 A q A



184 Tn. 2. Auddepergransroe ACIHCACHEE dyHEOHi BEeRTOPHOro apryMesTa

HaXOIMM BTODHIE€ IIPOHIBOAHHE:

5z dp du  9p v 3(%—1)%‘.\“’.+i(%_1) %%_A]=

—_———— "

922~ 9u 9z ' By 9z du

_ 1 82w(8w)2 28210 aw(?_"i_l)+§_2ﬂ(i’f’__l)2
T AR\ w2 \9v/) T “3ud0 9v \Bu v2 \ ’

2
0z ap 3u+_¢_9_p_3_v= 2)
dzdy Ou dy ' Jv By
1 (*w aw Fw (dw  Ow ) Pw dw (dw )
=—-3 - —_ 4 — - —_— | — =1
7y (au2 3 o= *5ms (52 * 35 =) * 3 50 (a0 ’

Pz _0gdu dgdv 1 32w(3w)2_23?w92(8_11)_1%@(@_1)2
dy? ~ Bu dy 3 Ay A%\ 0?2 \ 9u dudv du \ v du? \ dv ’

2
U3 pasencrs (1), (2) u ganHoro ypaBHeHus cielyer, uTo ;‘ = = 0.

dz? dy? dz 9y
pacnpejleNeHUH pojieH MeXAY NePEeMEHHHMH I,y H Z.
« [lycte, wampumep, r — GbyHEUMSA, a § U z — He3aBUCMMble nepemennnie. Mcnoxsays
HHBapHaHTHOCTH (POPMEL nepBoro AuddepeHyHata, NoxyHaeM

oz oz [ 9z
dz——";dy+az (3 -dx +——dy>.

2
z & 9z
175. Tloxasats, uTo BMA ypaBHEHHS — — — ( = 0 He MeMseTCd Npyu moboM

CpaeHuBas xoacpHUUHEHTH NpH dz ¥ dy, MomydHaeM CUCTeMY

dz 9z dz dz 9z

l= =, 0=+ =,

dz 0z dy 9z dy
8z
M3 KOTOPOH HaXofluM -g—: =35 g:— =-3L
Bz oz

Haxonum BTOpHIE NpOM3BOXHEIE:

2 2.’; 2.‘; 'z
izi_..‘l 1 _Qf.—-__%; ___82z —i 1 +_?_ 1 az_aaz’%%“:zay%;
922 ~ 9z \ = | oz (8:)3’ 9zdy Oy \Z 8z dy (.8_:_)3 ’

8z z Dz 3z
2 2
8z 8. Qf_{ 8z 82z 8z 8z :; oz
3z 8 ("E) +_3_ (“’b%) oz &7 ( z) 528y 0z 8y+ 827 (By)
) 0z dy oz )
y y oz y (82)

CuaenoBatensHo,

Pz (P2 \'_ (P (8 (02)'
dz2 0y 3z dy 922 81/ dz 0y 3z —
3z o2z 2
e 155 (85) =0

AHAZOTHYHO MOCTYMaeM, CHMTAs y PYHKIMEN, & Z K 7 HEIABUCHMEIMY EPEMERHEIMH. b
176. Ipeobpasosars ypasuenne

dz 8z &z 9z 0z\ 9z 9z 0z 9%z
A (E’ a) 5;;-}-23 ('5;, 51;) 323y +C(£, ’@) 5’-’;—0,
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NMpuMeHss npeobpasoBanue Jlexanupa

0z 0z 0z 0z
= Y=— = F-— —
X= Fye 3y’Z zaz+yay z, n
e Z =Z(X,Y). \
< Hpennosnaraen, uro ynruus z = z(z, y) yEOBIETBOPAET YCIOBHIO
PPz [ 2\ DX, Y
SPede (0z) DY), @)
dz? dy dz dy D(z, y)

Huddepenunpys Tperse us paseHcTs (1) 0 z ¥ N0 ¥ U YUMTHIBAA, YTO oX %z oX _ 8z _

ay oy _ 8%z
B By = Bg7 noxyvaeM

8z 8z 3Z 3z _zazz+ &z 37 9z _3_{32_2_1:322 + ¥z
53X 922 ' 8Y 9yoz " 0z2 ' V3ydz' OX 9zoy | 9Y ay2 "Gz ay | Yoyt

Otciona, B cuiay yciaoBus (2), Haxogum

8z 8z
T=a% V= gy (3)
HManee, puddepeHuupys paseHCTBa (3) 10 T ¥ MO Y, HMEEM IBE€ CHCTEMHI:
(282 Pz 9s 87 ¥z 87 s
T 0X? 8s% ' 8X9Y 9zdy’  8X9Y 9z2 T 9Y? 9z dy
H
_9Z 82 8z P2 | 87 Pz 97 9
T 0X? 9zdy ' 0XOY 8y*’ Y 9X dzdy Y2 oy
Diz,y

C OIIpeNeJaUTEI€M OTAHYHEIM OT HYJIA:

DxY) = 1 L % 0. TloaToMy yka3aHHEle CHCTEMAI OTHOZHAYHO
ONpeNeAAoT BIOPhie NMPOM3BOJHHIE:

2 2 2
Pi_GE 0 g 0 g o
9z2 ~ I-V dzay 171 Gy I-YC
Hcnonnays pasencrsa (1) H (4), 3amHCcHBaeM npeobpa3zoBaHHOe ypaBHeHHe B BHIE
9’z 3z 9*Z
A(X, Y)EW - 2B(X, Y)aan + C(X, Y)3X2 =0.»

YnpaxHueREd 04 CaMOCTOATENLEOM DaGOTH

3
128. [Ipunars y 3a HOBOE HE3aBHCHMOE NepEMEHHOE ¥ IpeobpasoBarh ypapuenue y"' —zy” +
e”y's =0.
129. IIpeob6pasosats ypasrenne y'y"’ — 3y
DYHRUHIO OT ¥.

”

= 0, NPHUHAB HE3aBHCHMOE MEPEMEHHCE T 3a

130. Ipunare y 3a HoBOe He3aBUCHMOE NIepeMEHHOE ¥ NPe06pa3oBaTh yPaBHEHME

y'zyw _ lOyly”y"( +415y//3 =0

131. B ypaanemm 1:2 "y 3zy' + y = 0 MONOXKHUTH z =ét

132. IIpeobpaaosats ypasuenue z°y" + 2z%y" — 1y’ +y = 0’ nonoxus t=Inz.
133. B ypasuenun (z + a)3 "4 3(z + 0)2 "+ (2 + @)y’ + by = 0 nomoxkuts i = In(z +a).
134. B ypasnennu (1 +2°)%y" +22(1+ 2°)y' + y = 0 noxoxurs z = tgt.
135. Tloxkasats, uyTO ypaxneﬂue
2: —e~3 d
ds’ + 2e7‘+¢"’ =T (e2=+¢—2=)2 =0
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TIpH NTOMOIIH NOJICTaHOBEH Z = %ln tg 2t npeoGpasyerca x Buny y” + 4my = 0.
136. IIpeo6pasoBaTs ypaBHeHHE

(1-2%)%y" —22(1 - %)y’ +—2ﬂ~—0

ey
ey’
IIpeo6pa3opats K nonxpnuu KOOPIMHATaM, NOJOXKHB I = TCO8{, ¥ = rsin p:

137. 24z 138, ’+“
V142 -y

139. IIpeo6pasoBats ypasHeHHe

TIOJOXHB T =

d?y
za-;z— - _... + Ty = 0
NPpHHAB 3a HOBRIH apryMeHT t = -

140. TIpec6pasopars ypaBHeHHE
Py ()W
zyzd —2 () +vg =0,

B3%B 3a apLYMEHT ¥ M 3a HOBle cpymcumo z=1In 1

141. B ypaBHeHunu :c— + ya— — 2 =0 NOIOXKHUTBL U = T, ¥ = % M NMPUHATH % ¥ v 33 HOBHIE

He3aBHCYMEIE nepeuem-me
142, [IpeoGpa3oBaTh ypaBHEHHE

(z4+m2) 2+ (y+nz)Z =0,

ytnz
z4+mz "
Hpm{aB u K v 3a HOBHIE HE3aBMCHMEIE IEpEMEHHEIE, Tpeobpa30BaTh CleNyoIMe ypaBHEHU:

143. 822+—¢-+m z =0, 2z = u? — v, y = uv.

IIPHHAB ¥ H v 3a HOBHIC HE€3aBUCUMBIC MIEPEMEHHHIE, €CIIY 4 = I, ¥V =

144. 2+2:cyz'sz+2(y y) +zzy2z—0 z_uvy i

IIpeo6pasoBaTs onepa'rop Nanmaca Au = 12 + =+ 8—,—, nmollaras:

145. s =caf, y=3(8* - a®), 2=2. 146. z —achEcoscp, y=ashésing, z = 2.
§5. dopmyna Teistopa

5.1. ®opuyna Teinopa.

Ecau dynxuus z — f(z), = € S(xo, 8), 2= (21, 22, ..., Zm), To = (23, 23, ..., £%,), aBaser-
ca n+1 pas muddepeHimpyeMoli B oKpecTHoCTH S(Zo, §), To KA BCeX TOYEK ITOH OKPECTHOCTH
crnpaBexiuBa GopMyda

£@)= )+ g (51D 4 (m= ) S+ Bale) (1
k=1 '
e

n+l .
Fate) = gy (61 = g+ o+ =25 E) ™ S0+ 0(a— ), 0 <0<
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5.2. Pgp Teitnopa.
Ecau dbynxuus z — f(2), ¢ € S(zo, §), 6ecroneuno puddeperuupyema 1 im Rn(z) =0, To
n=—00
3Ta PYHKUMA JONYCRAET NpefiCTaBIeHNe B BHE CTENEHHOro pAfa

oo k
1) = fa0)+ 3 55 (1= St o+ (om = ) ) (20), ™
k=1

KOTOPHI HaapiBaeTca psdom Tetinopa pus dynxuuu f B okpecTHocTH S(2o, §). YacTnrie ciyyan
dopmyn (1), nm.5.1, u (1), n.5.2, mpu 2, = 0,0 = (0, 0, ..., 0), COOTBETCTBEHHO Ha3EIBAIOTCA
dopmyaamu Maxaopena u padom Maxaopena.

177. dynruno f(z, y) = 2z — zy — y* ~ 6z — 3y + 5 pasnoxurs no popmyre Teitnopa B
OKpecTHoCTH ToukH {1, —2).

« [lannag byHRUHMSA HMeeT HelpepRBHEE YaCTHhIe IPOM3BONHKle Mo6oro nopaaka. Ilockoapky
BCe YaCTHHE TPOM3BOJIHEE NOPSKa BRIIE BIOPOTO PABHEI HY/IIO, TO OCTATOMHEIH YneH R, Vn > 2
obpamaerca B Hy s, ¥ popmyaa Teitopa MpHHKMAaeT CIENYIONUE BHL:

flz,9) = £(1, -2) + if(_;z_:?l(z —1)+ .‘9f(1a’_y“2)(y+ 2+
+ _;. (aszglr’z-” (z - 1)2 +2§.2{£+3y‘21(2 ~Dy+2)+ 22_[%/72_“1)(?]_}_ 2)2) _ )

Haxogum 4acThEle IIPOHM3BOTHEE!

of(z, 9) _ f(zy) _ o
P =4z —-y-—6, . T -2y 3,‘
Ffy) _, Pfay_ _ Py,
az? ’ 3z dy ’ ay?

Bruncnss B Touke (1, —2) 3HaveHHs hyHRUMH K ee IPOH3BOXHEIX
af(Q, -2) af(1, -2)
1, -2) = . =0 . =0
f( 1 2) 5’ az bl ay 1

f(1, -2) _ _
dy? -

azf(lr —2) =4 aZf(l’ "'2) _—
o2 ’ az dy

H Toub3ysch paznoxenueM (1), nomydaem

fz,9)=54+2z-1P-(z-)y+2)-w+2)°*»

1, 2

178. dyuxuuwo f(z,y, 2) = 22 + 4* + 2° — 3zyz pasnoxurs no dopmyre Teittopa B
okpectHocTH Toukk (1, 1, 1). ,

« [lockoabKy BCe HacTHEIE MPOM3BOIHEE TIOPAAKa BHIIE TPETHETO PaBHH HYIIO, TO OCTaTOY-
HHt ynen R, dopmyan Teitnopa paser Hymo auas Bcex n > 3. CregoBaTennHo, B JaHHOM CIydae
¢dopmyna Tenmopa npHHUMaeT B[

£, 3 )= 10,1, ) + 4,1, 0+ 5 £F(1, 1, 1) + glidaf(l, 1,1), (1)

rmedr =z —1,dy = y—1,dz = z— 1. Buunucass B Touke (1, 1, 1) 3uaveHHs QYHRUMH H ee
IHddepeHIHAIOB

f(1,1,1)=0, df(1,1,1)=0,
Pf1L,1,1)=6((z-1 + -1’ +(z =1 = (z=1)(y=1) = (z = 1)(z = 1) = (y = 1)(z - 1)),
EF1,1,1)=6((z-1)* +(3-1)* + (s = 1) =3(z— 1)(y — 1)(z - 1))
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¥ ToNB3yACh pasnoxkenneM (1), moayyaem

fz,9,2)=3(G -1’ +@ -0 +(-1 = (-~ - (- DE-1)=-(-1)(z-1)+
+E@-1)’+@@-11+(z=-1° -3 -1)(y-1)(z-1).»

179. Haiitu npupamenne, nonyuaemoe dbynruueit f(z, y) = z2y + zy* — 2zy npu nepexomne
oT 3HayeHu# £ = 1, y = —1 K 3HaueHMaIM 1 = 1+ A, y1 = -1 + k.

< B pannom cnyvae pasnoxenne dyHruuu no gopumyie Teitnopa B okpecTHocTy Touku (1, —1)
MOQJKHO 3alIMCATh B BUIE

A0, 1) = 5o, 9) = £0, =) = 2D a0y Py 4y 4

b (LA -4 Ty 4+ 2L 1)2) +

1 (8%fQ, -1) sy Bsf(l 1) 2
+§( 913 (z—1) + 322 oy — @ -1)(y+1) +
asf( 1) 2, 9°f(1, =1) 3
+ —5?37—("1)(3/+1) + -*Tys——(y+1) :
Ilonaras ageck z = 14+h, y = —1+k ¥ BHI4HCIAA yKa3aHHBIE IPON3BOAHEIE, MonyHaem Af(1, —1) =

h—3k—h% -~ 2hk+ K + R’k + E*h. »

180. B pasnoxennn dynxunu f(z, y) = 1Y no ¢popmysne Teitropa B OKPECTHOCTH TOYKH
(1, 1) BeIMKCaTh 4IeHH N0 BTOPOro MOPAAKa BKIOYKTENBHO.

« Haxonum cHavaza YacTHEIE TPOM3BOXHEIE 0 TPETHETO NOPSAKA BKIIOYHTEABHO!
fal(z, 9) = yz¥ f;(:c, y) = z¥Inz;
falz, v) =9y =122, fu(z9)=01+yhz)e*™, fa(z, y) =" In’ z;
falz, ) =9y - Dy -2z fi(z,9)= 2y-1+yly-1)hz)s*?,
:yz(I, y) = (yln z+2kn :c)::y_l, f;'é(:c, y) = Vin®z.

BaTeM BEIYUCIAEM 3HAYECHHUA quHI(lLMM U ee HPOHSBOJIHHX NE€EPBOTO K BTOpPOrO NMOPANKOB B TOYKE
L) F0,1) = 1, £ 1) =1, £(1,1) = 0, Fa(1,1) = 0, f4(L,1) =1, £(1,1) = 0 u

3amHuChiBaeM gH@depeHUMANEl NEPBOTO M BTOPOr'o NOPANKOB B 3TOM TOYKE:
df(1,1) =dz, d*f(1, 1) = 2dz dy.
Hcromoe Pa3J0XKCHHUE 3ANNUIIETCA B BHAE
1
fz,9) = £(1, 1) + df(1, 1) + 5 d°f(1, 1) + Ry(1+ 8z, 1 +8dy) =
=1+dz +dzdy+ R(1+6dz, 14 6dy),

rae
dr=z-1, dy=y—-1, 0<éb<1;
1
RZ(z) y)= -s-daf(l, y):

= ﬂ(y(y—l)(y—Z) gty 31ty -ins
6 z2

3 de?dy + 3

2
______yln I: 2n o drdy*+In®z dys).b

181. Pasnoxwurs mo dopmyre Makmopena [0 YI€HOB YeTBEPTOro NOPSAKa BEIIOYHTEILHO .
dynxumno f(z, y) = /1 — 22 ~ 2.
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<« Haxopuu nuddepenumann GyHKUMK f IO YETBEPTOro MOPANKA BKIIOWHTEIHHO:
1 1 -1 )
f(=, y)=(1~:c2—y2)2, df(z, y) = -2-(1—:52—3;2) z(—2z dz — 2ydy),

3 1
&f(z, y) = —%(1 — 2% —¢?) 7 2(~2zdz - 2y dy)’ + -;—(1 — 2% = )2 (—2dz® - 2dy°),
5 3
&*f(z, y) = -:;-(1 —z? —y?) T2 (=20 dz 2y dy)® - i—(l — 22~ y?) 72 (=22 dz - 2y dy)(~2 dz* - 2dy°),

15 -1
¢f(z,9) =~z (1= 2" = ¢*) 73 (~20dz - 2ydy)* +

) 3 22
+ %(1 —2? =y} 2(—2zdz - 2y dy)}(~2dz® — 2dy®) - Z(l -z — ¥ 2(-2ds? - 2dy*)%.
Tlonaras sgecy ¢ = y = 0, dr = z, dy = y, noay4HaeM
F0,00=1, df(0,0)=0, &f(0,0)=~(c"+¢7), &f(0,0)=0, d'f(0,0)=-3(z*+¢°)"
Teneps nerxo 3anucats TpebyeMoe pasiokeHHe:

£(0, 0)+df(0, 0)+ 5 40, 0)+ 3 d*F(0, 0)+ - 5(0, 0) = 1= (22 +3) = 5(&* +4°)* = .. >

182. Bumecru mpubamxernne GOPMyTH C TOMHOCTBIO KO 4JIEHOB BTOPOro TOpANKA A
. cos T l1+z+y
BHPpaXeHHH: a) ; 6) arctg ———.
cosy l1-z+y

a) [Tomssyacs opmynamu

' 1
cost=1- 7 +o(%), =g =14+q+¢ +o(¢),

CNpaBeJIHBEIMH COOTBETCTBEHHO NpH t — 0 M ¢ — 0, noiyvaem

cosz _ 1-— %-’52 +0(z?) (1 1
cosy  1-2y% +o(y?) B

21:2 + 0(12)> (l + %yz + o(y2)> =

1 1 2 —y?
=1—-§z:2+§y2+zza(y2)+y2o(z2):=1— 5 y.

6) O6osHavas f(z, y) = arctg 1—_—:—+y-, serancasem £(0, 0), df(0, 0), d%F(0, 0):

_ _ T _ 2(1+ y)dz — 2z dy .
fO,0) =arctgl =33 (a9 = T i g T 0 =4ds

2z, 3) = —(2(1 + y)dz ~ 22dy) (2(1 — 2 + y)(~dz + dy) + 2(1 + 2 + y)(dz + dy))
(1492 +(1+z+92)
d’f(0, 0) = —2dz dy.
[lanee, nons3ysack popmynoit Makiopera

3

1
Flz,y) = 0, 0) + df(0,0) + 2 F(0,0) + ...,
rae dz =z, dy = y, nony4aeM MCKoMYyIo MpubAMXKeHHY© dOpMyay

l+z+y

a.rctgl_z+y~

;;—-i—z—-:cy.b

183. Ynpocrurh BHpaxenue cos(z + y + z) — COSZ COS Y COS 2, CUMTAX T, §, Z MATHIMM TIO
aﬁcoanHOﬁ BEeIHUIHHE,

<« Hcnonpsys dopmyny Maxnopena pas cost, umeen
2 2 2

coszzl—z?, cosyzl-—%—, coszzl-%, cos(z+y+z)zl_—-;-(z+y+z)2.
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3aMenss B XaHHOM BHIPasKEHHH KOCHHYCH TONY4€HHHIMH NMPHGIHKEHUAMH M OTGpacHBad Be-
NMYHHE BHIITE BTOPOTO MOPANKAa MANOCTH, HAXOMHM

1 2 1_2 y2 zz
cos(z+y+z)—coszcosycoszz1—§(z+y+z) - 1-——2- -5 1—-5- =

=1-—%(zz+y2+zz)—-(zy+zz+yz)—1+%(zz+y2+z2)—%(zzy2+2222+y2;2)+%zzyzzzz
—(zy+z24+yz). »

1
184. dyuxuno F(z, y)=-(f(2+h 9)+f(z, y+h)+ flz =k, 9) + f(z, y— k) - f(z, v)

Pas3IONKMUTD MO CTEMEHsM h ¢ TouHoCTHIO K0 ht.
4 o popmyne Maxnopena, umeem

1 hz 1
F(r,y)=i(f+hf,+—f + f,s+ f.+o( Y+
! hz Hl 4 ! hz 1 h3 i h v 4
+f+hfy+ o fpn o+ f f4+o(h)+f—hf,+—2~f,=——,a+ = +o(h) +
, R 5 W
+f-hfy+7fy2— ﬁf fy4 +0( ) -1,

INe 3Ha4eHHA QYHKUMHM [ M ee MPOHM3BOXHHX f("), n = 1, 4, BHYHCIeHn B To4ke (7, y). [locne
TIpUBETeHHS OTOGHEBIX IOy UM

2

F(z,y)=h7(fz+f )+ ( v+ fid)+o(kY). »

185. Paanoxurs no crenewam h u k dynrumio
Acyf(z, y) = fle+h, y+ k) - f(z +h, y) ~ f(z, y+ k) + f(z, ).
<« Cravana sanuutem pasioxkenne gyuxuuu (h, k) — f(z +h, y+k) no popmyie Maxkaopena:

f(z,y)  ,0f(x,y)  h* f(z,y)
oz +k dy + 2 9r2

f(z,v) K 8f(z,9) , 3 "
+hEZS o +2— haz+ka flz,9). (1)

n=3

flz+h, y+k)=f(z,y)+h

+

HpencraBagd cHMBOIMYECKYIO 3anMCh n-Tro fH(depeHLHana B crenylomei dopuMe:

3 a\"
("'a—,”a;) fle,9) =

n

2 '(n hmn-maf(zy)=

— mi(n m)! dz™ gyn—m
n~1

_ myn—m 0"f(2,9)  ,n8"f(z,9)  ,n8"f(z,9)
Zlmln_ h k amayn—m+h dzn +k 8y" ’
m=

paanoxenue (1) sanumenm B Buze

3f(z 1) (o) B3y Py KPS )

H= Tt T T 229y 2 97

f(z+h, y+k)=f(z,y)+h

0 n-l

AR 8" f(z, ) "2 flen) A G )
+ Z Z m|(” - | dr™ ayngm +Z (h + k ay" ) .

n=3 m=] n=3
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Hanee, #CHOIB3YS 3T0 PaBEHCTBO M pasnoxennd Gywxuwit f(z +4, y) u f(z, y+k):

2 X . pn an
fath3) = f(a, )+ 12020 B OB 9 ST,

dr n!  Jz”
n=3
oo
- 3f(z,y) ¥ f(z,9) K 9"f(z, 9)
fe g+ 8) = fo9) + k=TT 4 5 =5 +Z_Z,,! B
3alMCEIBaeM pasiaoxenue GyHEUMH Ay f(z, y):
o n-l1
e f z, y KRR 97 f(z, y)
Asyf(z,9) = +2;z:1 mi(n ~ m)! dzm dyn—m’
n=3 m=

186. Pasnoxuts 1o cTeneHaM p GyHKUHIO

1 .
F(p) = -2—;/f(z+pcostp, y+ psinp)dy,

rae pyuxuusa [ auddepenunpyeMa moboe Yucao pa3 ¥ pa3laraeTcs no CTENEHIM p B CTelleHHON
p4A.
« 3anumewm paznoxenne GyHRUKHK (p, ) — f(z+pcos g, y+psin @) 1o hopmyre Maraopena:

k
a
f(z 4+ pcosp, y + psinp) = f(z, 9) +E (cosc,oa +sm<,oa ) fz, y).

Tipenmonaras Mo4aeHHOe HHTET PHPOBAHHUE ITOTO CTENEHHOTO PN BO3MOKHEIM, TIOTYYaeM pasio-
xenue pyHKuun p — F(p) no crenenam p:

2nr

o0 k £
P . .2
Fle) +Em7/(¢°”az+w“ay> e w)de-
]

k=1

Tlocxonpky

Ccos + sin :c = zk: K ‘y) COS8 <psm" jga
¥5z 3 Yoy B v (k=) B:cJ By"‘J ’
i=

TO pa3noxkenue dyHxiuu p —~ F(p) MoxHO 3anmcaTs B BULE
27
© .k K k
) o *f(z,y) 1 ke
F(p) = f(z,y +z;-l;z;3'k 7)! 32 gt~ In cos’ psin“™ pdep. 0))]
i= )
PaccMorpum uHTerpan

2

I(j,k-—j):%r- /cosjcpink_jcpdtp. (2)
)

Ecan j = 2m — 1, 1o cos’ psin* 7 pdp = Py_y(sin <p) d(sin ), Toe Pix—1(sin¢) — Mmuorownen
crenenn k — 1. O'rcmna clexyer, 4To

I2m—-1,k-2m+1)= -51;- /Pk—l(ﬁn‘P) d(sin ) = 0.
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AHanorwuHo, ecan k=2n—1,710 I(j,2n ~1-3) = 0.
CuenoBaTenbHO, MHTerpai (2) OTHHYEH OT Hyld TOIBKO B TOM Cltyuae, ecid k = 2n, j = 2m:
2n

1 . 2n-2
I(2m, 2n — 2m) = o cos®™ psin®" 2™ o dp.
x
0
BEruMcagd 3TOT MHTETPal MHTEI PUPOBAHMEM N0 YaCTAM, NOTyHaeM
2m —-1

I(2m, 2n — 2m) = m

I2m—2,2n-2m+2).

Otcrona cnenyer, 4To
(2m-1)2m-3)...3-1.I(0, 2n)

T(2m, 2n = 2m) = ooy 1)(2n —2m +3) ... 2n - 3)(2n —1)
_(@m =120 —2m-1)!!
= @ )T I(0, 2n).
[onbaysch TeM, yTo
27 %
1 2 _ n—1n
I(0, 2n) = 2ﬂ_/sm godcp-—/ " odp I
0 0
nonyvaem
_(@m-M2n—2m -1 2n -1} (2m —1)!(2n — 2m — 1)!!
[(@m, 2n = 2m) = (@n DN et (o)l '
Manee, yuurusas, uyro (2k — 1)!! QL(—;);—;,(?—")-'-' = %2,;'537, OKOHYaTeNbHO MMeeM
(2m)!(2n — 2m)!
I(2m, 2n — 2m) m (3)

3amenss 8 pasntoxennnu (1) k Ha 2n, J Ha 2m M MCNOIB3YS paBeHCTBo (3), noryYaeM

B R @m)\(2n —2m)! 8" f(zy) _
F(p) = f(z, y) + 2 (zn)! 2—; (2m) '(211 —2m)! 22%nlmi(n — m)! dz2m gy2n—2m -
il £ n n | 6211 > 1 2n
=f ot E (:1)')2 m!(nn—- m)! 6::2'“‘25;’"2”‘ =fz )+ E (nt)? (g) A™f (2, 9),
n=1 m=0 n=1

62 2
rpe A= = + a‘z >
Pasnosxuts B pan Maxkiopena crexyomue pyHrmuu:

187, f(z,9) = (1 +2)"Q+y)"

4 Vmeem ;
f(z, 9) = (0, 0) +df(0, 0) + 5 (0, 0) + .. (1)
Brruncnum B Touxe (0, 0) sHaveHHs PYHRUMHK U ee qUdGepeHIHatoB:
f(0, 0) =1,

df(0, 0) = m Az + n Ay,
d*f(0, 0) = m(m — 1) Az? 4+ 2mn Az Ay + n(n — 1) Ay?

loxarag sgecs Az =z, Ay = y W NOACTaBAAA pe3yusTaT B paBeHCTBO (1), MoMyyaeM pasmoxkenme
$ynxuyu (z, y) — f(z, y) B pag Makaopena:

f(=, y)=1+ma:+ny+—;—(m(m-—l)a:2+2mna:y+n(n—l)y2)+ R
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188. f(z,y) =ln(l1+z+y).

« [ocxonery (z, y) — 1+ 2 + y — nuHeliHas PyHRUMA, To dopMa AuddepeHIHaTa 106070
Hopsfka o61ajaeT CBOMCTBoM MHBapuaHTHocTH. [loatoMy

f(z9) = Z(’l)n-l (itn_y)l = Z (_i)n Z m.!(nn-!- m)! gy =

n

- LT N
=2 (—,;ul(n(T,;ry)—f v letal <l
n=1 m=0 : :

189. f(z, y) = e siny.
< Pan Makaopena nuns dysxunu

fen =10,0+30 ( +”?a%) 7(0,0)

n=1

npecGpasyem cregyomumM o6pa3om:

few=3 = (:-a";wéf) 7(0,0) =

n=0
Lmy" " 9nf(0,0) _ N\~ 2Tyt 0M(0, 0)
_Zn'z:;'?n— ) agm gyn—m ZZ mi(n — m)! 9z™ Jyn—m’

n=0 n=0 m=0

[lonaras n — m = k, moxyyaeM

X % mk am+k Q0
fle =Y P LY -—"—aszéyk ) (1)

[aa Hawero coyvas

8"‘+kf(:c, y) _ gtk (e® sin y)
dzm oyt T Qzm Ayt

=¢e"sin (y + kz) .
2
Orcioga
™+ (0, 0) _ sin kr { (-1)", ecmw k=2n+1,
az™ oyk 2 1 9, ecin k= 2n.
[TogcraBasd moclefHee Bupaxkenue B Gopmyiy (1), moaydaem

n m 2n+]

esmy-zz m‘2n+1 ,zl < oo, jyl < 00 B

n=0 m=0
190. f(I, y) = e cos y.
<« Hcnonsayem dopuyay (1) ua npenngymero npumMepa. [as 3Toro HaXoguM NMpPoH3BOLHEIE

™* (e, y) ™ (e*cosy) . kr
TTor = g = (v )

} BHYMCAAEM UX 3HAUEHHd B TOUKe (o, o).

w = cos (_1)11’ ecan k= 2n,
dz™ Oy* 2 0, ectH k=2n+1.

ITombayacey dopmyaoit (1) 13 npeminylnero NpHMepa, OROHYATEILHO MOMyYaeM

_1)" m Zn
e®cosy = ZZ m'(Zn)l y el <005 |y} < o0, B

n=0 m=0
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191. a) f(z, y) =sinzshy; 6) f(z, y) =coszchy.
< a) Haxogum npoussognue

™ f(z,y) O™ *(sinzshy) { sin (z + -";—") shy, ecmn. k=2n,

dz™ dy* dz™ oy* sin (z + -'921) chy, ecm k=2n+1.
[onarax 3meck z = 0, y = 0, uMeem
a™t*1(0, 0)
dz™ dgk

m+k£(9, 0
2—5;"-'%;1“__) = 0 B OCTAIBHHIX CIy4asX.

Hcrnoxsays dopmyay (1) us mpumepa 189, nonyvaem

=(-1), ectum=2s+1, k=2n+1,

5 23+1y2n+1
zshy = ————-———— | < > < .
sin zshy = ZZ 23_“ an £V lz] < oo, 1]
6) AHAIOTMYHO NMpENBIIYIMEMY CIY1al0 HaXOIuM

™+ f(z, ) _ d™*(cos z ch y) ] cos (z + = )chy, ecau k=2n,
dz™ dy* dz™ gy* cos (z + = ) shy, ecru k=2n+1.

Orciona
™k (0, 0)
dz™ Oy*
™k £(0, 0)
dz™ Jy*

[opcrapnss HaMIeHHBIE 3HaUeHHS NPOU3BOXHEIX B Gopmyay (1) ua npumepa 189, noxyvaenm

= (~1)°, eciu m = 23, k = 2n,

= 0 B oCTaIBHHX Cliyvadx.

s 20
z
coszchy = ZZ—Z-;——y)r, [z} < o0, ¥l < 0. >
3=0 n=0
192. f(z, y) = sin(z? + °).
« Vcnoapays uaBecTHoe pasnoskeHue
hnd n—l u2nl
sinu = zo S

CripaBennMBoe TpH |u] < 0o, Moly4aen npu 4 = z° + y* dbopmyasy Maxrropena nus sin(z? + y°):

o

. -1 n-=1 IZ +y2 2n-1
S"‘(’2+3’2)=Z( : (2(71_1)!) , @y <too b

n=1

193. Hamucare Tpu wileHa pasfomeHus B pag Makmopena pyHruuu
1

fzy)= [ (1+2)"7dt.
/

< IIpu |z] < 1, |y] < 1 umeem
1

f(z, ) =/ (1+t’zy+%t’y(t’y—1):2 + ) dt.
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Tlocne naTerpupoBanus HaxomuM f(z,y) =1+ % (:c - ——) v+.

194. dyuxumio (z, y) +— e*T¥ pasnoxuTE B CTENEHHOR PAN MO WENHIM MOJOKHTETLHEIM
crenensam Gumomos (z — 1) u (y—1).

« Tlockonbky cTemeHHOM P ABisercd pagoM Teitmopa aaa dyHxuuu f, To QIS TOXYy4EHHS
TpebyeMoro pasnoxeHus npuMeHHM dopuyay (1), n.5.2, koTopas 3amuuwercs B BUAE

f(=, 11+E ( +(y ):y) £(1,1). 6

IIpec6pasya manHyio popmyny

o

s =3 (e w3 3ROSR AL

n=0 n=0 m=0

u obo3navas n — m = k, moaydaeMm

[N 1) _\k gmtk .
f(z,y)=22( D™ -1)" "FQ, 1) "

m!k! dz™ dy*

HaxoauM npoussogHste

™+ f(z, ¥) B’""’“(e""”) e 9% eY

= —er,ey=ef+y,
dz™ ay* dz™ dy* az™ ay*
mtk
3aTeM BEIYMCIA€M MX 3HauyeHMd B Touke (1, 1): 8—81,%&’;11 = ¢* W, noacrapiaa B dopmyry (2),
nofyyaeM
2 T -
zy_ezz mlk! |zl <o, Jyl <00 »
k=0 m=0

195. Tycrs z — Ta HesBHast QYHRUMA OT T M y, OMpPEReNTEMas ypasHeHHeM z° — 222+ y =
0, xoropas mpu £ = 1 u y = 1 npuHuMaer sHauenne z = 1. HamucaTe HeckoabKo 4MeHOB
pasinoxeHus GYHKIMH 2z IO BO3DACTAIOMMM CTeleHaM GuHomoB (2 — 1) u (y — 1).

« M3 ycnosua sagauu ciexpyer, uro z(1, 1) = 1. HaXoguM 4acTHLIE NIPOU3BOJGHLIE OT Z KaK OT
HesSBHO 3aJaHHOM dYHKUKHU: -

dz 2z 9z _ 1
dz ~ 322-2r’ 9y  322-2¢’
2 2327 -20)F-2(6:22-2): 42, 6222 -2 9%, 6250
522 (322 "2z '’ 9zdy (322 —2z)2 9y? (3% — 2z)?’
B Touke (1, 1)
oz dz 2 2 2
——=2,a—=—1,?—z= 16, ¥z 1,§—i=—6,....
3z )y dx? 3z dy dy?

" Hcnonpays dopMyay (2) mpensimymeit 3ajauu, nolyyaeM

Hz,9) =142 =)= (=) ~8(z -1 +10(z - 1)y - 1) = 3(y = 1)*+ ... . »

YnpaxHeRES nis camocTosTeanHOR PAaGOTH
3,..2
147. Gyuxumo f(z, y) =2 +2y" +2y+1+y pasnomurs mo $opmyne Teitnopa B OKPECTHOCTH
ToukM (1, 1).
Paanoxuts no popMyae Maxaopena crenywmue GyHEUMHK:
148. f(z, y) = e**¥. 149. f(2, ¥) =2siny 4 cos(z + y). 150. f(z, y) = = ~¥".
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§6. BKCTpeMyM Q)ymcmm BEKTOPHOI'O apryMeHnTa

6.1. OnpeneleRNe TOKAIBHOTO 3RCTPEMYMA.,

Iycrs dyukuus z — f(z), € = (1, T3, ..., In), oNpenenena Ha Muoxkectse D C R™ ¥ rouka
2o = (22, 23, ..., 23), 2o € D. ToBopAT, uTo PyHKUUL f HMEET B TOYKE To AOKAALHLIL HAKXCUMYM
(Munumys), ecn cymecTsyer Taxas okpecTHocTh S{Zo, §) = {2 : 0 < p(%, &) < §} ToukM To,

4TO M BCex Touek € S(&o, §) N D BHNOMHAETCS HEpaBeHCTBO

f(@) 2 f(2) (f(=) < f(=)). (1)
JlokaJIbHBEIH MaKCHMYM Y JMOKaAbHBIH MUHHMYM O0BeQHHAIOTCH oBlOHM Ha3BaHUEM A0KAAbHGLl
IKCmpEMYM, 3 TOUYKH, B KOTOPHIX OH JOCTHUTAeTCs, HAZBIBAIOTCA IKCMPEMAAbHOIMY MOUKGMY.
Ecaun dyuruns f uMeeT B Touke o JOKAJIBHEIA SKCTPeMYM, TO MolHoe Npupamenue A f(zy) =
f(®)~ f(xo), © € S(®o, 6) N D, 210% PYHKUMHK B TOHKE To YIOBACTBOPAET OTHOMY W3 CHEIYIOLIMX
yenosuit: Af(%s) € 0 (B cayvae dokadbsoro makcumyMa), Af(Zo) > 0 (B cayuae moxaasHOTO
MHHUMYMa).

6.2. HeoGxogumoe ycnoBRe J0KaIbHOTO 3RCTPEMYMa.

Hycts dyuruus f uMeer B ToUKe o AOKAALHEIM 3kcTpeMyM. Torja ecau B 9TOH TOUKe CY-
eCTBYIOT YaCTHHe NMPOH3BOLHEE NEPBOro NMOPALKa TO BCeM HePEMEHHBIM, TO BCE ?TH MaCTHAIE
[POK3BOIHBEIE PaBHH HymI0. TakuM o0pasoM, B 3TOM Cily4ae aKCTpeMaibHhe TOYKH dyHruug f
YAOBJIETBOPAIOT CHCTEME YPaBHEHHH

fij(2e)=0, j=T n. (1)
Ecau ke ¢pyuxuusa f onddepenuupyema B ToUke To, TO COOTHOIIEHHE
df(zo) =0 (f'(20) = 0) (2)

ABISETCA HEOBXOMMMBEIM YCIOBHEM JOKAJILHOTO JKCTPEMYMa. 1OYKH, B KOTOPHIX BBINOZHHETCH
ycaosre {1) uan (2), HasHBAIOT CMAYUOKAPKLIXY Mmouxasy. PYHKUMA [ MOXKET IPHHHMATD JO-
KaJbHBIH SKCTPEMYM TOJIBKO B CTaL{MOHAPHHIX TOYKaX MJM B TOYKAaX, B KOTOPHIX 4aCTHHE IIpO-
H3BOJHEIE TIEPBOTO NOPAAKA He CYI(eCTBYIOT. Bce 3TH TOYKM HA3RIBAIOT TOYKAMU BOIMOKNOZ0
IKCImMPEMYMa.

6.3. 3naxooupenereHRRNe KBAZPATHYHENE GOPMEL.
Dyxrumns

n n
Ahy, by ooy ) = D) " aishiby,  aiy = ayi, )
i=1 3=1
nepeMeHHuX hi, ha, ..., hn HasuBaercs xeadpamuunoli gpopuoti. Uncaa a;; HaspBalOTCH K03¢-
Quyuermanu xeadpamuyroli Gopusi,

Kpaxparnunas gopma (1) HasuBaercs nodomumeavro—onpedtiennot (ompuyameanso-onpe-
deaennoll), ecau gus MIOGHIX 3HaYeHMIl IepeMEeHHKX Ay, Az, ..., hn, AJ1 KOTOPHIX BEIMOAHAETCH
ycaoeue ki + k3 + ... + k3 > 0, aTa opMa KMeeT NOAOKUTETLHELE (oTpuuaTensHEe) 3HAUCHUS.
TonoxHTeAbHO~ M OTPHLATENLHO—ONIPEEIEHHELE HOPME 06LeIMHAIOTCA OGUIUM Ha3BAHUEM — 3Ha-
KOOTpeNeneHHEIe (POPMEL.

CdopmyanpyeM KpHTEpPHIt 3HaKOOTIPEAETEHHOCTH KBagpaTHIHON GopME — xpumeputi Cuas-
aecmpa. JJas mozo ymobvi xeadpamuunas dopaa (1) 6vira noroxumensno-onpedeaennoti, 1eob-
200uMO u FOCMATROYKO, YIMOEL! GHMOAKAAUCE NEPAEERCTNSA

. ail a2 e aln
a1 a1z ¢ G2 01 821 az az
.. "
a1 >0, e a2 >0, [az; a2 aza|>0, ..., >0,
@31 432 433 a”1 ;1' 2 a
n n ere. Gnn

JIas mozo umobui xeadpamuunas popma (1) 6vire ompuyameavro-onpedenennoll, HeobToduKo
u JocMamouro, Ymobti UKERU MECMO HEPGGEHCMIER

a11 a2 ... GQin
211 @12 413

0, |az1 a2 a3 <0,..
Q31 32 G33

211 412

a1; <0
" la21 622

> 0.
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6.4. [locTaTo9YEKEe yCIOBES JOKAIBHOTO SRCTPEMYMA,

TlycTe B HEKOTOPOK OKPECTHOCTH CTALMOHAPHOK TOYKH Xp byHxima f mBaxaw nuddepenim-

8¢ Coe
pPyeMa M BCe YacCTHHIE NMPOU3BOJHEE BTOPOro MopAfka Y (i, = 1, n) HenmpepHBHH B ToYKe

zo. Ecanm B sToit Touxe BTopoit Auddepenuman d*f(zo) =
1, ]...
60 3HAKOOMpeNeNeHHYIO KBafpaTHIHY0 GOopMy OT nmb(pepeﬂuuaﬂon dzi, dzz, ..., dTy He3aBu-
CHUMEIX TIEDEMEHHEIX, TO B TOYKe Lo (GyHKLMs [ TpHHUMAET JTOKaTbHEH SKCTPEMYM. Hpu 3TOM €CIH
d*f(2z0) < 0, TO B TOUKe Ty GYHKUMA f TPHHMMAET JAOKATLHEIN MaKCHMYM, a ecaH d ?f(z0) > 0, 10
TOKAMLHEIN MUHUMYM.
PaccMOTPMM YHKLMIO XBYX TepeMeHHHX. [[yCTh B HEKOTOPOH OKPECTHOCTH CTaLMOHAPHOM
ToukK (Zo, yo) ynruus (z, y) — f(z, y) nsaxmu middepeHUHPYEMa U BCe YaCTHEIE TPOUIBOTHEIE
2 2

mdz, dz, mpencraBageT co-

8 & 82 . o
BTOPOrO MOPARKA ¢i1 = -é;-{—, Q12 = a—g—y, Ay = Ey—i HEMpepHBHHM B 3TOH Touke. Torma ecau B
TOUKe (Zo, Yo)
’ 2
A{xo, yo) = anran ~ajz > 0,

dyuxuns (z, y) = f(z, y) uMeeT B 3TOM Touke NOKAXBHEIN IKCTPEMYM, a HMEHHO MaKCHMYM IIDH
a1y < 0 v munuMywn npu a1; > 0. Ecan xe B Touxe {zo, yo)

2
Alzo, yo) = ana22 —azz <0,

10 (hyHKUMS f He HMeeT NOKAILHOTO 3KCTPEMyMa B 3TOH TOYKe.
Cry4alt, korga A{zg, o) = a11a22 — a3 = 0, Tpe6yeT NONONHUTE THHEIX MCCHETOBAHHH.

IycTs B HEKOTOPOM OKPECTHOCTH TOYKH Ty dYHKuuA f(z) = f(z1, 22, ..., Tn) m pas aud-
depeHuMpyeMa U BCE HaCTHEE NPOU3BOIHBIE M~-TO NMOPAAKa HEMPEPHIBHEL B 3TOM TOUKE, MpUHEM
df (20) =0, d*f(20) = ... =d™ f{2o) =0, d™f(20) 2 0.

Torga, ecniu m HeueTHOe, TOUKa Ty He ABIAETCA IKCTPEMAILHOMN, €CIIH JKe T YETHOE, TO B TOUKE &g
bYHKUHA f UMeeT SKCTpeMyM: JOKATBHELN MakcUMyM, ecau d™'f(Zo) < 0, M TOKaJBHKIN MHHUMYM,
ecnn d™f(zo) > 0.

Ecau B coorHomennsx (1), m.6.1, uMeer Mecro paBeHcTBO Aas 106oro Manoro § > 0 u He-
KOTOPHIX 3HAa“EHMH &, OTAWYHBIX OT To, TO NOKANBHHEIN 3KCTPEMYM HA3HIBAIOT HECMPOo2uUK (COOT-
BETCTBEHHO HECIMPO2UM AOKAALHLIM MUHUMYMOM H HECTIPO2UM AOKAADHDIM .uarccu.uy.uo.u). B 3TOM
clIy4ae IOKaJbHEIL 9KCTPEMYM JOCTHIraeTCs Ha HEKOTOPOM MHOXECTBE TOYEK.

Ecau sxcTpeMaabHas TOYka Zo MPHHALAeXUT rpanuue obractn D ompeneneHus (by}ucumt £,

TO SKCTPEMYM HA3HIBAIOT KPAessik (COOTBETCTBEHHO KPAEHLIM MAKCUMYMOK M KDOESDIM MURUKY-
HOX),

6.5. drcTpeMyM HesdBHO 33aJaHHOM GYHEIWH.
Ecau nessnas dynxuus = u(z), ¢ € D, D € R, onpepensercs ypapHeHueM
F(z, u) =0,
TO
F(z, u(z)) =0, z€D.
Ilycts ¢yHRUMA u ABOKAHN HENPEPHBHO audbepeHumupyeMa B D. Torpa B cTalHOMapHOM TO4YKe

o € D crnipaBeqIMBH PaBEHCTBA

. 1 '
du:—F (Fzydzi+ Fydzo 4 - + Fl dz,) =0, 1)

F(zq, uo) = 0,

rme o = u(®o). IlockomBRy CIPaBEeMNTHBO M 06paTHOe yTBEpKIEHHE, TO CTALKOHAPHEE TOYKM
MOTYT OLITh HalileHH M3 CHCTEMBbI

Fi=0, i=Tw F=o.
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Euwe pas aucdepeHuupys nepsoe 13 paBeHcTs (1) i yIHTHBas, YTO B CTA(MOHAPHOM Touke du = 0,
nomy4yaem
n 2
2 1 o‘F
dY = ~— e dz; dz . 2
F &~ )z, 0z; 1 (2)
5, 5=1
Ecau d% > 0 B Touke Zp, To (hYHRIUMS ¥ WMeeT MHHMMYM, eCIM e B 3Toi Touke da < 0, To
MaKCHMYM.

6.6. YCIOBHRIM 3RCTPEMYM.

Mycrs dyuruns f(z, y) = f(z1,..., Tn, ¥1, ..., Ym) ONpefeneHa Ha HeKOTOPOH oGracTH
D C R™™. [IycTs, kpoMe TOro, Ha NlepeMeHHbIEe T, Y HAl0XKeHO M KOTOJHHUTEIbHHX YCIOBHM
Fi(z, y) =0,
Fz(z y) =0, (1)
Fn(z, 9) =0,

KOTOpHIE Ha3HBAIOTCE YPGOHEHURMYU CORIU.

ToBopaT, uTo GyHKUMS f MMeeT B TouKe (ZTo, Yo) YCROGHLIL MAKCUMYM (YCROGHBIL MUHUMYM),
ecau HepaseHctBo f(2, ¥) < f(%o, ¥o) (f(2, ¥) 2 f(%o, ¥,)) BHINOTHAETCA B HEKOTOPOM OKpeCT-
HOCTH TOYKM (Zo, Yp) MPH YCIOBMH, 4TO TOUKM (&, ¥) M {Zo, Y,) YAOBIETBOPHAIOT yPABHEHHAM
casu (1).

__ HccnenoBanne ¢yHKIMY Ha yCIOBHIA 9KCTPEMyM NPH HAIW4MM ypaBHeHwit chaau Fj =0, j =
1, m, CBOAMTCA K MCCIETOBAHMIO Ha OBEIUHEIA IKCTpeMyM QYHKUMH

&(z, y)—f(z, y)+D,F,(z ¥), @)

i=1

HasHBaeMolt dynxyueti Jazpanxa, tae Aj, j = 1, m, — NOCTOAMHHe MHOXHTenH. Illpu sToM
axax BTOporo muddepenunana d°®(zo, ¥,) B CTauMOHaPHOl TouRe (Zo, ;) OMPENENLET XapaKTep
9KCTpeMyMa IIpM YCJIOBHM, uTO HMpdepenumanu dzi, dzs, ..., dz,, dyi, dy2, ..., dy, CBI3aHH

COOTHOUIEHHAMH
aF aF; R —
—1d k+§ de-!=07 J=1m.

6.7. AGCOMIOTHRH 3ECTPEMYM.

Ecau dyuxuus f(z) = f(z1, 22, ..., zn) aucddepenuupyema B obnactu D C R" u Henpe-
PHIBHA Ha BaMHKaHMK [), TO OHa JOCTHIaeT CBOEro HaMGOJbIIEro M HAMMEHBLIETO 3HAYEHWH Ha
MHOXeCTBe D MJIM B CTAL{HOHAPHOM TOUKe, MJIM B TOUYKe, IPHHaLIexkal(el rpanule obractu D.

[Ing onpenenenus aGcomoTHOro 3kCcTpeMyMa byHKUMM f Ha MHOxkecTBe [) cCpaBHMBaeM HaM-
6onblee ¥ HAUMEHblIee 3Ha4eHHA QYHKLUMK f B CTAllHOHAPHHX Toukax o6aacTH [ ¢ HauGoapmuM
M HaMMEHBIIMM 3HaueHusIMH GyHKUMM f Ha rpaHuue obmactu D.

HccnenoBath Ha JOKaJIBHHI 3ECTpeMyM clefyoniue dyHKIUHK:

196, z=z* +¢4* — 22 — 2zy — 92,

<€ BrriKcaIuM 4aCTHHE NPOM3BONHHE: zh = 4z° — 22 — 2y, z; = 4y3 — 2z — 2y. CraumoHapHHe
TOYKM HaMIEM M3 CHCTEMH

4% -2 -2y =0, 4y’ -2z-2y=0
z°-2c—-2y=0, 4y  —-2z-2y=0.

Ona uMeeT Tpu pemenus: z3 = 0, y; = 0; 32 = =1, 32 = —1;z3 = 1, y3 = 1. [lns nposepku
JOCTATOYHHX yCIOBMH JOKAJALHOTO JKCTPEMyMa BHMMCIKM BTODHE NPOK3BOJHHE G1] = Z.g =

2
z
1227 =2, a12 = 20y = =2, a2 = Zy = 12y? — 2 ¥ coCTABMM BHpasKeHHe

A(z, y) = 611622 — a}; = (1227 ~ 2)(12y° — 2) — 4.
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Hockonsxy A(0, 0) = 0, To AAS BHACHEHUS BOIPOCA O CYIIECTBOBAaHWM 3ECTPEMYMa PacCMOTPHM
npupamenue pynkumn z 3 Touxe (0, 0) : Az(0, 0) = z(h, k) — z(0, 0). Ecar k =h, rme 0 < h <
\/?;-, 10 Az(0, 0) = 2h? (h2 - %) < 0. Ecau xe k = —h, rne h > 0, 10 Az(0,0) = 20t > 0.

CnenoBaTensHo, npupamenie Az(0, 0) npuHKMaeT 3HaYEHHH Pa3HHX 3HAKOB, a MOITOMY NPH
z1 =0, y1 = 0 sxcTpeMyMa HeT.

B toukax (—1, —1) u (1,1) A =96 >0, aTak kak 2117 = 10 > 0, TO B 3THX TOUKaX PYHKLUL
MMeeT MHHMMYM, TIPHYEM 2pip = —2. b

197. z=2:4 + vt - z? - 2°.
« Uz cucremu
2, =82 -2c=0, z,=4"~4y=0
HaXOJHMM CTallHOHADHHE TOYKK:

om0 00 (), (5). (5), (39). (5. (50

Briuncnss BTopie mpou3BOnHEe 27p = 247° ~ 2, 2, =0, 22 = 12y? — 4 u cocraBidd BHpa-
AHeHHe

A(z, y) = a1a2; — a2y = 8(122% — 1)(39° — 1),
naxomum, uto A(0, 0) = 8 > 0, A(0,1) = =16 < 0, A(0, =1) = —16 < 0, A(3,0) = =16 <
0, A(%,1) =32>0, A(},-1) =32>0, A(-1,0) = -16 <0, A(-3,1) =32 >0,
A(~%, -1)=32>0.

CnenosatensHo, Touku (0, 1), (0, -1), (;—, 0) " (—%, 0) He TBIAIOTCS SKCTPEMAIBHEIMH. To4-
xu (0, 0), (%, l), (%, —1), (—%, 1) " (—%, —-1) — 3KCTpeMalbHHe, mpu4eM B touke (0, 0) —
MakcumyM (NOCKoubky z,3(0, 0) = -2 < 0) M 2zmax = 0; B Toukax (—;-, 1), (-;-, —1), (-—%, 1) "
(—%, —1) — MUHUMYM (TIOCKOIBKY Z1 (i-;—, il) =4>0) U zZmin = —-%. »

198. z = 2% (6 -z - 3).

« CocraBasfa cucteMy

2t =zy*(12- 3z - 2y) =0, zy= 2y (18 - 3z — 4y) =0,
a 3aTeM pelas ee, HaXONUM CTalMOHapHHe ToukH (2, 3), (0, ), rme —oo < y < +o0; {z, 0), re
-0 <z < 400, .
Jlnst rpoBepKM NOCTATOMHMEIX YCIIOBMIf JOKaJLHOTO 3KCTPEMYMa HaXOZUM TPOU3BOIHEE

Z:z = 121,('3 - 6:1:1,[3 - 2y4, z;'y = 36:cy2 - 9:2y2 - 8:cy3, Z;,z = 36:2y - 6:3y - 12:2y2. 1)

Tockonsky z5(2, 3) = =162, z7y(2, 3) = ~108, z;'g(Z, 3) = —144,a A(2, 3) = 144-162-108% > 0,
To B Touke (2, 3) DyHRUMA 2z MMeeT MakCHMYM, NPHYEM Zmax = 108. B rouxax (0, y) u (z,0)
BLIpaKEHHE A = a11a22 — a3, 06PallaeTCs B Hyb, & 3TO HHYETQ He TOBOPHT O HaJTW4HH IKCTPEMyMa
B 3THX TOYKaXx.

Hns pansHeiurMx UcCHeNOBAHUH BEIMUCIMM NpHpallenue GYHKiuu B Touke (0, y), —00 < y <
+00:

Az(0, y) = Az*(y + Ay)® ((6 — Az)(y+ Dy) — (v + Ay)) .

Jlerko y6emurncs, uTO MpH XocraTouHo Mainx Az M Ay Az(0,y) < 0, ectn —o0 <y < 0 Han
6 <y < 4o0; Az(0,y) 2 0, ecin 0 < y < 6. IIpuueM B 06OMX CIy4adx TOCTMIAaeTCHA 3HAK
paBencTBa npu |Az| > ¢ u |Ay| > 0 (nanpumep, ecan y + Ay = 0). CuemoBaTensHo, B TOUKAX
(0, y), rne ~c0 < y <0 -MaM 6 < y < 400, GYHRUML z UMEET HECTPOTHI MAKCHMYM, a B TOYKAX
{0, y), rme 0 < y < 6, — HecTporuit munumym. B Touxax (0, 0) u (0, 6) pyuxiua z s3rCTpeMyMa
He MMeeT, Tak Kak IpH z = 0 npupamenue Az(0, y) MeHAeT 3HaK NpH Ilepexofe MEpEMEHHON Y
Yepea Toukn y =0 u y =6.

Hanee, us pasencrs (1) ciemyer, ¥to BTopoi mmdepeHIHan paBeH Hymo B ToOEaX (Z, 0),.
~00 < 2 < +0o. [[n1 mansHeHUIMX MCCIENOBAHMI BEIMMCIHM TIPHUpameHue GYHKUMM B TOUKAX
(Z, 0)) ~0 <z < +00:

Azx(z,0) = (z+Az)* Ay* Ag(6 —z — Az —~ Ay).
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Ilycts Az M Ay — NPOM3BOJLHO MalIble H TaKHe, 4To 2+Az # 0, 6—~z—Az—Ay # 0. [lockonsky
Az(z, 0) xak dyHrUMA nepeMenuux Az, Ay B Toukax {Az, Ay) M (Ar, —Ay) NpUHHMaeT 3Ha-
YeHHd pa3HHIX 3HaKOB, TO TOYKa (:1:, 0), —00 < £ < 400, He ABAAETCA 3KCTpeMalbHOH. P

199. 2 =z% 4+ 4° - 3zy.
<« Brivuciaus yacTHrle TPOKU3BOAHEIE U MPMPABHAB HX K HYIIO, TIOLYYHM CHCTEMY
7, =32 3y =0, z,=3" -3z=0.
Pemus sty cucTeMy, HalieM c:rauuouap}{me Toukn (0, 0) u (1, 1). 3aTem 3amuizeM YacTHHE TIPO-
U3BOIHEIE B'roporo nopanka z., = 6z, zi, -3, z;', = 6y u cocTaBuM BEpaxenke Alr,y) =

11422 — a¥; = 362y — 9. B Touxe (0, 0) HMeeM A = —9 < 0, Tax 4YTO 3Ta TOUKA He ABISETCS IKC-
TpemanbHoit. B Touke (1, 1) umeem A = 27 > 0, a1 > 0, cIegoBarensHo, B 3TOH TOYKe QYHKLUMS
MMeeT MMHMMYM, MPHYEM Zmiy = —1. b

50
200. z=:y+—x-+2—;-,:t>0,y>0.

4 U3 cucremu

50 20
1 ]
z_y.._:() Zo=f——=20
z 22 3 y v
HaXOJMM €[VHCTBEHHYIO CTalHOHapHYIO TOMKY I = 5, y = 2, NpMHajilexalyo obi1acry onpene-
10
eHMs yHKUMn. Bruncanps npoussonmue 7l = _110_;7’ Zy =1, 2,5 = 33 ¥ COCTaBUB BRIpaXKeHKe

4000

Az, y) = b HalgeM, uto A(5,2)=3 >0, 2 ann(5, 2) = §‘> 0. CaemoBaTelnbHo, B TOUKe

(5, 2) dyHKUMA MMeeT MUHUMYM (Zmin = 30). B

2 2
z 2y
x(l—ag— 2)

=0, H=—— "/

2 2
(-5-%)

HaXoflMM cTalMoHapHue Touku: (0, 0), (\%, 7";), ( \/-, -b—s), (7"3-:, —-—93), (—-\—;-3, \/LE) B

2
Toukax (z,y), NPUHARNEKAWMUX SAIHACY 1 = = + & o= KOTODHIM ABIAETCA TPaHMUeH 06aacTH
onmpepeneHus GbYHELUUU, YaCTHHE NPOH3BOTHEIE e CYIIECTBYIOT, a MO3TOMY SBASIOTCH TOYKAMM
BO3MOXCHOTO KPa€BOT0 3KCTPEMyMa.

H.Tlﬂ TMPOBEPKHU NOCTATOYHEHIX yCJlOBMf( 3alMIIEM BTODBI€ MMPOH3BOJIHEIE

N

2y 252 31;2 2y 3 3x 2_y_2_
" TET \?T T T T " - &z T e
2.2 5 Zya 3 )
z? y2\ 2 =3 2
3z 322 Yy 2y
/I_l—a__'L+a4+a2b= s
z.‘l:y - I
2 2\ 2
(-3-8)
a 3aTeM BHIYMCIHM 3HaueHWe A B cTauMoMapHuXx Toukax. Hmeem A(0,0) = -1 < 0, nosto-

. b
My 2Ta TOMKa He SABAfeTCA IKCTpeManbHoH. [lockoasry A (:I:%, :I:ﬁ) = 4 > 0, To TOYKK

(:I:Vag, :I:%) ~— 3KCTPeMalbHHeE. A Tak Kak

(o B Y (e b\ __dab
Ed ﬁ’ﬁ X ﬁ) ﬁ 9 b
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= (G-w) = ()= e

b
TO B TOYRAX (:‘7‘3-, :;3-) ( 7-, - ) BYHKUMS z HMeeT MaKCHMYM, a B TOYKaX (:53-, —73-) u
a b .
—75, 75) — MMHHHMYM.

2 2
OcTaeTca MCCAEN0BATH TOUKK (I, ¥), THe 1 = Z—; + {7 3anuuieM npupaueHye GyHAKIMKM B 3THX
TOYKAX:

(z+ h)? k)?
Az(z,y>=(z+h>(y+k)%—( e
Quesuano, Az(z,y) > 0, ecu 0 < 2+h <2< e, 0 < y+k <y <b wm—a<z<
T4+h<0,~b<y<y+k<0; Az(zr,9)<0,ecmu0<z+h<s<a, -b<y<y+k<0 nm
~a<z<z+h<0,0<y+k <y<b CuegoBatensHo, B TOUkax (I, y), NPUHALIEKAIIUX FIIHIICY
M PacToNOKEHHKX B TePBOM M TPEThEHl YeTBEpTAX, QyHKUMA MMeeT KpaeBod MUHHMYM, PaBHEIK
HYI©O, a B TOYKaxX (%, y), NPUHARIEKAMMX DAIMICY M PACTONOKEHHEX BO BTOPOW M 4YeTBepToH
YeTBEpTAX, — KPAeBOH MakCUMYM, PaBHHIH HyTIO.
B touxe (0, b) npupamenne

ax(0, b)—hb+k)m

TOJI0XKKTENBHO NTPU AOCTaToMHO MajoM b >0 u 0 < b+ k < b u oTpHuaTensHo Npy ROCTATOYHO
Manom b < 0 u 0 < b+k < }. CunegoBaTensHo, B3TOH TOURE IKCTPEMYM OTCYTCTBYET. AHAaNOTUYHO
noxaanBaeTcs, 4To ToukM (0, —b), (e, 0} He ABAAIOTCA IKCTPEMATLHBIMU. P

202, ;= -2EEWEC o2y

VEi+yr+1

« HaxomuM vacTHHe NPOM3BOIHKHE M NPUPaBHUBaeM HX K HYyJII0. B pesyiabrare moaydaeM
cHCTeMy
S = a(z? + 3 +1) — z(az + by +¢) —0 = b(z? +4* +1)—y(a:c+by+c)
T = — Y ¥y

3
(22 +12 +1)2 (22 + 97 +1)

0. (1)

3 ' 3
YMHoxas MepBoe PaBEHCTBO 3Toit cicreMs Ha —b(z? + 4 + 1)2, Bropoe Ha a(z® + ¢* + 1)2
¥ CKIR[HBay MX, ToidyyaeM ypashenue {bx — ay){az 4+ by + ¢) = 0, u3 xoTOpOro Cclemyer, 4TO
br = ay, ar + by + ¢ = 0. Orciona u u3 (1) HaxoOUM CTAUMOHAPHYIO TOMKY: T = %‘ y= Lc’, c#0
(ecmu ¢ =0, o npu a® + 5% + ¢* # 0 ByHKUMA z He MMEET CTALMOHADHEIX TOYEK).

[ YaCTHRIX MTPOU3BONHHIX BTOPOTO MOPANKA HMEEM BEIDaKeHHs

2 = by+c - 3z(a(z? + 4% +1) —z(a:: + by + c)),
(=2 + 92 +1)2 (22 +92+1)2
dym——tEte Sty 4 ) (et byt o))
(z24+ 924+ 1)2 (22 +y2+1)2
o = az + by N 3z:y(az+by+0)

3
(E+2 417 (24 +1)5
Buuucasg sHadeHMd B CTALMOHAPHOH ToYke BTOPHX HPOM3BOTHHEIX

" (“ b)_,____LL__ " (ﬂ» b) a® + ¢
Zoal—y — 3y 2ol mlm——
z c ¢ a2 5 ¥ ¢ ¢ 9.)
C(r_z+ +1) ( +25 +1)2
n (@ b - ab
y ettt .

e - . El
c(:,.+.:_’.+1)2
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2 2 =3 s2, 2.2, 2 272
b
A(a b) (a +b+l> (b+ca+c __a2>>0’
c ¢ c c c

T. €. 3KCTPEMYM CYyI[ECTBYeET.

Iockoasky BTOpai MPOM3BORHAK Z., B CTALMOHADHOI TOUKe OTPHLATEXbHa MK ¢ > 0 M MOJ0-
JKHTeTsHa K ¢ < 0, To B NIePBOM Cllyyae PYHKIUA 2 MMEET MaRCHMYM {Zmax = va? + % + ¢2),
a BO BTODOM — MMHHMMYM (Zmin = —Va2 + b2 +¢?). p

203. z=1-/s2+ 2.

« Jlerxo y6eauTscs, 4To TaHHa® GyHKIUMS HE MMeeT CTankoHapHux To4ek. Ho B Touke (0, 0)
YaCTHHIE TPOU3BOXHEE NMEPBOTO MOPAAKa He CYIECTBYIOT, TaK KaK Pa3HOCTHhIE OTHOWIEHHA
z(Az, 0) —2(0,0) _ |Az]  2(0, Ay) —=z(0,0) _ |Ay]
Az Az’ Ay Ay
He nMeot npepenos. CiemoBatensHo, Touxa (0, 0) ABASETCE TOMKOM BO3MOKHOIO IKCTPEMYMa.

W3 roro, uto npupamenne z(z, y) — z(0, 0) = —1/2% + y? oTPHUATENLHO, 3aKIIOUAEM, UTO B DTOH
Touke DYHKIHMS HMEET MaKCHMYM, IIPHYEM Zmax = 1. P

204, : =z 4+ y+4sinzsiny.
« JI13 onpefieneHHs CTAIMOHAPHEIX TOYEK NMOIyHaeM CHCTEMY

HaXoOMM, 4YTO

zz=1+4coszsiny=0, z,=1+4sinzcosy=0,
npeofpa3ys KOTOPYIO K BHOY
1-2sin{z —y)+2sin(z+y) =0, 14 2sin{z —y)+2sin(z+y)=0,

HaXOZHM
. . 1
sin(z —y) =0, sin(z+y)= -3
OTCIofa
t+y=(- 1)m+16+m1r, meZ, z-y=nx, ne€z, (1)
WK
z=(~1)" = L +(m+n) , y:(—l)m+ll—1;-+(m—n)-12[, meZ nel
Haxonum BTOpHE Mpou3BORHEIE zzz = —4sinzsiny, z;'; = ~4sinzsiny, z;, = 4coszcosy u

COCTaBNASAEM BLIpaXKeHHe
A(z, y) = 16sin’ zsin® y — 16cos” z cos’ y = —16 cos(z — y) cos(z + ¥).

AN BEIYMCIEHMA 3HAYEHHH BHIpaxeHMs A(Z, ) B CTALMOHADHHIX TOYKAX MCIO/L3YeM HOPMYIhL
(1). B pesyabTaTe MOTyHaeM

A = —16cosnr cos (( 1)'"'"1 + mar) = (-1)™*"* 16 cos %, neZ wmeL.

Orcona cnengyer, 4to mpu m + n + 1 yeTHoM A > 0 u PRCTpeMyM cyIIeCTIByeT, a P m + n + 1
HeYeTHOM PECTpeMyMa HeT. TaxuM o6pasoM, QyHKIHA MMeET 3KCTPeMYM NP m + n HeveTHOM. B
3TOM ClIy4ae YMCIa M M N Pa3THYHOH YE€THOCTH.

Jlng BHACHeHMS XapaKTepa 3KCTPeMyMa IpeoSpa3yeM BTOPYK N[POHBBORHYIO .o K BHAY 2.3

2cos(z + y) — 2cos(T — y) M BHYHCINM e 5:HaYEHMA B IKCTPEMATBHEIX TOUKAX (Torna m+n —
HeueTHoe):

z52 =2 (cos ((—1)'"'HI + m1r) - cos mr) = (-1)"V3 - (-1)"2.

Ecmut m = 2k — ueTHoe, n = 2r—1 — HeuerHOe, T0 703 = = V342 > 0 u pyHEUKS uMeeT MHHHMYM;

ecan ke m = 2k — 1 — HederHoe, a n = 2r — YeTHOe, TO zz, ==-y3-2<0n byHEUME HMeeT
MakCHMyM. BEIYHCAMB 3RCTpeManbHEe 3HaYeHHs (yHEIMH, IOLYYHM

zmm--2k1r—2—\/—-—€, keZ; z.,..—(2k-1)1r+2+\/§+%, keZ.»
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205, z=(22+ yz)e'(‘zﬂz).
« Pemrus cucremy
(22au? (2342
zp = (22 — 2z(z° + ¥*))e (="49%) =, zy = (2y - 2y(z? +¢7))e "ty Y=o,
TOAYYUM MHOYXKECTBO CTaLMOHapHEIX Touek, cocTosmlee u3 Touky (0, 0) ¥ Touek okpykHocTH z° +
2
y =1
HaxomuM BTopHe NMpOH3BORHEIE
(2442
2 = (422 (2 +4*) — 1222 4+ 2)e ™ FY ),
2,2, 2 2 —(22+4?
Z;’z = (43" (2" +¥°) — 12y" +2)e (S ),
2 2
2y = (4zy(® +¢°) - 8zy)e (= 1 ),
Mockoneky B Touxre (0, 0) z) = 2, z;'; =2, z;, = 0, A(0, 0) = 4 > 0, T0 B 3T0i TO4Ke PYHKIUUA
MMeeT MHHUMYM (Zmin = 0). ,
lns NpoBepKM NOCTaTOMHHX YCHOBUIl B TOUKAX, HMPUHANIEKALIMX OKPYXHOCTH z° + 3% = 1,
dyHRUMIO z ByleM pacCMaTpHBATh Kak (GYHKIHIO O{HOM nepeMeHHOH t = ::2+y2, T.e. z =te™", pas
KoTopoit ¢ = 1 ABAAETCA CTalMOHADHON Toukoit. Ilockoasky BTOpas mpoussoghas z” = (t — 2)e™*
OTpHIaTeNEHa NMpH = 1, To QYHKUME z MMeeT MakcuMmyM. Takum obpaszoM, gaHHad QyHKUMH
(z, y) = 2z(z, y) UMeeT HecTPOTHIt MAKCUMYM (Zmax = €™ ) B TOUKAX OKDPYKHOCTH 4yt =1.»
206. u=zz+y2+z2+2z+4y—61,
<« U3 cucremn

u, =2r+2=0, u;=2y+4=0, u,=2z-6=0

oIpenensieM eTMHCTBEHHYIO CTALMOHAPHYIO TOYKY Z = —1, ¥ = —2, z= 3. ) .,
'
HaxonuM BTOpHIe MpomsBommmie: uy; = 2, U,z = 2, 4z = 2, Uzy = Uz, = U, = 0. Takum
obpa3zoM,
H " "
" " 22 Usy Yoz
Upz  Ugy
[l H 11 H
ug =2 >0, " ) =4>0, |uy: uv2 u, |=8>0
Uy Uy

ulz’z ullly ulzl2
T. e. BTOPOi nuddepenuman du, cormacHo kpurepuio CuiasBecTpa, peficTabaser coboit moxoxu-
TelbHO-ONpeNeNeHHYO KBagpaTHunyo ¢opmy. CienoBarelnHo, B Touke (-1, -2, 3) GyHKIHA
MMeeT MUHUMYM (2min = —14). »

207. u=z2>+ 4% + 22 + 122y + 22.

4 Ameem

u, =322 4+12y =0, u, =2y +122=0, u; =2z+2=0.

Orciona HaxonuM cTauMOHapHHe Touku: T3 =0, y1 = 0,21 = —1;22 = 24, y» = —144, 22 =
—1. Manee, HaxonuM BTOpkIE IPOU3BOMHELE Uy, = 6Z, U7y, = 12, uz, = 0, uy, =0, uys =2, ujz =2
¥ BEIYMCIAEM B CTAHOHAaPHKIX TOYEAX 3Ha4YeHUd olipelenHTencH

" " "
Uz Ugzy Uz
7 "
" Uz Ugy
= — " " "
A1 = U2, Az = " a b A3 = | Uys ’ll.yg Uyz |- (1)
Ugy Uy2

W uly ol
B Touxe (9, 0, —1) MIEPBHII M3 3THX OIPeNleNnTeNeil o6pamaercs B HyJb, MOITOMY BOJIPOC O CYHIe-
CTBOBaHHM 3KCTpeMyMa B 3TOH TOUKe TpebyeT MaisHeHmux MCCleZoBaHMIL.

Hs pasencrsa Au(0, 0, —1) = Az® 4+ Ay® + Az® +12 A zAy caenyer, uto npu Az =12, Ay =
Az =0, Az = —1%, Ay = Az = 0, rie t # 0, Npupamenne NpUHMMaeT 3HaYEHUS Pa3HEX 3HAKOB.
Cnenona’renbno, TOYKa (0, 0, —1) HE €CTb 9KCTpeMallbHa.

B rouxe (24, —144, 1) A; =144 > 0, Az = 144 > 0, A3 = 283 > 0, M03ToMy yHRIUHA B 3TOl
TOYKE HMEET MUHUMYM (Zmin = —6913). B
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w22
208, u=z+ -+ -4 t>0,y>0,z>0.
4r y z

< U3 cneremu

2 f Yy 22 f 2z 2
1-———2_0 5,:-—-—-—2:)uz:_—__—__.._2
4z 2 y y z
1
HAaXOIUM eJMHCTBEHHYIO CTALMOHAPHYI TOMKY: T = 3, ¢ = 1,z = 1. Jarem HAaXOEWM BTOpHIE
2 2
"o_ ¥ "o Y = _1 2z wo__ 2z om0 4
HPOM3BOAHBIE U 2 = -7, Uzy = =~3-7, ul, 0, u = ﬂ+ —;3—, Ugy = =37, Uy = S F 3 M
— o "o it
BEIYMCTIEM UX ZHaYCHMS B CTAUHCHAPHOM TOHKe: uzz = 4, u',y = =2,y = 0,0 = 3, 4y,

"2, ’ug; =6.
Bruruncasa onpegenurenu {cm. npumep 207) Ay = 4, Ao = 8, As = 32, 3axawouaem, 4To B
TOYKe (l 1, 1) dyHKIMS v HMeeT MUHMYM (Urgin. = 4). &
PEIRSIEY IR 4 IMEET A My min I

209. u =2y (a—z -2y - 3z),a > C.
4 Pewyus cucremy

uy = y2z3(a-2:c—2y—3z) =0, uy= 2Iy23(a-—z-3y-—-32) =0, u),=3zry° s (a~z-2y~4z) =0,

MOTY4UM TOUKY (;, z ;5) u rouxu (0, ¥, z), npuragaexamue npamoit ¢ = 0, 2y -+ 3z = a; TOUKM
(z, 0, z), npuHajuexamKe MaockocTy ¥ = (; Touku (I, y, 0), NpUHAZNERAUIME MICCKOCTH 2 = 0.

[IposepuM, REIMOAKAIOTCA X KOCTATOYHHE YCIOBKS NOKAXBHCTC 3kcTpemyMa. C ol ueapno
HalpeM MPOM3BORHEIE BTOPOTO MOpAIKa

wh =22 ully =22(a-22-3y~3z), ul,=3y"sa -2

F3

u;'g =2z2*(a — z — 6y — 3z), Uy, = 6ryz’(a —z — 3y ~ 42), uls =fdxy

a a a " 245 " 2a® "o 3a° "
75 7 ;) UMEeM U ; = —~ T, Ug, = =5, Upy = —

B TOYKE ( 78 5 Yzy 75 ) Yoz 75 2 uyl et

"

U,z

As M Aa — ONpeReIMTENH KBAAPATUYHON GOPMEL.

N

Orcoga 2akiouaeM, YTO B 9TOH Touke (BPyHKUUS HMEET M2KCHMYM (Umax = 77)

Hoabaysce pasercrsam (1), sanuceiBaenm BTOpoi Indpeperiniai GyHRIHMA u B Towkax (0,4, 2):
A’ = —2¢%2%(de® + 2de dy + 2du dz).

Io suny nuddepenunana nerxo ybegUThes, YTO OH MOXKET HMMETh TPOTHBONOIMKHEE 3HAKM, T. €.
He siBIAETCA 3HAKOOMpeE[eNeHHOM (OPMOH OT MepeMeHHbXx df, dy 4 dz, a MOdTOMY B TOMKAX
(0, y, z) skcTpeMyMa HerT.

Bamucmsas BTOpOH nudpdepeHunat B Toukax (z, 0, z):

d%u = 2272°(a — 7 — 32) dy,

y6exnaemcs, uTo IpH @ ~z — 32 # 0, T = 0, z 3£ 0 oH mpexcraBageT coboi 3HAKOONPERENEHHYIO
dopmy. CrnenopatedsHo, B Toukax (Z, 0, z) mpu ycuosuu, 4t0 a — £ — 3z # 0,z # 0, z # 0,
DYHKUNA 4 MMeeT HECTPOTMH IKCTPEMYM, PABHEIH HYIIO.

B TOUKax (z, y, 0) BToOpOIi IUbdepeHLHaT TOXIECTBEHHO PABEH HYTI0, OMHAKC d% = 6zy*(a—
£ — 2y)dz® # 0, moaTOMY BTU TOUKW He ABIKIOTCH IKCTPEMATHHEMU. P

210. y=sinz+siny +sinz~sin(z +y+2),0<c <M 0<y<r 0<zgm
4 Uneen

ul, =cosz —cos(z+y+z)=0, u'; =cosy~cos(z+y+2)=0, ul =cosz+cos(z+y+2)=0.

Pemus 3Ty cucreMmy, MOXyuMM TPH CTallHOHaPHEE TOYKH

(553 @00 o)
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IIpoBepHM, CymeCTBYeT M 3KCTPEMYM B KaxI0H M3 9THX Touek. BEIMMCIAs 3HaYeHHS BTOPHIX
IPOM3BOIHBIX

=
b
Il

2 =—sinz +sin(z +y+2), upy, =sin(z +y + 2),
(z+y+2), u'y'z sin(z + y + z),
uh=—sinz+sin(z +y+2z), ur; =sin(z+y+z)
B TOYKe (12'-, > —2’:), nonydaeM ul, = ~2, uy, = -1, uj, = —1, u’y’2 = -2, uy, =1, uly = ~2.
Otciona ciegyer, 4To

—sin y + sin

i

3
o
1l

" ;
u”, u/l I
" T
" a2 sy 1 " 1
A= Uz < 0, Ay = y " >0, Ay = Upr B2 Uy < Q.
ug, uyg |
" 1 1
Uzy Usy U

Takiy o6pasom, B Touke (3, 7, 5 ) BYHKUKA HMEET NOKAIBHIA MAKCHMYM (tmax = 4).
B touxax (9, 0, 0) x {7, 7, 7) GYHKUMS MMeeT KpaeBOH MUHUMYM, PaBHBIH HYTI0. JT0 caeryeT
%3 TOTo, 4TO Ipu MO6HX NpUpalleHkax Az, Ay, Az HE3ABACHMHIX MepeMeHHHX ua oftacry 8 <
Ar £ 71,0 € Ay £ 71,0 < Az £ 7, Ho TakmMx, uT0 O < Az + Ay + Az < 7, crpaBemaKBH
HEPABEHCTBa
Au(0, 0, 0) = u(&z, Ay, Az) —u(0, 0, 0) = u{Az, Ay, Az) =
=sin Az +sin Ay +sin Az ~ sin(dz + Ay + Az) 20,
Au(r, m, 1) = u(r — Oz, 7 - Ay, 7 - Lz) — ulx, 7, 7)) = u{Az, Ay, Az} 2 0.

211. u:zlzg coorp(l =21 =222~ ... ~n&a), 21 > 0,220, ..., 2, > 0.

L HpnpaBHuaaa K HYTIO YaCTHBRIE€ NMPOM3BGIAHEIC IEPBOIO fCepAJKa, OOJAyqaeM CHCTEMY 14
cripefeneHusd CTALHOHEGPEBIX TOYEK:

Uy =

N
23
1
g
I
o

2.3 -1 ne—
Uy, =MIT1T3T3 .. 2P T {p —za) = 0,
rae p=1~21— 252 — ... —nZn. Tak xax z; > 0, j = 1, #, 70 CTAUMOHAPHEIE TOUKH IOTAMEH
YIOBIETBOPATH CUCTEME
p—z; =0, j=1 n (1)

B cricreme (1) ua nepBorc YpasHeHNs BLIYTEM BTOPOE, H3 BIGPOrC — TPETHE K T. 1. I} pesydp-
TaTe TOJYUNUM CHCTEMY e :
_'1:.7.+IJ+1=C1 j=i,7l"1,
H3 KOTOPOMH ClefyeT, YTO I1 = T3 = ... = Ip. [1OJAB3YACH 3THM, U3 II€EPBOLO YPABHEHHS CHCTEMH
(1), koTopoe B aTOM cayuae sanumercd B Bufie 1~-z1(1424.. . 4+n)—z; = 0, HaXoOUM CTAUKOHAPHYIO
TOUKY Ty = T3 = ... = Ip =

n?+n42°
HalizeM npon3BonHble BTOPOro nopaaka

" 2.3 n

u,g = -213%3 ... Zp,
2 k=2 k= 5
uly =k(k—1)z1z3 ... T o zn{e —z) — k(b + Vziz2 ... 25 ... 2k, E=2, n,

k
" 2 k=1 m-1 n 2 k-1 —
Ugyz, = kmTizs ... 2 . Tm . Z(p~zk)—kmzizs ... 2 g, k,m=1n, k#m.

O6osnauup Yepes r obmiee 3Ha1EHNE KOOPIUHAT CTAMOHAPHON TOUKH T = L] = T2 = ... = Ipn =
2 o

Ti7n72’ 2 YePes a;; — 3HauCHUL MPOHIBONHKIX Ug,y; B CTAUHOHAPHOM TOUKE, # 3AMETHB, 4TO B

CTAMOHAPHOM Touxe ¢ — 2 = 0, k =1, n, moayunm

" ndin—2 " n2+n-2 " n7+n—-2

811 = U2 = =2z 7, gm= ug = ~k(k+1)z™ 2, akm =Ug,s, =-—kmz~ 2 . (2)
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. [lxg HccnemoBaHMA 3HAROONPENEIEHHOCTH KBAXPATHYHOM POPME

n

du = Z a;; dzidz;, ai; = u':"_zj’ (3)
$,=1
BRIYHCIIMM ONPERECAUTEID
211 @12 @13 ... @m
a1 422 423 ... G2m
An=lasn a2 @ ... asm |. (4)
Aml Gm2 Gm3 . Amm

n.2+n.—2
Cornacto dopmynam (2), u3 k-it ctpoxu onpefeantens (4) BEHOCKTCA CoMHOXHTenb (—1)k 2 |
HO3TOMY

2 2 3 4 .. m
- 1 33 4 ... m 2+ 2
n‘tn— ne
M, ——m (102 44 m | _ . . m”+m
Am =(~-1)"mlz™ 2 123 5 . m =(-1)"m!z 1+ 3
1 23 4 ... m+1
Otciona HemoCpeaCTBEHHO BHITEKaeT, YTo A; < 0, A2 > 0, A3 < 0, Ay > 0,..., T. e. 4TO op-

Ma (3) oTpHLaTearHo-oNpegeneHHasd. TakuM o6pa3oM, B CTalHOHapHOH Touke (YHKUMS UMeeT
MaKCHMyM. BRIMMCIAH 3KCTpeManbHOe 3HaueHHe PYHKLMH, HMeeM

ndint2

u —(———2 ) : >
max = n2+n+2 '

+—-—,z.>0 1i=1n
In-1 In

« [IpupaBHAB K HYTIO YaCTHHE NPOM3BORHEE NMEPBOTO MOPAXKA, MOTYUHM CHCTEMY RIS ONpe-
HDeJeHHd CTAal{HOHapHHX TOYEK:

212. u—z1+——+ + o+

' T2
ug, =1-—= =0,
zi
; 1 Thtl e
Ug, = —— — —— =10, k=2n-1,
Tk-1 z;
1 2
‘u',n = — = =0.
In~-1 In
1
OTcroga HaXOXUM CTal{HOHapHYIO TOYKY Tz = zf, z3 = z?, vy Tn =Z7, 1 = 2041,

C 1enblo MPOBEPKH NOCTATOMHHIX YCIOBMH DKCTpPEMyMa HaXOXHM BTOpHIe mpousBomine, O6o-
3HAaYas 4ij = g, MOAYYaeM

2 1 .

a1l =;, a12=—;3, a;; =90, 3=3,n;

1 1
Gkkml = =73, Gkk = — e 1,akk+1-—-——-2—,;, ax; =0, O
T 1

j=1k~- 2,]—k+2 n, k—2,n—1,

4 2 o *
an"-q:_:cf"__z, ann=;?—n=F, anj =0, j=1,n~2.

Jas MccaenoBaHHS 3HAROONPENEIEHHOCTH KBapaTHYHON (POPMEI

n
du = Z aij dzidz;, ' (2)

§,J=1
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TAe k03P PHUKEHTH OTIPEREATIOTCA POPMYyTaMH (1), PacCMOTPHM OTIpefeAxTEND, O6pa30BaHHKN U3
xoapduumenton dopmu (2):

2 1
o —;3- 0 o ... 0 0
-;}{ ;’{ —;lf 0 .. 0 0
Am=| 0 -5 % -% 0 0o |- (3)
1 1 1
1 2
00 0 0 . —omm gwer
[Ipeobpasys ompenenutens (3) K Buay
2 1
e ] 0 0 0
3 1
0 Z{ —q 0 . 0
Iy 1 :
Am = 0 0 3F _;f .. 0 )
0 0 0 0 —

3aMeyvaeM, 4To Am >0 npu m =1, n.
Takum o6pasoM, KBafpaTH4yHas dopMa (2) MOTOKHTENBHO-ONpPeNelleHHA U, CIEOBATENbHO,

1
MOYHKIMA ¥ HMEET MHHUMYM { Umix = (n + 1)2n+1 ) S

213. (3apaua Tiofirenca.) Mexny IByMs MONOKMTEABHEIMM HMCIAMM 6 ¥ b BCTaBHTH
. Tn

n 4ucel Iy, £2, ..., In TaK, YTOGH BeIW4MHa Apobu u = ate )(;ITz j D) 6rma
1 1 2) «ne n
Haubonpen.
« JlorapudMupys dyHKIHM©O 4 ¥ o6o3Havas v = In u, uMeeMm
v=Inzi+lnzo+ ... +Inzp ~In(a+21) —In{z; + 22) — ... ~In(zn-1 +zs) —In(zn +b).

OueBHpHO, 3KCTPEMalbHEE TOYKM (MYHKIMH ¥ M ¥ COBNAfaloOT M, CIeOBAaTENBLHO, ONpenens-

I0TCA U3 CHCTEMH
! 1 1 1 0
b

o =L _ 1 1 9
In T oz, Tp—1+2n Zntb T
. 1 1
s mepBoro ypaBHEHHS 2TOi CHCTeMH HAaXONMM Tz = -T1; M3 BTODOTO I3 = ot = LT
2 . gt . R
T. 1. 13 nocienHero ypaBHeHusa HaxomuM b = 2= =~ Otciona Bumcadzen 21 = a (;) ntl,
—

Tarum o6pa3oM, KOOPAHHATH CTallHOHAPHON ToukH M MOKHO 3amMHCaTh B BHJE [€OMETPHYECKON
1

NPOTPeCcCHU T1 = ag, T3 = ag?, ... , zn = aq", 3HaMeHaTeIs KOTOpoit ¢ = (=) "+l ,
, q -
HaxonusM BTOpEIE MPOM3BONHELE

1 1 1 1 —

" " " .
va=——=+ - v = —— =10 =3, n;
z3 1:% (a + 21)2 (131 T :2)2 3 z124 (131 T 22)2 s z13; y J » By

o _ 1 o = 1 1 + 1
FRI-L T (gpy 4 2x)2] % 22 (zr—1+zk)?  (Tk + The1)?

n 1 . . A——T
v"‘:“+1=mi v.’!’glj__-oj J=1,k—1: J=k+2,ﬂ, k=21n—'1;

" 1 1 1 1 o
1) eFae) = T " o —— 2 " = =1 -2
= T e TR e T e = o= heoh
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H BHMHCIeM MX 3HaYeHHS B CTaUMOHapHOM TOuKe (ai; = v3,s;):

- 1 —_—

a = ———— = ————, =0 '=3 n;
111 a2q(1+q)2’ a12 a7q27(1+q)2 a1y v J ,1
Bk k] = g akk=—————:———— ax = e, Gk =0
kLT g 1 g a?q* 11§ g)*’ LT AR g T (1)
j=Lk-1 j=k+2,n k=2n—-1; .
1 -2 _ —
Gppn-1 = tn; =0,7=1,n~2.

a2 (1 q)2’ finn = 2114 q)2

Kax # B npenmgymux mpHMepax, BHMHCIAEM ONpENeTHTeTH Am, 06pasoBaHHHe u3 koaddu-
LHEHTOR KBafPaTHYHOH HOPMH
n
dzv(M) = Z ai; dz; d:l:j. (2)

%, 5=1

HNockonsky uMcia ai; B paBeHCTBax (1) MMelT O6WMA MHOKHTETh 23?1”1{.377" TO, BEIHOCS €I0
32 '3HaK ONpefeNuTeNs, MolyYaeM
B T 0 0 0
T 5
NS R O A S . \
atrovepram 2 B R - SO L
1 2
0 0 0 0 qzm—z q2m—l
IIpeo6pasys onpeneaurens (3) k TPpeyroAsHoH dopme
2 1
TR Lo
HE RS S AN
Am = (e )ES 0 0 -55 F 0 } )
m+1
0 0 0 0 — e |
a 3aTeM BHIMMCIAA €r0, HMeeM A, = (—L(:lil%}";tl% Orciofa caegyeT, yto A; < 0, A2 >0, Az <
a(l+q "
0, ..., T. €. yTO KkBaApaTM4Hasi ¢opMa (2) oTpHUaTeNIbHO~ONpefeleHHad. [loaToMy dyurius v, a

BMecCTe ¢ Hel ¥ PyHKUMS ¢ B Toyke M HMeT MakCHMyM. P
Haitti sxcTpemannibie 3HaYeHHS 3alaHHON HEABHO (QYHKIMM Z OT IIePEMEHHLIX T ¥ ¥:
214, 2+ ¥ + 222242y —42-10=0.
« Dyuxuus F(z, 9, 2) = 12 +9°+ 22~ 224 2y—42—~10, (z, ¥, z) € R®, aBngercs MHorounenon,
a N03TOMy HernpeprIBHa ¥ IuddepeHUMpyeMa CRoMb YTOXHO pa3. CreoBaTeasHO, B OKPECTHOCTH
no6ok Tourk (To, Yo, zo), B kKOTOpok F = 0, F, # 0, BunoaneHn Bce ycaosus Teopemm 1, 1m.3.3,
cormacHo xotopoit ypasuenue F(z,y, z) = 0 onpemeiser HesBHYylo dynkimo (z, y) — z(z, y),
NPYHEMAIOMYIO B TOUKe (To, Yo) 3HAUEHHE Zg. ITa QYHEUUE CKOIB YTOANO pa3 mudidepenurpyema.
[lns onpenedenHs CTaUHOHADHEIX TOYEK M 3HaMeHMH DYHKUMM B HMX COCTaBIASeM CHCTEMY

F,'_.EZ::_—-Z:O, Fy=2y+2=0, F=r4y?+2° -2z +29y—42-10=0,
M3 KOTOPOU HaXOXuM
M, =(1) -1)7 n=-2% M =(1) "‘l): z2=6.

Mockonsry mpoussommas F! = 2z — 4 » touxax (1, -1, =2) u (1, =1, 6) orauyna or Hyms, To
ypaBHenue F = 0 B OKPeCTHOCTH KaXKEOK M3 3TMX TOYEK ONpeNeiser HexBHyw (yxxwmo (T, y) =
z(z, y), npuHuMalomyw B Touxe M; suadeHue z;, i =1, 2.
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Jlzs MpOBEPEM HOCTATOMHHX YCIOBHH JKCTDEMYMa HaXOXMM YaCTHHe Npoussomume F., =

2, ;'3 = 2, F;, = 0 u, noaraysck dopmyxoi (2), n.6.5, BermMcaseM BTopoit mnbdepenuuan
CTAlMOHAapHHX Toukax. Ilockoabry B Toure M) nmpu z = —2
1
d = 4-(al;z +dy?) >0,
a B Toyke M2 npn z =6
2 _ 1,2 2
dz-——z(d:c +dy) <0,

TO Zmin = —2, Zmax =6npuz=1,y=-1. p

215, 22+ P+ —zz—yz 2+ 2y +22-2=0.

< Y3 cucremm
Fl=2—2z+4+2=0, F!',E2y—z+2=0, Fed+y* +2 2 —sz—yz+20+2y+22~-2=10
HaXOIMM CTAUYOHAPHHIE TOYKH U 3HAYEHUA QYHKUUU

M =(=3+v6, —=3+V6), z1=-4+2V6; M,=(-3-6,-3-v6), z=-4-2V6
Haxopwm npouzsonunie Fy, = 22—z —y+2, Fly =2, F;’ =2, F}, = 0 u, y6enubuucs, yro F, # 0
B Touxax M; u M, suunciseM BTopoy AudidepenHinan 8 3TUX TOUKAX:
1 2 2 1 2 2
d%2(My) = ——=(dz* + d d’2( M) = —=(dz® + dy?).
( 1) \/E( Y )’ ( ) \/g( Y )

CreloBaTeNbHO, Zmin = —4 — 2v/6 B Touke Mz M zmax = —4 + 2v/6 B Touke M,. p

216. o +¢* 42t 222 (2 + 9P+ ) =0,a> 0. ‘

« [[1g onpeneneHua Touex BO3MOXKHOTO IKCTPEMYMa pelllaeM CHCTEMY

F! =41° — 4a%z =0, F;, E—4y3—4a2y=0, F=zt+4t +z4—2a2(zz+y2+z2) =0,
M3 KOTOPO# HaXOQMM MeCTh CTALIHOHADHHX TOYEK M IMECTh 3HaYeHMH BYHKIUUMU:

M= (0> 0); = (l\/i', M;= (Ov 0)7 z2 = —aﬁ;
M = (ka, xa), 23,4 =aV14+V3; Mso=(a, £a), 256 =—aV1+V3.

[anee, Haxomum Mpou3BOIHELE
Fl =42 - 4a%z, Fli=121" —4d°, F:z = 12¢4° - 4%, Foy=0.

Hockoasry F{M;) # 0,1 = 1,6, To B OKPECTHOCTH Ka¥Ioil M3 HaWIeHHEIX TOMEK YPaBHEHHE
F = 0 onpeneaser nessnyio dyuxuuo (z, y) — 2(z, y), NPpUHAMAOUYIO B Touke M; 3HaueHue
Zi, 1= ~l—,_6

B tourax M;, i =1, 6, BaruMcasen Bropoit xuddepeniman d’z:

« dz® +dy? 2 dz? + dy?
(M) = ———, d%(M2) = —————,
z( 1) ﬂa z( 2) \/Ea ]
_ 2 2 z 2
A% (Ms,4) = =2(dz” +dy°) &% (Ms,6) = 2_(_‘21_"_'_‘174_.)_

T a/343v3 a\/3+3V3

CueporatenbHo, 8 Touxe M) byHruus wMeeT AOKANBHHA MAHUMYM (Zmin = a\/f), a B TOYKe
M; — MaxcuMyM (Zmax = -aﬁ), B Toukax M3 4 — MAaKCHMYM (zZmax = aV/ 1+ \/3), B TOYKax

Ms, 6 — MuHnMyM (zmin = —aV/ 1 +V3). »

HccnenoBaTs Ha yCHOBHHEIM 3KCTPEeMYyM CReRymomye hyHxipm:
217, 2=z 4zl +- 4P, ecmn 1 + 22+ -+ 2, =na,a >0, m> 1.
« CocraBuasem ¢ynrumo Jlarpanxa (cM. dpopMmymu (2), 1.6.6)

s=1 =1
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H 3aITMCHIBAEM CHCTEMY
n
! m-—1 . . T .
&, =mz" +X=0 (i=1,n), E T; = na,
=1
m-—1

H3 ROTOpOi HaXogHuM A= —-ma H KOOPJIHHATH T; = & TOYKH M BoaMoxHorO IKCTpEeMyMa

n .
(a, @, ..., a). Janee, Haxomum BTopoit Inuddepentman d°® = m(m~1) 3 272 dz? u prruncnzen
=1

ero sHaveHMe B Touke (M, A):

Po(M, ) =m(m ~1)a™* Y da?.
i=1
Tak xak d°®(M, A) > 0, To B Touke M dyHEuMA 2 HMEET MUHUMYM (Zmin = na™). B
218. u = TYz, eCIn 2+ y2 +22=3.

« AHanorM4Ho NpeanymeMy NprMepy cocrasiadeM dyHkruuo Jlarpanxa ¢ = zyz+A(z2+y2+
22— 3) 4 3anMCHBaeM CHCTeMy RJIS OTPENENEHHS A H KOOPAMHAT TOYKH BO3MOXKHOIO wKCTPEMyMa:

O, =yz+2\z =0, <I>'y=1:z+2/\y=0, f=ry+22z=0, F+y¥+22=3.
W3 sToli cucTeMH HaxogMM BoceMb CTalMoHapHmX Todex: My = (1,1, 1), M2 = (1, -1, -1),
Ms = (-1,1,-1), My = (=1, -1,1) pns 4 = —3 u Ms = (-1, -1, -1), M = (-1,1, 1),
M7=(1,-1,1), Ms = (1,1, =1) n1a do = 3.
Haxonum BTrOpon guddepenunan pyuruuu Jarparxa
d*® = 2X\(dz” + dy* + d2%) + 2zdz dy + 2ydrdz + 2z dy dz. 1)
Ooa A1 = —% u Touku M; umeem

@ O(My, \y) = —dz® — dy* — d2* + 2dzdy +2dr dz + 2dy dz = —(dz — dy)® — dz° + 2(dz + dy) d=.
3aMenss B nociegHeM ciaraemoM guddepenunan dz ero sHa4eHHEM, HAWIEHHEM M3 ypaBHEHHA
cBsasu B Touke M, dz = —(dz + dy), nonyuaem Hepasencrso d°®( M1, ) = —(dz — dy)® - dz°
2(dz + dy)* < 0, u3 xoTOpOro clemyer, uTo B Touke M1 (GYHKLUMA 4 UMEET MaKCHMYM.

Ona A = —% u Toukn M ua (1) M ypasHenns csasu nonydaeM d°®(Ma, A;) = —dz?—dy® -
dz’>—2dzdy—2ds dz+2dydz, de = dy+dz u, cnefosatensio, d°®(Mz, A1) = —(dz ~dy)* -dz* -
2(dy+dz)® < 0, nosToMy byHKIHMA u B Touke M, MMeeT MaRCHMYM. AHAIOTHYHO YCTAHRBIHBAEM,
4TO (PYHELMS 4 MMeeT MakCMMyM B TouEax Ma u M. Bo Bcex 3THX TOYRAX #max = 1.

NOna A2 = % u Touku My u3 (1) M ypaBHeHMs CBA3M IOTyyaeM d?O(Ms, X2) = d2® + dy* +
dz* —2dzdy — 2dx dz — 2dy dz, dz +dy +dz = 0. Orciona cnenyer nepapencrso d°d(Ms, A2) =

(dz — dy)* + dz* + 2(dz + dy)? > 0, us KoToporo zakmodaeM, 4To B Touke Ms (yHKUMA u UMeeT
MHHHMYM.

Jlerro y6emuthcs, uro B Toukax Ms, M7 u Mg byHRUMA u Tak)Ke HMEET MHKHMYM, NpHYeM
Umin = —1. »

219, u=z™y"2F, ectnz+y+2z=a(z>0,y>0,2>0,m>0,12>0,p>0,a>0).

« OuyeBHaHO, 3KCTpeMaTbHEEe TOYKM PYHKUME ¥ M v = Inu coBnamaior. [lostomy Gymem
MCCIIEAOBATh HAa YCAOBHHIM 2KCTpeMyM ¢yHRumio v = lnu = mlnz + niny + pln 2z npu ycaosun
r+y+z=a.

Cocrapasa pynrummo Jlarpanma ® =mhhz+nloy +plnz+ A(z + y + 2 — 6) u cucremy

m
O ="4a=0, 8 =2421=0,0. =2 4r=0, 2+y+z=04,
T L 7z
HaXOlMM KOOPAWHATH TOYEU BO3MOMKHOro skcrpemyMa: r =mi, y =nt, z=pi, rne t = ;&5.
Ilockoasky Bropoit suddepemiman pynruun d
2o = _md:l:2 _ ndy? _ pdz’
- ) v? 22
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B Touke (mt, nt, pt) ymIoBIeTBOpAET HEPaBEHCTBY 2o = - ( pve + 8 ; + m,) < 0, To byHrumua
o m™ntpPamtntp
v, a BMecTe C Heif ¥ u uMeloT B Touke (mi, nt, pt) MaKCHMYM (Umax = Toinimmtefs )
22 yz 22
220, u =z’ 4+ ¢* + 7%, ecmn Stw e +~——1(a>b>c>0).

2 2 2
<« [Inddepenuypys dyuxumo Jlarpanxka & = 2 + 9> + 22+ A (i—,- + %2- + —:—2— - 1) no BceM
NIepEMEHHBIM Y NIPUCOEUHAA YPABHEHHE CBA3H, MONYHAEM CHCTEMY

22z , 2Ay 2Az 2 P AP
i +——=0 <I>—2+b2 =0, o, =2z +————-0, a—2-+b—2+c_2=1,
13 KOTOPOH HAXOOMM A M TOUKM BO3MOXKHOTO IKCTPEMyMa: Aj 2 = —ct, M2 = (0,0, c); A3, 4 =

—a?, Ma 4 = (%a, 0, 0); Xs,6 = —b*, Ms s = (0, £, 0).
114 IIpoBepKH NOCTAaTOMHEIX YCIOBMI HAXOIUM BTOpoit auddepenumarn d°P = 2 (1 + f;) dz? +
2(1+ ;A,-) dy* +2(1+ ﬁ-) dz?. W3 nepasencrsn

2 2
(M2, Ad12) =2 (1 - Z—2> de® 42 <1 - %;) dy* > 0,

2
2¢(M3,4, A3,4)=2 (1— ﬁ) dy +2( - ":—2> d22 <0

ciefiyer, 4To B ToykaX M1 2 GYHKUMA u MMeeT MUHUMYM (Umin = C°), a B Toukax Mz 4 —
MakCUMyM (Umax = az).

B Toukax Ms ¢ npu dz = 0,dz # 0 d2(I>(M5 6y As,6) = 2 (1 - Z—Z) dz? < 0, a npu dz #

0,dz=0 dz(D(Ms,s, As,6) = 2 (1 — ——) dz? > 0 . Tosromy Toukn Ms ¢ He ABIATCA IKCIpe-
Ma/JbHBIMH. P
221, u=1y*2" ecmmz +2y+3z2=a (>0, >0,2> 0, a > 0).
< Cocrasus ¢pyHkuuo Jarpanska A1 BcroMorarexsHo dyHKUMM v = In u
®=Inz+2lby+3lnz+A(z+2y+3z—a)

¥ 06pa3oBaB CHCTEMY

<I>;=%+A=0, <I>;=§+2A=0, <I>',=§+3)«=0, t+2y+3z=na,

MOAYYMM A ¥ KOODIMHATH CTal{HOHADHOW TOUKM: A = —%, r=y=2z= %. A Tak xax BTOpOM
2 2 2
nuddepenunan d°d = —%— - 5‘;"‘2— - 1:—2— B CTallMOHAPHOM TOYKE YJOBIETBOPAET YCIOBHIO
2-fa a a 6 36, 2 2 2
2o (E’ L -;) = -22(d" +dy? +d5%) <,

u " 6
To PYHKUHMSA ¥, 3 BMECTe C Heit ¥ PYHKUHUA % MMEIOT B ITOX TOYKE MaKCUMYM (um" = (%) ) >

222, u=zyz, ecrm 2 + ¥ + 22 =1,z +y+z=0.

<« IlpupapuuBas ¥ Hy@io mpowzsofHule dbynruun Jlarpamxa ¢ = ryz + A(z? + v¥+2-10)+
u(z +y +z) no z, y ¥ 2, MOly4yaeM CHCTEMY

D, =yz+22z+pu=0, Oy=zz42y+p=0, O, =zy+2iz4p=0,

pelllass KOTOPYIO COBMECTHO C YPaBHEHUIMH cnaau z? + y2 + 22 = 1,z 4+ y+ z = 0, HaxolUM

IECTh TOYEK BO3MOXHOTO JKCTpeMyMa: M; = \/_, \}_, ——\/—_-) M = 71_5, —\—;_— %) M; =
2 1 1
(_"\76"’ 7&" %) NpH A= 2_1\/_6; M4 = (“"'" Ta ) M5 = ( 7'1 Ty "l_)yMG =
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Hanee yaxogum Bropon guddeperiuan

d*® = 2X(dz® + dy® + d2°) + 2zdz dy + 2ydr dz + 2z dy dz, n
2 M3 ypaBHeHUii CBA3H NOJYMaeM COOTHOMIEHWS
tdr+ydy+z2dz=0, de+dy+dz=0. (2)

[IpoBepuM BHITOJIHEHHE TOCTATOMHHX YCIoBMi Tas Touek M1 u M,.
dnsg stux TO4eR

s=y=2) z= -4\ (3)
Torxa us (1), (2) u (3) noayuuM paseHcTsO
d*® = 2\((dz ~ dy)’ + d2° + dz® + dy°).
Orciopa cuenyer, 4to mpu A < 0 (T. e. B Touke My) d®% < 0 # B aT0H ToYKe DYHKLMA u

MMeeT MAKCUMYM | Umax = J\/-> Mpr A > 0 (1. e. B TOUKE M) d*d >0 , IO3TOMY B 2TOH TCHKE

1
PYHKUMA ¥ AMeeT MUHHMYM (umm = - wﬁ) .

AHaJIOTH4HO yCTaHaBlAMRaeM, 4To b Todkax M:; # Me bynxuud u nMeer MakcnMyu (umx =

—w/l, a B touxkax My n Ms: — MunumMym (um-m = ~;Lg). b

223. u=zsy+yz, ecusi+y =2, y+z2=2{ >0, y>0 z > 0.

<« O6pazonae dyuxumo Jarpanma & = zy+ yz 4+ Mz® + %~ 2) 4 p(y + 2 — 2} u cocrenus
CHCTEMY

r=y+2e=0, Ty=z+z+2y+p=0, P =y+pu=0, z¥+y" =2 y+z=12

HalgeM 4Mcia A, 4 M KOOPOMHATH CTal(MOHAPHOM ToUkW: £ =y =z= 1, A= —%, go=~1.
3anuuem propoil tuddepeniman d2® = 2A(dz? + dy?) + 2dr dy + 2dy dz n moxomuUM B Hex
A= —%. Torja noayusM d>® = —dr® —dy? + 2dz dy + 2dy dz. Us ypanrenns cnaay caepyer, 4to

dy = ~dz = ~dz, nostromy d*® = —~dz% — 3dy® — 2dz® < 0. Taxum obpasom. & Touke (1, 1, 1)
(DYHKUHS ¥ AMEeT MaKCUMYM, pabHuyi 2. »

224, y=sinzsinysinz, ecamz +y+ 2 = 1;— (z>0,4>0 2>0).

« Cocrarasa scnomoratenshyys gyHkuuio ¢ =Insinz +1lnsiny +1lnsinz+ A (r +y+z— %)
U CHCTEMY

P, =ctgz+A=0, ¢, =ctgy+Ar=0, P.=ctgz+A=0, z-+y+z=§,
NOAYYAEM TOYKY BOIMOMKHOIG KCIPEMYMa T =y = z = g- Tak kax
d2¢’=—( L .
sin®z  sin*y  sin /
TO B TOUKe (s’ e’ s) DYHKIMS MMeeT MaKCHMYM, PaBHBIA % >
225, u= —--+— b2 +'—C;, ectn z2+9y  +2° =1, zcosa+ycos f+zcosy =0 (a>b>c> 0,

cos? @ + cos? ﬂ+cos y=1).

2
« Cocrasus dyukimio Jarpanxka ¢ = ag + % o —,— -Mz*+ v 422~ 1)+ p{zcosa +ycos §+
Z COS %) M IIPKPABHAR K HYIIC ee npouanonnme no z, y U z, IONYYHM CUCTEMY
2z 2z
9, = —2——2/\z+ucosa =0, &, ~p— 2y +pcosf=0, ¥, = ?2——2/\z+y,cos'y=0. )
YMuoxas mepBoe PaBEHCTBO cHcTeMH (1) Ha z, Bropoe Ha y, TPeThe Ha Zz M CKIAJRIBasi MX,
IoJTy4aeM PaBEHCTBO

2 2 ‘ ‘
2 (z—2+ %—2—+%§~) —ZA(zz+y2+zz)+u(zcosa+ycosﬂ+zcos7)=0,
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. 32 92 22
M3 KOTOPOTO C yMEeTOM YPaBHEHMH CBA3M BHTeKaeT, U0 3 + 37 + s ~A =0, T. e. uro A = u.

Taxum 06pa3oM, Umax = Max A, Upin = min A.
Pewas ypasHense (1) OTHOCHTENBHO Z, § M 2 M YMHOXas J€Bhle M MPABHE YaCTH NONYYEHHEIX

PaBEHCTB Ha coS, €0s §, COS ¥ COOTBETCTBEHHO, HaXoAMM (¢ y4eTOM yYpaBHEHUS CBS3H I COSa +
ycos B+ zcosy =0):

cosa  cos’f  cos®y
+ 3 + 5 =0,
i
=

A @
wIg ) R
% /sin2 o  sin?f  sin?y cos?a  cos®f costy
AS— A — + + - CP) T = 0.
a* b? c? c2h? a‘c a?ht
Fcay Ay # Ay — XGDHH 9TOrC yYDaBHeHH#, ipudeM A; < A2, TO Umax = Az, Umin = A7,
226, U= 7y -rz§+ . +z,.,<, eCiin
Zy T2 Tn )
L4244+ (@ >0,i=1,n).
(5% az Qn
Ed . L amaed
€ Mmeen § = ‘, r 4+ X ( E =1 . U3 cucreum ) 2 =2z, 4»/\3—' =0, =1, n, HaxonnM
=1 Ni=G h !
A J—
EjEm e 1w, (1}
. :
2n,

4 M3 YPaEHeLUs ¢
(2}

A=
n
) o
{lockonsxy 4 =2 Z d 0, To B cTauifOHApHOH Tovke (2] QYHKUMS U MMeeT MAUKKHMYM
J=1
1
Umin == — .
5
b g4
=17

227, w=sl 4 eb 4 .+ 2P (p>1),ectm 21 +22+ ... +Zn=a(a>0).

n
4 Cocrarmaa qyukumic Jarparxa ¢ =3 o7 +Ala- 3 r,), 4 3aTex CHCTAMY
J=1 j=1

@, =priT = A=0 (k=1 m),

noayyaem A = p( )p‘1 , Tk = %

n
Haxogum sropoit audbdepenunan d°@ = p(p-1) E P2 dz? W, BEIMMCIS4 €r0 3HaveHHe B
k=1

n
CTallHOHapHOM TO4Ke, yBexkmaeMcd, 4To da*® = 1 E ( ) > 0. CaemoBaTensho, B

o . a?
CTalHOHAPHOM Touke GhYHKIMA U MMEET MUHUMYM (um;n = ;T—T)- >

228. u=zMz? .z, et Ii >0, s+ T2+ ... +In=a (@>0,a; > 1,i=1, n).

<« 3aMeTHB, 4TO sRcTpeMaibHEE TOMKM GYHRUMEK 4 H v = lnu cosnagalor, 6yaeM ucciego-
n

BaTh Ha NOKANBHLIE 3EcTpemyM dyHkuMio v. O6pasopas dynrumio Jarpawka ¢ = > ajlnz; +
Ji=1
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n
A (E Tj— a) H pEIIUB CHCTEMY

i=1

3

!
@,k——-{—)\—ﬂ (k=T,n T;=a
Jj=1
TMONYUMM 3HaUeHHe A M KOOPAMHATH TOUKH M BO3MOXKHOIO 3KCTpEMyMa:

1 aia E g
A=—=% aj, Tk = 5 (k=1n)
a .
j=1 E ay
i=1
n
Haitnem sropoit auddepenumanr: d?d = — 2 %% dz?. 3aMeTus, uto
k=1

fqm:% i% Zﬂwo
j=1 k=1

3akiaovaeM, uTo B Touke M byHKUMS u MMeeT MaKCHMYM
ajtazd ... fan

a
S ] a
Umax = Q) Q@y° ... ap" — . >

S

i=1

n
229. Haitti sKCTpeMyM KBaIpaTHUHON GOPMEI 4 = _S_ ai;Ti%; (@aij = aj; — OEHCTBHTEID-

t,3=1
n

2
HBIe YMCa) PH YCAOBUHN 5_ r; =1,

=1
. n n
4 O6paayeM ¢yurumio Jlarpanxa ¢ = Z ai;TiT; + A (] - Z z?) K COCTaBHM CHCTEMY
i, j=1 i=1

1., .
Eq)zl =(a11 = A)z1 + a1222+ ... + @1nZn =0,
1
5‘1’;2 =anti + (@2 ~A)T2 + ... +a2nZn =0/ (1)
1., .
§¢,n = an1 Ty + an2Z2 + ... + (Gnn ~ A)zn =0.

Cucrema (1) ¥MeeT HeTpHBHalIbHOE PELIEHHE TOFMIA M TOMBKO TOTAA, KOLHA YMCIO A ABALETCH
KODHEM ypaBHEHMH

ayy — A @12 e Ain
a21 a2 — D U G2n =0 (2)
anl an2 ver Gpp — A

[TokaskeM cHavana, 1To KOPHU A ypaBHeHus (2) meitcTButenbune. [las sroro 0603navum yepea

A cuMMeTpruHyIo MaTpuuy {ai;} 3ajanHHoM xBafpaTHuHON dopmu %. Torma cucremy (2) mMoxuo
3aIUCaTh B BHAE

Az = Az, (3

rae € = (1, T2, ... , Tn). IIpENNONOXKUM, YTO A KOMILIEKCHOE, T. €. YTO A = a+if, rne ¢ = /—1.
Tockoabky a;j — AeHCTBMTENLHBIE YMCHa, TO T = % + tv. TorNa U3 paBeHcTsa (3) caenyer

Au = au — fu, (4)
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Av = fu+ av. (5)

YmHOxkas ckadfipHo o6e yacTu paBeHCTBa (4) Ha v, a paBeHCTBa (5) Ha % H BWYMTAA PE3yINbTAaTH,
noayyaeM

(Au, v) = (Av, 8) = —B((x, u) + (v, v)). (6)

Tax xax (Au, v) = (4, A"v) = (u, Av), tne A” — TPaHCIIOHNpPOBAHHAA MATPHLA, TO ¥3 (6) HaXomuM

B((u, )+ (v, v)) = 0. Iockonbky (%, u)+ (v, v) #0, 10 f =0, T. . A — REHCTBUTENBHOE YHMCTO.

Mycte A1, Az, ..., An — KopHu ypaBHennus (2). Torma mas xaxmoro \i,i = 1, n, U3 CHCTe-

n
mut (1) mpu ycnosum, uto y z% = 1, HaXOIMM TOYKH BO3MOXHOFO 3KCTPEMYyMa
=1

(z(li), zgi), ceey zg)) , i=1,n.

Hanee, ymHokas paBencrsa (1) Ha z1, Z2, ..., Tn COOTBETCTBEHHO M CKIARHIBAS UX, HMeeM
n n
Y aizizi—A 2_g y —
24j%iZj—A Y, z; = 0. YUHTHIBaA ypaBHEHNE CBA3M, NTOyHaeM PABEHCTBO U(Ty, 22, ... , Tn) =
i, 5=1 =1
A, KOTOpO€ B TOYKaX BO3MOXKHOT'O IKCTpEMYyMa 3aNMEIETCS B BHAE U (zg'), ::(2'), cers zﬁ,’)) =X, i=
1, n. Otcioma clIenyeT, YTO %max = MAX A, Ymin = min A;. b
1€ign 1€ign
n n
T+ T+
230. [oxasaTs Hepapencrso __2_y_ > ( 5 y) yectin 21,220, y20.

« HccnenyeM Ha ycJqoBHBLH IKCTpeMYM BYHKUMIO ¥ = -’"—:l’—:,- ecin £ +y = 3. Cocrasus
¢dyuruuo Jarpanxa ¢ = %(::" +y") + A(s ~z — y) u cuctemy

n-1 n—1

P, = 5 —/\=0,(I’;=ny2 -A=0,z+y=3s,

HaWJgeM YMCcia A, a Takke KOOPIHHATH CTAUMOHAPHOM TOYKM (YHKUMH %:

n (s\"1 s
=5(3)" e=v=3

Mockonnky Bropoit auddepenuuan d°® = 5@12_—11(2"’2 dz? + y"2dy’) B Todke z = y =
s 2 s s ngn-—l! s\n—2 2 2
7 YnosieTsopser yciaoeuio d°® (-2-, ;) = =3 (-2-) (dz* + dy*) > 0, To byHKUMA u HMeeT
MHMHHMYM B TOYKe (%, %), T. €. Umin = (%)" € ufz, y), ecnu T+ y = s, wau (-’—:—”—)" < i}ﬂ. >

1).

231. Joxaszars Hepapencrso leannepa

Zagzgs Za? Zz?) (a;)O, 20, i=1,n p>1,

=1 i=1 i=1.

+

)=
Qe

4 HccnenyeM Ha ycaoBHHH 3KCTpeMyM (GyHKHHIO
4= E af _;_ zf
i=1 =1

n
NpY YCAOBHH, YTO A = 2 aiz;, rme A = const. Cocrasum dpynrumo Jlarpaska
=1
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¥ 06pa3yeM cHcTeMy

: _
o, =27 (Doa) | Doef]  -de=0i=Tw M

1=1 =1

He orpanuumusas o6ugHocTH, 6ymeM cuuTaTh, Y10 zi > 0, a; > 0 (i = 1, n). Pasneaus j—e
PaBEHCTBO CHCTeMH (1) Ha m—e PaBEHCTBO TOH e CHCTEMH, IOXy4YHM

( z; )q—l aj
Im Am

Orcrona npu GUKCHPOBAHHOM T HAXOIHM

1
@5 \ q-1 . ge— .
1:,-=:cm(——) y J=1,m; j#m. (2)
am
[oactaBus (2) B ypaBHEHHE CBA3M, HMeeM
n 1
§ a; —1
@iZm ("‘)q FamzIm =
am
=1
igm
Hau
"o
Im =1
T E o] = A 3)
-1 =
a,?, =1
1
Hcnonpays To, uto -4 =p, = = &, u3 (3) monyaem KoOPMMHATH TOUKA BOSMOKHOTO JKCTpe-
MyMa:
- B
ak —
Tm = m=1,n.

- b
PBLH
i=1

a5 npoBepky ROCTATOMHHIX YCHOBMM Haxonwm sTopol muddepenuman dynxuun §:

1 1
n > n -1 .

P q . i
dd = E a.f E z:? E 1:?— dI,‘ - A E a; dz:.',
i=1 =1 i=1 =1

1
= —~—1 ~-2 2
r n p n n q

Po={> o) (-0 Y af) Dadd+-g() 4 Zn:zg‘ldz.-
i=1

1=1 =1 1=1 i=1

n
B cuay ypaeuemuit cesau, Y @, dz; = 0; nosromy
i=1
2(g-1)

n 2 n

Z z?—l de; | = nA . Z a;dz; =0
i=1 E af =1

i=1

B CTalIMOHAPHON TOMKE M, cllefloBaTenbHO, d°® > 0.

TaguM 06pasoM, B CTalMOHAPHOM TOUKEe QYHKIMSI 4 MMEET MUHUMYM (Umin = A), nostoMy
% > A, 4TO PaBHOCHABLHO HepaBeHCTBY lenbnepa. b

Onpenenurs HauGoapwee (sup) u Haumensmee (inf) sHaueHus PyHKUUE B ykazaHHEIX o6ia-
CTHX:

232. 2=z +y* ~ 12z + 16y, ecim z% + y* < 25.
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« DyHKUMS 7 HeTPepHIBHA B 3aMKHYTOM Orpani4eHHoM MHoxecTse {22 +y° < 25}. Ilostomy,
COTaCHO M3BECTHON TeopeMe BeitepmTpacca, oHa Ha 3TOM MHOXKECTBE JOCTHIaeT CBOMX TOYHBIX
Bepxnen M HIDKHel rpaneil. OueBunHo, sup z (inf 2) paBen Hanﬁonbmeuy (Hanmeﬂbmemy) H3 3Ha-
YeHUHt PYHKUMH z B TOYKAX BO3MOXKHOTO FKCTPEMYMa Ha MHOXeECTBE {z* + 4 < 25} wum B TouKax
BOMOXHOTO YCIOBHOTO IKCTPEMYMa, eCIH a: + 3 =25.

Tockonbky cHcTeMa z. =2z — 12 =0, zy =2y + 16 = 0 He HMeeT penIeHHH, TPHHATIEKAUIMX
muoxecrsy {z + y? < 25}, 1o supz u inf z mocTHraloTcs Ha okpyxHocTH z° + y? = 25.

CocraBnas dynkuuio Jarpanma & = 2% 4 y* — 12z + 16y + (25 — 2% — v?) M pemas cucTeMy

@, =20 ~12-22z =0, &, =2y +16 —2Ay =0, z° +y° = 25,

HaxXOIUM JBE TOYKM BO3MOXHOIO yCOBHOTO skcTpemyma M = (3, —4) u M; = (-3, 4). Bm-
HCTAA 3HAUSHMA GYHKRUMM z B 3TMX Tourax z(Mi) = —75, z2(M2) = 125, sakmouaeM, 4TC
supz =125, infz = -75. p

233, u =224 2y +32%, ecm 22 + + 2% < 100.

« AHanOruYHO TPEeTHAYIIEMY NIPUMEDY U3 CUCTEMEL

ur =2z =0, u;=4y=0, u,=6z=0

HaXOJKM CTalMOHapHyo Touky Mi = (0, 0, 0), npunansexamyio MHOxecTsy {z° +y? +2% < 100}.
Cocrapiss dywxinmno Jarpamxa ® = 22 + 2% 4 322 + A(100 — 22 — % — 2%), us cucremm

d, =22 -2z =0, &, =4y~ 22y =0, . =6z~—2xz =0,
1:2+y2+22=100

HaXOOMM TPH TOYKHM BO3MOXHOTO YCNOBHoro skcrpemyma: Mo = (10,0,0), Ay = 1; M; =
(0, 10, 0}, A2 = 2; My = (0, 0, 10), As = 3. U3 pasencts u(M;) =0, u(Mz2) = 100, u(Ma) = 200,
u(M,) = 300 BrTeRaer, yTo supu = 300, infu = 0. p

234. v=z+y+z,ecm s+ <2< L

4 Jlerxo yGemmthed, YTO PYHKUMA 4 He MOMKET MUMETH IKCTPEeMyMa BO BHYTPEHHMX TouXax
oGnacm omnpeneieHus, mosToMy sup 4 ¥ infu AOCTHTAIOTCH MK Ha OCHOBAHMM KOHYCA 0+
¥ €1, z =1, unu Ha 60KOBOH MOBEPXHOCTH KOHYCa Zz = 4y, 0<z<1.

Mycts 0 € 22 +y* < 1, z= 1. Cocranaaa pynxumio Jlarpauxa (I> =z4y+1+M1-27-9%),
U3 CUCTEMHL

®,=1-2\z=0, &y =1-2Xy =0, 4y =1

HaXOAUM YE€ThIPE€ TOYKH BO3MOXKHOTO 3KCTPEeMyMa:

_[2_ ._._\/—_2 1 }Q }[3 1 _£ £ 1 _\/—.2 _.ﬁ 1)
2 ) 2 ] 3 2 ) 2 b ) 2 2 ) 1 2 b 2 3 *
Tenepb HaXONUM TOMKH BOSMOXKHOTC SKCTpeMyMa byuximu w = 1 + y + 2° + 37, ecin 0

244 < 1. Uneem v, = 142z = 0, uy =142y =0. OTcxonauuaycnonmi z = g2 +y
nofyyaeM elle OGHY TOYKY BO3MOXHOTO 3KCTpEMyMa (—.,2, —,2, ;)

Briumcisia sHaueHNs GyHKLMM ¢ B HalileHHRIX TOMKaX, 3aKIioNaeM, 4To sup u = 1+/2, inf u =

1
-5 »

235. Cornacno npunnyny Pepma, cBeT, MCXOAAMUN U3 TOYXM A M TONMAZAIONMH B TOY-
Ky B, pacnpocTpaHgeTcs 1Mo KPHBOi, XIS MPOXOXKAEHHI KOTOpO¥ TpebyeTcd MUHMMYM BPEMEHH.
Tlpennonaras, uto Toukn A ¥ B pacnonokeHH B Pa3IMYHBIX ONTHYECKUX CPENaX, PA3XETEHHRIX
TJIOCKOCTHIO, IPHYEM CKOPOCTh PacnpoCTpaHEHHd cBeTa B NEpPBOH cpefle paBHa v1, a BO BTOPOi
v2, BHIBECTH 3aKOH NMPEIOMIEHMS CBETa.
« [lycts t, — ppems mpoXokaeHms cBeTa B MepBOH cpeflle, t; — Bo Bropoit. Torma {puc. 1)
- 2 — b — —
th = saart t2 = e Tpebyerca MccnegoBaTh Ha 3KCTpeMyM GyHkuuio T = & + {2 =
a

Treerar + vacosa; TPH ycmosum, 4yro [ = atga; + btgas.
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» a b
3anucas dyurumio Jarpauxa ¢ = reora; Tormerag T Al -
atgay — btgaz), M3 cucTeMH :
® = @ sin ay pY _
a; — 2 - 2 =Y
V1 COS“ ('t COs* (g
T ¢ _ bsinag A
az = 2 o cOSZ v
;l V2 COS° a2 COS“ o
b =atgar +btgas
| & IB HaWgeM, YTO B CTAUMOHADHOM TOYKE BHIONHAETCI YCIOBHE
| sita;  sinas
A= — = . (1)
(41 V2
Prc. 1

OTciona M M3 OCHETHEro YPAaBHEHHS CHCTEMH MOXHO HaMTH
YHCOO A, a 3aTeM YIJIH a1 M a2. Ho menats atoro He 6ymeM, Tak
KaK B JajbHeHIIeM KOHKpPETHHE 3HAYeHHs 3THX BelIMYMH HaM He
nmoHago6ATCA.

. Jas npoBepkM BHINOIHEHMS NOCTATOYHHIX YCIOBHHM HaXOXHUM
sropoit Auddepennuman

2= ( a + 2 sin ay (smal —/\))da§+( b 2 sin a> (smaz —A)) do?.

V1 COS Qry cos® aj n V2 COS a2 cos® ay V2
B cuny ycnosus (1), B cTaliMOHapHOIl TOUke
2 a 2 b . 2
a‘d = dai + daj > 0.

1
U1 COS (y U2 COS Oy

in in a
CrenopaTensio, gpynkumns T MMeeT MMHMMYM, €CIH BRIOTHAETCA PABEHCTBO 1t = 5'—;2—’, KOTO-
1
poe TaeT HaM 3aKOH TIPENOMIEHMS CBeTa. P

YupaxkHeHHs 14 CAMOCTOSTEILEOM PaGOTH

Haittu 3RCcTpeMalIibHEE 3HAYEHMA CHeayoluX QyHKUMA:

151, z =2 + sy + y° — 3az — 3by. 152. z = z* + y* — 227 + 42y — 29°.

153. z=2°+3° —9zy+ 27T mpu 0< < e, 0<y<a,a >3.

154. z=/(a — z)(a ~y)(z +y — a). 155. z = (acos z + bcos y)? + (asin z + bsin y).
156. u = zyz(4a —z — y — z). 157. u=z2+y2+z2—zy+2z+z.

3 3 3
158 u= T 250,950,250 150 a= o+ 2+ = 250,9>0,2>0.

160. 62° +61y° + 622 +47 —8y —8z+5=0. 161. 522 +5y° + 522 =20y - 222 —2yz — 72 = 0.

162. 23y - 3zy® + 6z + 92 + Ty +2° - 32— 14 = 0. 163. z* +3* + 2* = 2a*(z® + ¢° + 2°).

Haittv HauGonplnee ¥ HaMMeHbIlee 3HaYeHUA CAERYIOMMX PYHKUHM, CBI3aHHHX YKa3aHHEIMH
YCIOBUSMH:

164. u =z 4+ y; ',lz‘+,,l_2 = ;1; 165. u=122y%2z%; 2z + 3y + 4z =a.

166. u=z2+2y° +32% 22+ 9° +2° =1, 24+ 2y + 32 = 0.

167. u=zyz;z+y+z=5zy+yz+z2=8.

168. u=z2 + P + 2% lz +my+nz =0, (22 + 9 +22)% = a®2 + B2y + c*22,

169, u = §;+‘;—:+Z—:; 2+ +2=11lz+my+nz=0.

170. HepaBencTBo AfnaMapa A4 oNpefeldMTend TPeThero NOpANKa

e b ¢
U= a1 b1 C1
a2 bz c

MMeeT BHJ :
lul<l,eemad® +02 + =1, ad + 83 + 62 =1, a2 +b+cE=1.
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JiokasaTe 3TO HEpaBEHCTBO.

171. BHyTpM YeTHpexXyroJbHMKa HaWTH TOYKY, CYMMa KBajpaTOB PacCTOSHHM# KOTODOi OT
BepIHH 6hlna 6K HaHMEHbIIEH.

172. Hauti Touky, CymMMa KBafpaTOB PacCTOAHMN KOTOPOM A0 JAHHEIX To4Yek GhlIa 6K Hau-
MeHBIIEH.

173. Haittv nanboasmuit o6beM NMapanienenuneia, ecid cymma ero pebep pasHa 12g.

174. Oxouo npaMoyroanpHoro NapaJienenuneia c pe6paMu 2a, 2b ¥ 2c onucaTs HaHMEHBIIHA
no o6beMy 3AIMIICOMN.

175. Yepes touxy (a, b, ¢) mpoBecTH MIOCKOCTh, 06pasylONYI0 C MIOCKOCTIMH KOOPIMHAT
TeTpasfp HaMMEHBIIETO 06BeMa.

176. B naHHHIH KOHYC BMMCATh MPAMOYTOILHHIN Napallielenune] Hauboasmero obbeMa.

177. Kaxoi M3 KOMyCOB C JaHHOM ILIOWMAJbl0 GOKOBOM MOBEPXHOCTH S ¥uMeeT HauGoNbIIMMH
obbem? R . R

178. Haittv niomans s »aTuNCa, NOTY4EHHOTO NPH CEMEHUM JIIMICOMAR —3 + YTZ' + f;- =1
maockoctso Iz +my + nz = 0.

179. Ilposectn x smauncomumy :—;— + {—; + Z—: = 1 KacaTeNbHYIO MAOCKOCTh ¢ HauMeHbuIeH
CYMMOM OTPE3KOB Ha OCHX.

180. B cerMmenT snaunTtHyeckoro napaboiouna 2 = E—:— + {-;, BEIpEe3aHHHEIH NIOCKOCTHIO z = h,
BIMCATh IIPIMOYTONBHHI Napallielenunel ¢ HaHboabmuM o6nLeMoM.
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00
4 sin2m(2n—1)z . 2n7rQ—cas 1)sin 2nwz—sin 1 cos 2n1rz
122. 1 sn2s@nol)e 123, sinl42 21 in 2nne
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124, sin2 —-sin3 +2 z uz", T ((sinZ — sin 3) cos 2k + 2k7{cos 2 — cos 3) sin 2k1rz).

X sin — k= ’ a
125. ;‘r- b —k-z—sm2kz 126. Z %{Tcosnz 127. z %ﬁ—smnz
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o .. %
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00 . .
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BepIIMHa NapalaeeNuIesa.



OraaBiaeHue

TaaBa 1. PaabI. ... e 3
§1. Ynucnosnte pagsl. [IpMaHax CXOZMMOCTH 3HAKOMOCTOSHHEIX PAMOB............. 3
$2. IIpuaHaxy CXOEMMOCTH 3HAKOYIEPEMEHHRBIX PHIOB . -+ vt vevvnervunnensnsereranns 25
§3. JIEHMCTBHSA HAJ PAMAMM -« .\t vevte ettt etneaterseneaeeranneraeenenecneiann 38
§4. DyHxuMOHaNBHBIE MOCIEAOBATENBHOCTH K paner. CBolcTBa paBHOMEpHO
CXORAUHUXCH PYHKIMOHANBHHIX MOCTIENOBATEABHOCTEN M PAOB .« ovvrennssens 40
§5. CTEIMEHHBIE PHIEL . ...\ e et tenttere aeeeee et et e tn e aeneeeauninnns 58
6. PaEL DY PBE. ottt ettt e e 79
§7. CymMupoBaHye paioB. BruKcieHHMe onpeneleHHHX HHTETPAlOB C MOMOUIBIO
07 61 (o 000 96
T'nasa 2. IuddepenunanbHoe HcUNCcIeHNe PYHKLUMHA
BE€KTOPHOI'O apryMeHTa................. e it 113
§1. Ipemen pyHruHH. HEMPEPRBHOCTE ... c.ovvviiit it en, 113
§2. Yactunle npouasonuute ¥ aubdepeHIHANR DYy HRIUHA BexTop}{oro apryMmeHTa... 124
§3. HedBHBIE DYHERIMM. .. ootitt ittt it ree ittt reei ittt eanaeans 147
§4. 3AMEHA MEPEMEHHEIX « e .o vvvtesse e enererneataeanenettenioteniesinareenns 167
§5. DopMYma TeHMMOPA. . ... vvvrie ettt ittt ittt ens, 186
§6. OxCTpeMyM GYHKIKK BEXTOPHOIO APTYMEHTA . ..o\ vvrtcninriuerrneroneesoneiis 196

0L - = o 2 AR 220



JIsmko Wnan UBanoBuu, Bosapuyk Anekceit KiumeHTneBnd,
TIaii SIkos Tappunosny, lonosay Ipuropnii Ilerposny

CnpaBounoe nocodune no spiciued matemaruke. T. 2: MareMaTHyecKuii avaan3: paael, PyHKIHKA
pekTopHoro aprymenta. — M.: Enuropuan YPCC, 2003. — 224 c.

ISBN 5-354-00272-9

«CnpaBoynoe nocoGue Mo BhICIUEH MaTeMaTHKE» BBIXOIAMT B MSATH TOMax M NpeacTaBiseT coGoi HOBOE,
MCTIPAaBIERROE M CYLECTBEHHO NOMOJIHEHHOE H3naHHE «CNpaBOYHOro NocobHs Mo MaTEMAaTHYECKOMY aHAIH3Y»
TeX K& aBTOpOB. B HOBOM HM31aHHM TOCOOHE OXBaTBIBAET TPW KPYyNHBIX pa3fesa Kypca Bbiclueil MaTeMaTH-
KH — MaTeMaTH4eCKUI aHalH3, TeopHIO IudepeHUHANBHBIX YpaBHEHHI, T€OpHI0 (PYHKLUMH KOMIUIEKCHOR
MEPEMEHHOMA.

ToM 2 MO CONEPXAHHUIO COOTBETCTBYET MEPBOM MOJOBHHE BTOPOTO TOMa «CHpPaBOYHOTO MOCOGHs MO
MaTEMATHYECKOMY aHaIHU3y» M BKIIIOYAET B ceOs TeopHio pagoB u auddepeHUNaTbHOE HeyucaeHHe QyHKUIHH
BEKTOPHOIO dPTyMEHTA.

TMMocoGue mpeaHa3HaYeHO IS CTYAEHTOB, Mpenojapateseii W paGoTHHKOB (DH3HKO-MaTeMaTHUECKHX,
3IKOHOMUYECKHX M HHXEHEPHO-TEXHMUYECKHX CTELHATBHOCTEH, CMEUMATIMCTOB NO NPHUKIAAHOH MaTeMaTHKE,
a TakXe JML, CAMOCTOSITEILHO H3YJaloLIHX BBICIIYI0 MATEMATHKY,





